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COMMENTATIONES MATHEMATICAE UNIVERSITATIS CAROLINAE
29,4 (1988)

ANOTHER LOOK AT THE LOCALIC TYCHONOFF THEOREM

B. BANASCHEWSKI

Dedicated to Professor M. Kat&tov on his seventieth birthday'

Abstract: A new proof is presented of the familiar result of Johnstone
[2) that the coproduct of compact frames is compact by describing the frame
coproduct by means of the frame reflection of the corresponding preframe co-
product. Here, a preframe is a partially ordered set which has all finitary
meets and updirected joins such that binary meet distributes over the latter,
and the frame reflection of a preframe A is shown to be the frame of Scott
closed subsets of A. The result of [2] is obtained as a consequence of a num-
ber of general facts concerning preframes and the manner in which the frame
coproduct can be obtained from the preframe coproduct.

Key words: Frame, frame coproduct, preframe, preframe coproduct, frame
reflection of preframes.

Classification: 54030, 54H99

The usual proofs of the theorem that the coproduct of compact frames is
compact employs a description of the frame coproduct as a certain quotient of
the free frame on the meet-semilattice coproduct of the given frames and ap-
pear to be somewhat lengthy slogs without discernible intermediate stages of
independent interest. It is the aim of this note to re-route the proof in a
manner that exhibits distinctive steps of separate meaning on the way to the
tinal result. In order to achieve this we introduce a new notion, that of
preframe, which is a partially ordered set resembling a frame except that the
finitary joins may be missing. Preframes have coproducts as well as reflecti-
ons to frames, and both processes preserve compactness. The relevance of this
for frames is that the frame coproduct can also be described in terms of the-
se processes, and this turns out to work in such a way that its compactness,
for given compact frames, becomes an immediate consequence of earlier results.

Although rearranged and with new emphases placed, all details of this
proof have essentially appeared in previous arguments. Still, it is felt that
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the present presentation should help to make an undeniably complex subject
matter somewhat more transparent.

This note was written during sabbatical leave spent at the University of
Cape Town. Fipancial assistence from that institution as well as from the Na-
tural Sciences and Engineering Research Council of Canada are gratefully ack-
nowledged.

1. Background. We shall employ the usual lattice theoretic terminology
and notation. For general concepts concerning frames we refer to Johnston 3.

Recall that a nucleus on a frame L is a closure operator k on L which
preserves binary meet, and that the associated closure system Fix(k)= 1‘xe\_$
|k(x)=x}¥ is a frame such that the map k:L —>Fix(k) is a frame homomorphism.
In the following, we shall encounter nuclei generated by certain data, and as
a useful intermediate step we introduce the following notion: a prenucleus on
a frame L is a map kO:L——+L such that, for all x,yel:

xéko(x), if x4y then ko(x)‘-ko(y), ko(x)/\y/_-ko(x/\y).

It follows easily from the first two conditions that K=Fix(k0) is a closure
system, and the associated closure operator is then given by

k(x)= /A t(x £t,teK).
Now we have
Lemma 1. The closure operator k is a nucleus such that the frame homo-

morphism k:L — K is universal among all frame homomorphisms h:L —> M for
which h(x)=h(ko(x)) for all xel.

Proof. As a first step, we have to show that k(xy)=k(x)» k(y). For
this, consider

E= Yael|x£a%kix),any £k(xAy)t,

for any x,yel. Then xcE trivially, acE implies ko(a)c-.E by the properties
of ko’ and for any non-void X ©E, /X €E by the distribution law of frames.
Herce, in particular, t= VEe€E, that is, E has a largest element t. Then
ko(t)ét, hence ko(t)=t, and since x £t<k(x) we have t=k(x). This says that
k(x)Ay &k(xAy), and therefore

KOO AKCY) £k(xAK(Y)) £K2(xAy)=k(x A Y)

as desired.
For the second part of the lemma, since k(ko(x))=k(x) for all xelL by
the definition of k, we have to show that the given condition on h:L —» M im-
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plies that h(k(x))=h(x) for all xeL. To this end, let
F= fcel|x £c £k(x),h(c)=h(x)$.

Then x€ F trivially, ce F implies ko(c)e F by the hypothesis on h, and for
any non-void X<€F, V' XeF. As before, it follows that F has a largest elem-
ent s, and then k0(5)=s, implying that s=k(x). Thus h(k(x))=h(x), as claimed.

Remark. The above k can also be described as the stable transfinite
iterate of ko’ and then the lemma can be proved by transfinite induction.
Our approach avoids this use of the ordinals.

When considering quotients of a compact frame L, one is often interes-
ted in those which are again compact. Since quotients of frames are conveni-
ently described by nuclei, it is useful to have conditions for nuclei that
ensure the compactness of their associated quotients. We call a nucleus k on
L codense if k(x)=e, the unit (=top) of L, implies x=e, and finitary if
k(V'D)= Vk[D] for any updirected DESL. Note that the latter condition is e-
quivalent to the requirement that Fix(k) be closed under directed joins in L.

The desired result now is

Lemma 2. For any codense or finitary nucleus k on a compact frame L, the
frame Fix(k) is again compact.

Proof. Recall that, for any X 2Fix(k), its join in Fix(k) is k(\VX) whe-
re V means join in L. Now, if D¢Fix(k) is updirected then, for codense k,e=
=k(VD) implies e= VD and hence e c¢D by the compactness of L, showing that

Fix(k) is compact. Similarly, for finitary k,e=k(\/D) implies e= V D since
always k(VD)= VD, and thus again the desired result eeD.

2. Preframes. A preframe is a partially ordered set A in which all fin-
itary meets and all updirected joins exist, and for any x €A and updirected
DEA

xAVD= Vx At(teD).

Note that an updirected set is by definition non-void, and thus a preframe
need not have smallest element although it does have a largest one, the meet
of the empty set.

Examples of preframes abound: to begin with, every frame is a preframe,
every filter in a preframe is a subpreframe, every algebraic lattice is a
preframe and so is, more generally, every continuous lattice.

A preframe homomorphism is a map between preframes preserving all fini-
tary meets and all updirected joins. The resulting category will be called
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PFrm. The category Frm of all frames and their homomorphisms is then a (non-
full) subcategory of PFrm.

For any preframe A, let (\9‘A be the frame of all Jown-sets in A, that is,
those X €A such that x4z and ze X implies x € X. Also, recall that in any par-
tially ordered set with updirected joins, a subset is called Scott closed if
it is a downset closed under all updirected joins. Particular Scott closed
sets are always the principal down-sets | a consisting of all elements be-
low or equal to a. For any preframe A, ¢¥A will be the closure'system of all
Scott closed subsets of A. Then %A & A, and € will be the closure opera-
tor on (MA corresponding to @ A. Also, {:A —> @ A will be the map taking
aeA to {a.

Now we have

Proposition 1. For any preframe A, & is a nucleus and hence 9'A a fra-

me, and the map J:A —@ A is the universal preframe homomorphism from A to

frames.

Proof. Define & : oA —> (A by € (x)={VD|DeX updirectedt. This
is indeed again a dowp-set: if a <V D for some updirected DEC then
{ant|te D}y X and also updirected, with join a AV D=a by the properties of
preframes, and therefore a € S‘O(X). Further, since any {x§ is updirected with
join x, X ¢ G’O(X), and G’D(X)=X iff X e W A. We prove that &, is a prenucle-
us which will imply that & is a nucleus by Lemma 1. Of the remaining two
conditions to be checked, the preservation of the partial order is obvious,
and so we turn to the last one. If a e G'O(X)nY for some X,Y € p*A then a=
= VD with some updirected DS X and aeY. Since t 4a for each t€D the latter
implies teY, hence D&XnY and therefore a EGD(Xf\Y).

Next we have to show that ¥ :A —» A is a preframe homomorphism. As to
meet, J e=A for the unit e of A so that  preserves the units, and since
V(aab)=(da)n (L b) for any a,be A, it also preserves binary meet. This
shows all finitary meets are preserved. For join,if DS A is any updirected
set then

V=8 (U )z v
teD teD

since D ¢ LV ({ t)(te D), and this implies equality, the reverse inequality
being trivial because t &«'VD.

Finally, we have to verify the universality of & :A — @ A, Let £:A— L
be any preframe homomorphism from A into a frame L. Then, as a familiar pro-
perty of (PA, there exists a unique frame homomorphism g: (}A — L such that
gd =f; in fact, g(x)= VI[X). In order to see that g factors through
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6 (FA —>QfA, it suffices (Lemma 1) to show g €,=g, that is
Viie ()= VEIX]1.

Now, for any updirected DgX, f(\VD)= Vf[D], hence f(VD)<Vf[Xx], therefo-
re f[éa‘o(X)] is bounded above by Vf(X], and consequently Vff{&;(x)] £

< V £3x}. This proves the desired identity because the reverse inequality is

trivial.

For any family (Ai)ie
32(.31)-1(__1 whose support spt(a)= {i c-_IIai< eiﬁ, e; the l‘JI’\it of A, is finite.
A is closed under finitary meet and directed join in lTAi and hence a sub-

preframe of the latter. Also, the maps ki:Ai—-) A defined by

1 of preframes, let A € TTA, consist of all those

( X (j=i)

k; () 4=
ey QFi)

J

are preframe homomorphisms. Their significance lies in

Proposition 2. A is the coproduct of (Ai)iél in PFrm, with coproduct
maps ki:Ai~—> A.
Proof. Given any family hi:Ai-» B (ieI) of preframe homomorphisms, we

can define h:A — B hy

h(aj)= /\ h'(ai)'
iespt(a)

It is a familiar fact, but in any event easily checked, that h preserves all
finitary meets and hki=hi for each i€ I. Further, if D €A is updirected we
may assume without loss of generality that it has a least element c, and for
E=spt(c) we then have
t= A k. (%))
ief 11
for each'teD since c4t and hence spt(t) €spt(c). Therefore
v h(t)= v A hi(ti)= N v hi(ti)
teD teD icE icE teD
= AN h v t)= A hi(vD);)=h(vD),
iekE teD ieE
where the second equality holds since D is updirected, the third because
-\:tilte DY is updirected and the fourth by the fact that joins in A, as in
TfAi, are componentwise.
It follows now that h:A —>B is a preframe homomorphism, such that hi:hki

for each ieI, and since the ki are preframe homomorphisms as already noted,
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this proves the assertion.
Now we have the following compactness result:

Proposition 3. Coproduct and frame reflection of preframes preserve
compactness.

Proof. Take the coproduct as given in Proposition 2, assuming each A.1
compact, that is, its unit e is compact - meaning it can only be a directed
join for trividl reason. Now, let Dc A be updirected, with least element c,
and E=spt(c). Then e= \VD implies e, \/t (t € D) for each i€ E, hence there
exist t(l)e D such that e; t( s anld smce E is finite we have some tZt'}
(ie E) in D. Then t=e because t. ~el for ie E by the choice of t.and tj=ej
anyway for j¢ E. Hence the coproduct A is compact.

Concerning the compactness of @A for compact A, we have that c\"’A is
obviously compact so that it will be enough (Lemma 1) to show that the nucle-
us € on (%A is codense. For this let

X, =+a€h| if c4a is compact then ceXj

for each X € f®A. We claim this is Scott closed: clearly, it is a downset, and
if c is compact and c £V D for some updirected DSX, then c4t for some t€D
by compactness, and thus ce X since teX, . Also, XEX* and hence €(X)E X,

Therefore, € (X)=A, which means e € €(X), implies eeX, , and if e is compact
this in turn implies e eX, that is, X=A.

3. The frame coproduct. It is clear that any reasonable category con-
taining Frm as a reflective subcategory can be used to describe the coproducts
in Frm as a quotient of the reflection into Frm of the coproduct first form-
ed in the larger category; moreover, it is also quite obvious that PFrm is a
category of this type. ' ‘

In order to be able to analyze the last step in this procedure we give
the following detailed description:

For any family (L. )1eI of frames, let A €TTL; be their preframe copro-
duct as described above and ki:Li——f A the preframe coproduct homomorphism.
Then, let $f ¢ @A be the closure system defined by the following condition
on X & A

(%) For all a€A, iel and finite ZgL, ir i ank; (t)e X for each te Z then
ank; (VD) ex.
Further, define Zo: @A — YA by

A= 6({ank;(VD)|aeA, iel, tinite ZgL, ank;(t) &X for all teZ}).
- 652 -



One easily checks that the indicated set is a down-set in A so that this de-
finition makes sense. Also, X & O«O(X) since we may take a€X, i€l arbitrary
and Z= {'ei3 .

Clearly, sf=Fix( .7\0). Hence the closure operator A associated with &
will be a nucleus and 3 itself a frame if we show that 9\0 is a prenucleus.
Obviously, ?\O preserves inclusion, so that we only have to check the more
subtle third condition. For any X,Y e ¥'A, let S be the downset given above
such that :7\00(): &(S), and note first that

A X nY= &(S)nY= S(S)n&(Y)= €(SnY).

Now, for any aAa ki(\/Z)e SnY of the kind involved, a/\ki(t)eY for each t€Z
since aAki(t) Ea/\ki(v 7), hence this element belongs to XAY so that
a/\ki(v ) e .10()( nY). This shows SNY & 7\0(Xr\Y) which implies AO(X)nY e
c J\O(XnY) by our first observation. '

It follows that we have a frame homomorphism A : @A — £ , and this
is indeed the required quotient map by

Proposition 4. & is the coproduct of (Li)ieI in Frm, with coproduct
maps Alkj:il;—> A —>BA — £ . COPEODUZ

Proof. To see that these maps are frame homomorphisms we only have to
check that they preserve finitary joins since they clearly preserve finitary
meets and updirected joins. Now, for any finite Z<_=Li,

MRS RAOEE N VTN B k()2 ALk VD),
teZ teZ tez 1 1
the second equality by the definition of join in NA. This proves that

VoA k(D= A4 Kk (VD)
teZ
since the reverse inclusion is obvious.
To obtain the universality of these frame homomorphisms, consider any
family hi:Lil M (ie I) of frame homomorphisms. Then we have the following

diagram
ks 4 2
LA —>%A—>¥
/ -~
hy 1 ﬁﬁ R

M
where h:A — M is the unique preframe homomorphism, provided by Proposition
2, such that 'ﬁki=hi for all ie I, and h the unique frame homomorphism such
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that T =h given by Proposition 1. The question now is to see that R factors

through A : that will establish the desired universality. For this, it will

be sufficient (Lemma 1) to show that H(X)=h( 7\00()) for each X € &y'A, the non-
trivial part of which is that

RN RO,
Since i is already defined on all of %"A, factoring through %"A in virtue
of the condition h € =B on oM, we have
RN, (X))=h(S)= VRIS]
for the downset S introduced earlier. Thus we have to prove that h(X) is an

upper bound of F(S). Consider then, any an ki(\/Z)eS where aegh, iel, Z¢c Li
and finite, such that aAki(t)ex for each t€Z. Then

E(aAki(v2)=E(a)A h (VD)= v fia)a hy ()
teZ

= T(a ,\ki(wev‘ﬁm:ﬁ(x),
teZ

which establishes the desired result. In all, this shows that the A} ki:Li —
—» & (ieI) are indeed the coproduct maps.
Next, we establish a general property of the nucleus A :

Lemma 3. For any family (Li)ieI of frames, the nucleus ) is finitary.

Proof. It has to be shown that & is closed under directed joins in
A, Let, then, 'f ¢ £ be updirected. Its join in A is & (H) for H= ‘-’f'
and by the finitary nature of the condition (%) defining &, H is a downset
in A satisfying (k). We have to derive from this that & (H) also satisfies
(k). For this, consider the set I of all X € @A such that He X € € (H) and
(% ) holds for X. Then we have that H € C1. , and that the union of any chain
in (1 belongs to (I , again by the finitary nature of (). We claim that,
further, 6D(X)e (. whenever X € (4 . It is sufficient to verify (x) for
the special cases Z=@, and Z= {u,v}. For Z=@, the condition is clearly satis-
fied by 6°(X) since X ¢ EO(X) satisfies it. Now, take any an ki(u)= v D and
aAki(v)= VE qu updirected D,ES X. For any xe A, put

. X 3/4»\1 kj(xj)n

Then x=XA ki(xi)’ and for any teD

anta ki(ti/\ u)=an t/\ki(u)e X,
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and similarly aAEAki(sil\v)eX for each seF. It follows that

aAfAEAki(ti/\ u), aA’EA§Aki(si/\ v)e X
and from (% ) we obtain that
aAE/\E/\ki((tiAu)\/(siAv))GX,

for all teD and seE. Now, this is an updirected set since D and E are, and
hence its join belongs to G’O(X). Further, because directed joins in A are
taken componentwise and directed joins in Li are preserved by ki’ this join
is

a/\\/D/\\/EAkil((VD)i/\u)v((\/E)iAv)]

and comparing the components for i and each j = i one sees this is
an ki(uvv). It follows that & (X) € (VAN

In all this establishes that Ul , partially ordered by inclusion, has
the property that every chain in Ol has a join and (1 is mapped into itself
by G’o such that X¢ KO(X) for each X e UL . Hence 60 has a fixpoint in OL

by Bourbaki’s Fixpoint Lemma [1). But the only fixpoint of £, between H and
6 (H) is 6 (H), thus & (H) e Ul , and therefore & (H) satisfies (x).
Now we are in the position to give the promised proof of

Proposition 5. The coproduct of any family of compact frames in compact.

Proof. For any family of compact frames, the preframe coproduct A and
its frame reflection 9Y'A are compact by Proposition 3, and hence the frame
coproduct, which is & by Proposition 4, is compact by Lemmas 3 and 2.

Remark. Although the above arguments are not constructive, the only non-
constructive step required is the disjunction x=y or x %y for all elements
x, y of some of the sets arising. This clearly enters into the treatment of
the preframe coproduct, but it is also used in the proof of Bourbaki's Fix-
point Lemma. Hence, what is presented here is valid in any Boolean topos. It
may well be, though, that a different treatment of the preframe coproduct and
some alternative proof of Lemma 3 can be given which are entirely constructi-
ve, like the proof of the localic Tychonoff Theorem as a whole in Vermeulen
[5]. We did not pursue this question at this point.
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