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COMPACTIFICATIONS AND L-SEPARATION

Eliza WAJCH

Abstract: In the paper, the notion of L-separation introduced by J.L.
Blasco is applied to characterizing subsets of C* (X) which generate com-
pactifications of a Tychonoff space X (i.e. sets Fc C*(X) such that the
diagonal mapping A f is a homeomorphic embedding).
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Throughout this paper, X denotes a Tychonoff space. The algebra of all
bounded real-valued continuous functions on X is denoted by C* (X).

Let K(X) be the family of all compactifications of X. If X, ¥XeK(X)
and there is a continuous @ : et X —* X such that @eecc = 7, then we wri-
te X £ X, For ecXaK(X), let C denote the set of all functions fe C* (X)
continuously extendable to e«X. For feC,., let £°° be the continuous exten-
sion of f to «X and, for F € C, let F®={f*:feF}.

If Fc C*(X) and the family foc Xe K(X):F ¢ C¢has a minimal (with res-
pect to the partial order &) element OOFX, then ot-FX is said to be determin-
ed by F. Denote by & (X) the family of subsets of C *(X) which determine
compactifications of X.

Let <€(X) be the family of all sets F ¢ C*(X) such that the diagonal

mapping eg= A £ is a homeomorphic embedding. If F & <& (X), then the closure
feF

of ex(X) in RIFI is a compactification of X. This compactification is said to
be generated by F and is denoted by e:X. If ocXeK(X), Fe ¥ (X) and epX=oc X,
then we say that F generates o¢X.

Finally, let ¥(X) be the family of all sets F ¢ C?(X) which separate
points from closed sets. It is well known that ¥(X) ¢ € (X) ¢ & (X); however,
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in general, both inclusions are proper.

The families % (X) and £ (X) were considered in [1] - {3] and [7]. J.L.
Blasco introduced in [4] the notion of L-separation and used it to characte-
rize those functions from C* (X) which are continuously extendable to eFx
where F € ¢ (X). In this paper we apply the notion of L-separation to inves-
tigate the family <€ (X).

For notation and terminology not defined here, see [5] and [6].

Before proceeding to the body of the article, let us recall two more de-
finitions and establish some useful facts.

Definition 1 (cf. [4]). A set Gc C*(X) L-separates a set Ac X from a
set B ¢ X if there exist real numbers a. ,«<b. <£c., < d.,  and functions
'K K= 73,k T,k

J J
m n
ae . ke -1 .
gj’keG (3=1,...,m; k=1,...,n) such that chL=}1 kh=1 gj,k([bj,k’ Cj,k]) and

m n
-1
Bc M L.}1 gj’k((—oo; aj,k]"[dj,k5 + ).

Proposition 1. Suppose that G ¢ C* (X) and let Ai’ Bi be subsets of X
for i=1,2.

(1) If G L-separates Ai from Bi’ then G L-separates Bi from Ai'

(2) 1If G L-separates A.1 form Bi for i=1,2, then G L-separates Alu A2
from B1 N 52' -

(3) Subsets A and B of X are completely separated if and only if C*(X)
L-separates A from B.

We omit simple proofs of (1) and (2). To show (3), it suffices to obser-
ve that if C*(X) L-separates A from B, then (CIpX A)h(clﬂx B)=g@.

Definition 2 (cf. [4]). A set G ¢ C*(X) L-separates a function
f6C *¥(X) if, for any real numbers a <b, the sets t71(- @;al) and
f-l(tb; + @)) are L-separated by G. A set Fc C*(X) is L-separated by G if
G L-separates any function feF.

Proposition 2. A set G ¢ C*(X) L-separates a function fe C*(X) if and
only if, for any real numbers a<b 4c <d, the sets f'l([b; c)) and
f-l((-ao; aJu[d; +o0)) are L-separated by G.

Proof. Let a<b4c<d. If G L-separates £ (- @; al) from
t'l([b; +e0 )) and f'l([d; +)) from t1((-w ; ¢]), then, by Proposition
1 (2), the sets f'l((—oO; aJu[d; +c0)) and f'l([b; c)) are L-separated by
G. On the other hand, since f is bounded, there is a real number r >0 such
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that £(X) € { -r;r) and a,b € (-r;r). Then f_l((—w ;a])=f_"([-r;a_]) and
f_l([b;+00))=f_1((—m ;-2r] u [b;+©0)), which completes the proof.

Now, we are in a position to prove the main theorems of this paper.

Theorem 1. If Fe $D(X), 6 ¢ C*(X) and F is L-separated by G, then
G & P(X) and o X £ ol oX.

Proof. Let us consider any e X&K(X) for which G« Ce. Since C, L-se-
parates F, it follows from [4; Theorem 4] that F e C, . . Hence the set
Cp= ﬂ-{C‘ :etX €K(X) and F € C, ¢ is contained in = N{C, :acXeK(X) and
G c Cqk . This, together with [1; Theorem 3.11 or L5; Theorem 2.18], imp-
lies that CGe ¢ (X) because Cre ¢ (X). Using [1; Theorem 3.1] again, we con-
clude that 6 ¢ & (X) and o X & o X.

\

The next theorem can be regarded as a generalization of Theorem 6 of

Lal.

Theorem 2. For sets F @ € (X) and 6 ¢ C*(X), the following conditions
are equivalent:

(1) 6 e« €(X) and epX £epX;

(2) F is L-separated by G.

Proof. That (1) implies (2) follows from [4; proofs of Proposition 2
and Theorem 6].

Assume (2). Let A be a closed subset of X and let xg X \ A, By virtue of
the theorem given in [6; Exercise 2.3.D]), there exist fl,...,fne F such that

n n
f.(x) & cl O £.(A). We can find m > 0 such that
1A=1 1004 R" =1 1 1

n
(Tgl'[fi(X)—n 2,00+ 7200 A £,(A))=@. By Proposition 2, for each
i=1 i=1

ief{l,...,n}, there exist functions gi,j,k‘ G and real numbers ai,j,k‘ bi,j,ké

f'-ci,j,k<di,j,k (j=1,...,ni; k=1,...,mi) such that
n LA (b ;C 1) and

fyex:It;(-1;001 & 7¥c ) 7 91,3,k 01, 3,655, 5,k
n

b=

: mi

1
-1 .
{yex‘|f1(y)’f1(")‘>"13¢ ,;1 }({1 g5, 5,k(C -0033; 3, Jv [di,j,k’ +0)).

To each iefl,...,n% assign some e h""’"i} such that

- 479 -



m;
i
-1
X6\ g, . b, . ,;c. .
A gl’Ji’k([ 1’Ji’k’cl'31'k])‘ Denote

9=A§'gi,ji,k: i=1,...,n and k=1,...,mi§ and

Vz‘n{(ai,ji,k;di,ji,k): i=1,...,n and k=1,...,m;}

n
Then V is an open subset of R™ where m= Z. ms, and g(x)€ V. It is easily seen
i=1

that g(A)AV=g@, so g(x) & cl mn g(A). Using the theorem of [6; Exercise 2.3.D)},
R
we obtain that 6 e4(X). Theorem 1 yields that epX £eGX.
For a nonempty set Fec C* (X), let Mg denote the family of all functions

of the form < v AF f where e C*‘(R‘H) (cf. [23,[3] and [71). It follows
fe
from {7; Remark 1.5 and Corollary 1.12] that MF is the smallest subalgebra of

C* (X) closed under uniform convergence, containing F and all constant func-
tions.

Corollary 1. For sets F e 9(X) and G = C* (X), the following conditions
are equivalent:
(1) G e 4(X) and eXegX;

(2) Mc is L-separated by G;

(3) F is L-separated by Mg-

Proof. By virtue of [7; Corollary 2.63 (or [2; Theorem 2.3]), M genera-
tes epX, so the implication (1) =3 (2) follows from Theorem 2. The implication
(2) =»(3) is obvious. If we assume (3), then Theorem 2 yields that M; e CACY)]
and, moreover, the compactification generated by MG is not less than eFX. From
[7; Corollary 2.6] (or [2; Theorem 2.3)) we deduce that (3) =>(1).

Corollary 2. For sets Fe ‘€ (X) and G c C*(X), the following conditi-
ons are gquivalent:

(1) G6e“€(X) and epX=egX;
(2) M is L-separated by G and M; is L-separated by F;
(3) F is L-separated by M; and G is L-separated by M.

Since Mc=C, for any F e €(X) such that egX= e X (ct. [2; Theorem 2.3],

[3; Theorem 3.1] or.[7; Theorem 2.12]), our next corollary is an immediate
consequence of Corollary 2.

Corollary 3.

For any Fe C¥*(X) and o Xe K(X), the following conditi-
ons are equivalent:
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(1) F e®(X) and eX= & X;
(2) Fe C and Cy is L-separated by F;
(3) Fe Cy and Coe is L-separated by Mc.

Let L be the equivalence relation on “€(X) defined by the condition:
F L G if and only if F L-separates G and G L-separates F. The equivalence
class of & containing F & €(X) will be denoted by [FJL. For F,G € £ (X), put-

L
ting [FJL £ l'.BJL if and only if G L-separates F, we define a partial order
on the set €(X)/L of all equivalence classes of L The corollaries from The-
orem 2 imply the following

Theorem 3. By assigning to any lFJL € € (X)/L the compactification eFX
of X, one establishes an isomorphism of the partially ordered set

L
(4 (x)/L, &) onto the partially ordered set (K(X), £ ).

Now, we are going to study interrelations between elements of “€(X) and
proximities on X.

For « X € K(X), denote by d(o¢c ) the proximity on X induced by o X; i.e.
d(¢) is defined by letting: Ad'(cc) B if and only (cl_jy AN (cl y B)#D
(ct. L6; p. 561)).

Let Fc C¥ (X). We shall say that two sets A,B ¢ X are close with respect
to d'(F) if F does not L-separate A from B.

Theorem 4. For any Fc C *(X), the following conditions are equivalent:
(1) Fe £ (X), and J'(F) is a proximity on X such that J'(F)= d'(ep);
(2) Fe £ (X);

(3) J(F) is a proximity on X.

Proof. According to the proof of Proposition 2 in [4), we deduce that
(2) = (3).

Assume (3) and let «XeK(X) be such that d"(F)=d(oc). By virtue of [4;
Corollary 3], C, is L-separated by F. On the other hand, if fe F and a<b
(a,b€R), then the sets f'l((—ao ;a)) and f'l([b;+oo)) are L-separated by F,
so their closures in o¢ X are disjoint. Using [4; Corollary 3) again,we obtain
that F e C_ . By our Corollary 3, F € £ (X) and epX=acX; hence (3) =» (D).

Theorem 5. By assigning to any [F,\L € ¢ (X)/L the proximity ¢”(F) on X,
we establish a one-to-one correspondence between elements of “€(X)/L and all
proximities on the space X.
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To give another necessary and sufficient condition for F to be in ‘€(X),
we need some notation.
Suppose that Fe C*(X). Denote by Z the family of all sets of the form
-1
U f'\ £ ([a
1 k=l K
J=1,...,m; k=1,...,n (m,n €N). One can easily check that the family ZF is

) where f ke F and 3y, K< j,k(aj,k’ j,keR) for

3,k303,1

closed under finite unions and intersections; moreover, ZF consists of zero-
sets of X.

_ Theorem 6. A set Fc C*(X) is an element of “4(X) if and only if the fa-
mily ZF is a closed base for X.

Proof. Let A be a closed subset of X and let xe X\ A, If Fe € (X), then
from T4; proof of Proposition 2] we deduce that F L-separates A from {x3}; hen-
ce there exists Z € ZF such that Ac Z and x 4 Z, which means that ZF is a
closed base for X.

Conversely, if ZF is a closed base for X, then there exist functions
fj,kEF and real numbers aj K% bj K (3=1,...,m; k=1,...,n) such that

m n —l no
Ac U N ([a 1) andxeﬁ U f k(( @® ; jay k)u(bJ k,+co))

31 k=1 3,k303,k 3=1 k=1
To each jef{l,...,m} assign some kjeil,...,n} such that
xefJ’kJ(( o ;a. kJ)u(bJ K. ;+a@)). Denote f= JLSI f. kJ and

V= TT [(-o0; 13 k. )u(bJ K.+ @), Then Vnf(A)=B, so £(x) ¢ cl £(A).

J=1 J
Applying the theorem given in {6; Exercise 2.3.D], we obtain that Fe € (X).
Let ocX €K(X). In [1; p.91B.J. Ball and Shoji Yokura introduced the

cardinal number e(oc X)=min {|F|: F & “(X) and epX= «X$. We shall call this
number the functional weight of o¢ X. As shown in [1; Theorem 4.2]1, if the
functional weight of o¢ X is infinite, then it is equal to the weight of o X.
It seems natural to call every set generating o«<X a functional base for o X.
It is worth mentioning that F ¢ C*(X) is a functional base for ecX if and
only if MF=C°‘ (ct. [2; Definition 1.2 and Theorem 2.3)). Our final theorem
points out that functional bases have some property similar to that of open
bases for topological spaces.

Theorem 7. If oc X€ K(X) is of infinite functional weight, then every
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functional base for o¢ X contains a functional base for ec X of cardinality
e(otX).

Proof. Consider any functional base F for ocX. There exists a functio-
nal base H for o¢X such that [H|=e(ocX). Denote by Q the set of rational num-
bers and let P=$<{a,b>e 02:a<b}. By Corollary 2, H is L-separated by F. The-
refore, to each he H and <a,b>€ P we can assign a finite set F(h;(a,b>) c F
which L-separates h'l((—co ;a)) from h_l([b;+w )). Let 6= U4 F(h;<a,b?):h &
e H and {a,bde P}. First of all, observe that |G| £|H| and H is L-separated
by G. Since GCF and, by Corollary 2, F is L-separated by H, we have that G
is L-separated by H. Applying Corollary 2 again, we deduce that G is a func-
tional base for « X and, consequently, |G|=|H]|.

The assumption that e(oc X) is infinite cannot be omitted in the above
theorem.

Example 1. Let X=(-1;1), o« X=[-1;1] and F= {fl,le where

0 for -1< x40, x for -1<x£0,
fl(x)={ and f2(x)={

x for 0<x<1 0 for 0<x<1.

Then F is a functional base for o¢ X (cf. [3; Theorem 2.31), e(ecX)=1, but
none .of the sets ifli, {fz?, generates o¢X.

Observe that Theorem 4.3 of [1], our Theorem 2 and the proof of Theorem
7 imply that if ¢ X, yXe€K(X) are of infinite functional weight, o X% X
and F is a functional base for % X, then there exists a set G ¢ F such that
G e ®(X), |6]=e(X) and <X £ecX£yX; however, F need not contain any func-
tional base for o X.

i

Example 2. Consider the space [0; wl) of ordinal numbers < @, with
the order topology. Let X=[ 0; wl)x{D,I} and '
F= {feC* (X):£P ( (wl,(])) + £8¢( <wl,1))§. Since F® separates points of
$8X, it follows from [3; Theorem 2.3] that F is a functional base for BX. No
function from F .is continuously extendable to the one-point compactification
of X; hence, no subset of F is a functional base for the one-point compacti-
fication of X.
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