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THE FACTORYZATION THEOREM FOR PARACOMPACT = -SPACES

M.G. CHARALAMBOUS

Abstract: Factorization theorems and some corollaries are obtained for
several classes of paracompact spaces.
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1. Introduction. The factorization theorem for a class of spaces € is
the following statement.

(FT). For every map f:X —»Y into a member of € , there exists Z in ¢
and maps g:X —*Z and h:Z —»Y such that f=h eg, wZ4wY and dim Z &£dim X.

FT is known to hold for several classes of spaces such as compact spa-
ces, metric spaces and paracompact p-spaces [10). It is not known whether it
holds for the class of all paracompact spaces. Bregman [1] asks whether FT
holds for every map f:X —» Y between paracompact & -spaces, having proved it
for a restrictive class of such maps called &-discrete. We show in Section 3
that a stronger version of FT holds for paracompact = -spaces. In fact, it
holds for a bigger class of spaces that includes Lindelof spaces. The class
of paracompact X-spaces is an important class of generalized metric spaces,
and includes all paracompact p-spaces, all paracompact locally compact spaces
and all paracompact &-spaces (see [8] and the articles of Burke and Gruenha-
ge in [6]). In Section 4, we prove FT for a class of maps between paracompact
6-spaces that includes perfect maps. In Section 5, we establish FT for a mo-
re general class of paracompact spaces that includes closed images of para-
compact, locally compact spaces. Some corollaries of FT such as universal
theorems are pointed out in Sections 3 and 5.

In this paper, all spaces are Tychonoff, N denotes the set of positive
integers, I the unit interval [0,1], @ X and wX the Stone-Cech compactifica-
tion and weight of a space X, respectively,and |Y| the cardinality of a set
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Y. For standard results in Dimension Theory the reader is referred to L5)
and [11]).

2. Preliminary results. Our factorization theorems follow from three
results concerning the covering dimension, Dim X, of a uniform space X {2,3].
A uniformly open set of X is a set of the form f'l(G) where f:X —>M is a u-
niformly continuous function into a metric space M (with its natural unifor-
mity) and G is an open set of M. The set of all uniformly open sets of X is
a base and it is closed under finite intersections and countable unions. DimX
is defined in terms of uniformly open sets. Thus, Dim X4n iff every finite
uniformly open cover of X has a finite unifgrmly open refinement of order £n.
If every cozero set of X is uniformly open, then Dim X=dim X. This happens,
e.g., when X is Lindelof or metric.

Theorem 1. Let £:X —>Y be a uniformly continuous function and {Xg:
: o <T$ a collection of subspaces of X, where ¥ is a cardinal not less
than W(Y), the uniform weight of Y. Then there exists a uniformly continuous
g:X —»Y x I® such that f=s¢0g, where ar:Y x 1¥—> Y is the canonical pro-
jection, and Dim g(Xo, ) £Dim X o for each e¢c < [3, Theorem 5J.

Theorem 2. Let f:X —»Y be a closed uniformly continuous function with
Lindelof fibers into a (paracompact) space Y with the property that every o-
pen cover of Y has a €'-locally finite uniformly open refinement. Then X is
paracompact and dim X %Dim X [3, Theorem 10].

Theorem 3. If YcX, then Dim Y&Dim X [2, Proposition 3].

3. FT for paracompact . '-spaces. In this section, we prove a stronger
version of FT for paracompact X °-spaces, a class of spaces that includes all
Lindelof spaces as well as all paracompact E-spaces. If €€ and & are covers
of a space X, # is called a (mod € )-net for X if whenever CcU with C in ¢
and U open in X, there is some F in % such that CcFcU. We call X a =°-
space if it has a closed cover ‘€ consisting of Lindelof subspaces and a € -
locally finite (mod ¢ )-net # . Recall that if each C in € is countably
compact (respectively, compact), then X is called a Z-space (respectively, a
strong Z-space) [8]. Since a paracompact countably compact space is compact,
every paracompact Z-space is a Z’-space.

Lemma 1. f:X—>Y be a perfect surjection. Then X is a = %space iff Y
is a =“space.
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Proof. If ¢ is a closed cover of X by Lindelof subspaces and % is a
& -locally finite (mod ¢ )-net for X, it is routinely verified that f(¢)=
= {f(C):Cg <€} is a closed cover of Y by Lindelof subspaces and f(&) is a
€-locally finite (mod £(<€))net for Y. Conversely, if <€ is a closed cover
of Y consisting of Lindelof spaces and ¥ a (mod %€ )-net for Y then f‘l(?)=
= {f_l(C):C € €% is a closed cover of X consisting of Lindelof spaces and
f_l(g') is a K-‘locally finite (mod f'l(‘())—net for X.

Remark 1. For the converse, it is evidently sufficient to assume that f
is closed and continuous with Lindelof fibers.

Lemma 2. Let X be a paracompact Z°‘-space. Then there is a continuous
@ :X —>M onto a metric space M such that, if X is equipped with a uniformity
that makes ¢ wuniformly continuous, then every open cover of X has a 6’-lo-
cally finite uniformly open refinement. 0

Proof. Let € be a closed cover of X by Lindelof spaces and # =

T oo
= U G’n a @-locally finite (mod <€ )-net for X. Write fn={l:‘: ©<E A‘n"'
n=1

and consider a locally finite cover PP of the paracompact space X such that
for each P in ® , T intersects only finitely many members of ?n. If Hee=
=X- UP:P ¢ P and PnF, =@), then {H, :oec€ A} is a locally finite collec-

tion of open subsets of X with F ¢ H g Let G, be a cozero set of X with

F&c G‘c H‘ s fog :X —>1 a continuous function with G" =f'1(0,1), and set
&1 .
dix,y)= = “=min {1, E L[f, (O£ (NI} .
n=1 2 LIV

Now d is a continuous pseudometric on X, and we let M be the metric spa-
ce obtained by identifying x, y iff d(x,y)=0, and Q the corresponding quo-
tient map. Note that G = Q-l( $ (6o )) is open w.r.t. d and hence uniformly
open, assuming X carries a uniformity that makes § uniformly continuous. Fi-
nally, given an Jpen cover W of X, let ¥ be a refinement of % by uniformly

o~
open sets, and consider W= { U Vi:Vi‘ Y% . For each C in € , since C is
i=1

Lindelof, there is W in W’ such that Cec W. Hence there is F in & with CeF e
CW. Let A’ consist of all &¢ in A for which we can fix C in € and Wy,
in Wwith C e F e W, . Clearly, {Fp: e A ,;naN§ constitutes a cover of
X. Also, if W= f_) A
is a &-locally f;;]{te uniformly open refinement of W .

« Where V; e U, then {G n Vig: 6 A‘h.i,ncN}
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We now record for future reference a result whose proof is contained in
the proof of Lemma 2.

Lemma 3. Let € be a closed cover of a space X by Lindelof subspaces
and F =4{Ff, ‘e 6 A}a &-locally finite (mod € )-net for X. If there is a
& -locally finite open cover {6 : o € A3 of Xwith F e Gy » then X is pa-
racompact and, if it is endowed with a uniformity that makes every G, unif-
ormly open, then every open cover of X has a &-locally finite uniformly o-
pen refinement.

The FT for paracompact Z'—spaces generalizes Theorem 4 of [10], and we
recall some definitions from this paper. The compact weight of X, bwX, is the
smallest cardinal % for which there is a space Z of weight ¥ , a metrizable
space M and an embedding of X into MxZ. The metrizable weight of X, gwX, is
the supremum of all cardinals <« for which there exists a map onto a metriza-
ble space of weight % . It is readily checked that wX=max {bwX, pw)(i and, if
X is metrizable, gwX=wX and bwX=1, unless X=@, when bwX=0. Also, bwX & :'-0
implies X is metrizable, Yc X implies bwY4bwX, X Lindelof and infinite imp-
lies @wX= 50, and X Lindelof and non-metrizable implies bwX=wX.

Lemma 4. Let X be a paracompact £ ‘-space, <€ a closed cover of X by
Lindelof subspaces and F an infinite €-locally finite (mod <€ )-net for X.
Then @wX=|%].

Proof. Write & = {F, :ec € Abwith |[F|=|A|, let {6, :ec ¢ A¥be a & -
locally finite cozero cover of X with F"_ c Gy, and $:X — M the quotient
map constructed in Lemma 2. Then {$ (6, ): « ¢ A} is a point-countable open
cover of M. Let D be a dense subset of the metric space M with |D|=wM and for
each x¢D, let A(x)={ewe¢ A:xed (G,)}. We can assume that F, =@ for at
most one e¢ in A and hence that G 4s@ for all & in A . Then A=UAWX):
:xe D) with each A(x) countable . Hence, if D is infinite, |¥|=|A|&|D| =
=wM &uwX; and if D.is countable, then # is countably infinite, which implies
that X is Lindelof and infinite so that | |= s =@wX. Thus, in any case,
|74 @wwX.

To prove @wX#£ |§|, consider a continuous surjection £:X—» S onto a me-
tric space S. Let {U,, :B<wS}be a discrete collection of non-empty open sets
of S, for each (3<w5 pick xg in Uy , let U'=S-ixg : pews}, U=1U,:

e <WSE U{UY , and note that a refinement of % must have cardinality at
least wS. Now consider the open cover

W= {17 U VU0 .U e UG
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of X. For edch C in ¢ , there is some F in & and W in W with Cc Fc W. Let
A\’ consist of all at’s in A for which we can fix Co in ¢ and W in w
With Co € Fg @ W IE W =E 71U,y Uy v ...), where U; & % , then cle-
arly {f(F )nUim € A/,ieNyrefines U . Hence wS4£max 4 “0" AN} 2
z|Al=|%F]|. This implies @wX=|F |, which completes the proof.

Lemma 5. Let f:X —»Y be a closed, continuous surjection with Lindelof
fibers between infinite paracompact =‘-spaces. Then (,c.w)(: “wyY.

Proof. Let <€ be a closed cover of Y consisting of Lindelof spaces,and?’
a &-locally finite (mod € )-net for Y. If necessary,we add to ¥ a countably
infinite collection of singletons so that it becomes infinite and, by Lemma 4,
w@wY=|F|. Clearly f'l({) is a closed cover of X consisting of non-empty Lin-
delof spaces and f—l(f) is an infinite &-locally finite (mod f—l(‘t’))-net
for X, and Lemma 4 implies @wx=lf‘1(3')|=l§'[= .

Lemma 6. Let E be an Fg -set of a paracompact E’-space X. Then E is a
paracompact X ’-space with @wwE £ wwX.

Proof. E is paracompact and we may assume that it is also infinite. Let
¢ be a closed cover of X by Lindelof spaces and % a 6&-locally finite
(mod <€ )-net for X which contains countably infinitely many singletons from
E. Then €N E={CnE:C ¢ €§is a closed cover of E by Lindelof spaces and
%A E is an infinite & -locally finite (mod <€ A E)-net for E. By Lemma 4,
wE=| F el &|F|=@uX.

Proposition 1. Let f:X ~>»Y be a continuous function into a paracompact
Z'~space. Then there is a paracompact & ‘-space Z and continuous g:X —»Z
and h:Z~>Y such that h is perfect, f=heg, dim Z £dim X, wZ % awY and
bwZ &bwY.

Proof. We can clearly assume that Y is infinite. Note that if 3f is
the extension of f to Stone-Cech compactifications, dim ﬁf‘l(Y)=dim BX=
=dim X and {3f: pf“l(Y) —» Y is perfect. Thus, we can also assume that f:X —%
~—> Y is perfect and, in view of Lemma 6, surjective.

By Lemma 2, there is a continuous function &:Y—» M into a metric space
M such that, if Y is endowed with a uniformity that makes § uniformly conti-
nuous, every open cover of Y has a €'-locally finite uniformly open refine-
ment. Let ¥:Y— L x I¥ be an embedding, where L is metrizable and  =bwY.
We endow M, L, I and MxLxI® with their natural uniformities, X with its
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finest uniformity and Y with the uniformity induced by the embedding
$xy¥ ;Y= MxLx 1%. Evidently, every cozero set of X is uniformly con-
tinuous so that dim X=0im X, f:X —» Y and ¢ :Y —> M are uniformly continu-
ous and hence every open cover of Y has a &’-locally finite uniformly open
refinement. Now, by Theorem 1, there are uniformly continuous g:X —» Z and
h:Z —» Y such that Z=g(X)eM x L x I¥x I®, f=hog and Dim Z &Dim X=dim X.
Since f is perfect and f and g are onto, then h is a perfect surjection and
hence Z is paracompact and, by Lemma 1, a X=’-space. Now applying Theorem 2
and Lemma 5, we obtain, respectively, that dim Z &Dim Z4dim X and mwZ &

%€ wwY. Finally, the inequality bwZ 4 bwy= =z follows from that fact that Z
is.a subspace of M x L x I¥x I%.

Our next two results are corollaries of Proposition 1. The first of the-
se results follows from Proposition 1 by a straightforward application of a
method due to Pasynkov [91.

Proposition 2. The class ¢ of all paracompact X‘-spaces X with bwX &
£ & , MwX sp and dim X&n has a universal element which is a paracompact
p-space.

Proof. We may clearly assume that o and 3 are infinite. If M is a
universal metrizable space of weight 8 , it is readily seen that every mem-
ber of < is embeddable in M x I*%, bw(MxI%) & ec and, by Lemma 5 applied to
the projection of M x I% onto M, mw(MxI®)=f . Let{X,: A e A} be the
collection of all subspaces of M x 1% in <€ , X their topological sum and
f:X —» M x I% the map whose restriction to each Xa is its inclusion into
M x I* . By Proposition 1, there are continuous g:X —» Z and h:Z —» Y such
that h is perfect, f=h eg, dim Z4dim X4n, bwZ € o and mwZ £ 3 . Evident-
ly, Z is a universal element of <€ .

Proposition 3. For every paracompact S ’-space Y, there is a paracomp-
act E%space Z with dim Z40, bwZ%bwY, @W. & wwY, and a perfect surjecti-
on h:Z~» Y.

Proof. Consider a cardinal e¢ such that I% contains a copy of Y, and
hence of Y. Let f:C% —» I* be a surjection, where C is Cantor ‘s discontinu-
um, and X=f'1(Y). Let X, Y be endowed with the subspace uniformities inherit-
ed from C%, I%, respectively. Note that every cozero set of Y is uniformly
open. Furthermore, f:X—»Y is uniformly continuous and perfect, and by Theo-
rem 2, dim X Dim X. But, by Theorem 3, Dim X #Dim C%=dim C%#£ 0. Hence
dim X40. Now, by Proposition 1, there is a paracompact .’ -space Z and con-
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tinuous g:X = Z and h:Z —» Y such that f=zheg, dim Z£0, bwZ ¢bwY and
“wWZ £ uwY. Note that because f:X —»Y is a perfect surjection, the same is
true of g and h.

4. FT for paracompact 6-spaces. In this section, we prove FT for the
class of paracompact € -spaces and & -locally finite maps, which strength-
ens [1, Theorem 3). A continuous f:X —» Y onto a paracompact 6 -space will
be called & -discrete (resp. @& -locally finite) if there is a € -discrete
(resp. 6 -locally finite) network 3 for X such that £f(¥F ) is a & -discrete
(resp. € -locally finite) network for Y. Here, it is understood that f(%’)
should be & -discrete or 6 -locally finite as a collection indexed by the sa-
me set as F . Thus, as the example of the projection of an uncountable dis-
crete space onto a singleton shows, it is false that every closed surjection
between paracompact € -spaces is &-discrete or even 6 -locally finite. This
casts doubt on the validity of FT for such maps [1, Corollary 1]. However, a
perfect map between paracompact & -spaces is &-locally finite, which leads
to a factorization theorem for these maps.

Lemma 7. Let a uniform function f:X —» Y be 6-locally finite, where Y
is endowed with its finest uniformity. Then X is paracompact and dim X &
£ Dim X.

Proof. Let ¥ ={F& :o¢ 6 A} be a §-locally finite network for X with
f(#) a €-locally finite network for the paracompact space Y. As in Lemma 2,
there is a &'-locally finite cozero cover {G, :« €A} of Y with f(F‘ )CGqo
for each o¢ in A . Now, since each cozero set of Y is evidently uniformly
open, {f—l(Gg ):o¢c € A} is a 6€-locally finite uniformly open cover of X
with F < f'l(G,‘ ). By Lemma 3, X is paracompact and every open cover of X
has a ¢ -locally finite uniformly open refinement. Finally, by Theorem 2 ap-
plied to the identity X ~+ X, dim X4&Dim X.

Proposition 4. Let f:X —» Y be a § -locally finite map. Then there are
@ -locally finite maps g:X—» Z and h:Z —» Y such that f=he g, dim Z& dim X,
bwX &£ bwY and @wZ % wewY.

Proof. Proposition 1 provides a paracompact =‘-space W and continuous
g:X —> W and h:W —> Y such that f=heg, dim W&dim X, bwW &€bwY and wwW <
% @ wY. Let X, Y, W be endowed with their finest uniformities and Z=g(X)
with the subspace uniformity inherited from W. Let # be a €-locally finite
network for X with £(%) & -locally. Then g(¥ ) is a & -locally finite net-
work for Z with h(g(%))=f(¥) &-locally finite.Hence h:Z—» Y is 6-locally
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finite and, by Lemma 7, Z is a paracompact space so that g:X —>Z7 is € -lo-
cally finite. Also, Theorem 3 implies Dim Z<4Dim W=dim W4dim X and, by Lem-
ma 7, dim Z4£Dim Z4 dim X. Finally, bwZ < bwW 4bwY and, by Lemma 4, since we
may clearly assume that Y and hence f(&) and g( %) are infinite,e/.wblg(a’)li
& |h(g(F )= g wy.

The following result follows immediately from Proposition 4, or, more di-
rectly, from Proposition 1.

Proposition 5. Let f:X —> Y be a perfect surjection between paracompact
€ -spaces. Then there is a paracompact 6-space Z and perfect surjections g:
:X—p»Z and h:Z—> Y such that f=heg, dim Z<£ dim X, bwZ £bwY and (uwZ_é(l,wY.

5. FT for more general paracampact spaces. In this section, we prove FT
for the class ¢ consisting of all paracompact spaces X containing a closed
subset E with a base of neighbourhoods of cardinality £ wX such that E and
every closed set of X disjoint from E is a ¥ ‘-space. If x is the topological
sum of wl copies of the space of ordinals £ wl, the first uncountable or-
dinal, and Y is obtained from X by identifying @ in each copy to a single
point, then X is a paracompact X -space while its closed image Y is, of cour-
se paracompact, but not a = ‘space U6, p. 452, Example 4.187. However, Y is
in € . Note that % is closed w.r.t. perfect preimages.

Proposition 6. Let f:X —»Y be a continuous function into a member of
€ . Then there is a member Z of & and continuous g:X —> Z and h:Z—>Y
with h perfect, f=he g, dim Z4dim X and wZ% wY.

Proof. As in Proposition 1, we can assume that @ =wY is infinite and f
is a perfect surjection. Then there is a closed cover {Ew : o(,<’c'} of X by
paracompact ’-spaces such that each closed subset of X disjoint from E0 is
contained in some Eg .

Let €, be a cover of E, by Lindelof sets and ¢ = Thp:B< r}a
© -locally finite (mod €, )-net for E, . As in Lemma 2, let &Gdﬂ: B< v}
be a &-locally finite cozero cover of E, with Fx/! c G‘p. It can be seen
that Y can be embedded in IT in such a manner that de =§(n H’(p for some

cozero set H of I . Letting each subset of Y carry the subspace unifor-

)
mity induced by 1% , we see that each de is uniformly open in E, so that,
in view of Lemma 3, every open cover of E has a 6-locally finite uniformly
open refinement. Also, W(Y) € @ and if X is endowed with its finest unifor-

mity, then f:X—»Y is uniformly continuous and Theorem 1 provides a subspace
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Z of I and uniformly contmuous surjections g:X—=»Z and h:Z—9 Y such that
f=hog and Dim gf L(E, )&Dim £ 1(E) for av < 7 . Note that, by Theorem 3,
Dim £ l(E ) £Dim X=dim X and hence Dim gf 1(F. ) €dim X. Also, smce f is a
perfect surjection, the same is true of g and h and hence of h h (E ) -
—>E, for each & < 't' Now Theorem 2 applies and gives dim h™ (E ) &

£ DllTI h 1(E )=Dim of~ (E )& dim X. Thus, dim h 1(E,,,‘)écnm X and 1f Fisa
closed subspace of Z disjoint from h~ (E ), then F¢ f'l(E,‘) for some o so
that, as Z is paracompact and hence normal dim F £dim X. Hence dim Z £dim X
Lal.

-

Proposition 6 like Proposition 1 has corollaries analogous to Propositi-
ons 2 and 3.

Finally, by a subset theorem for dim [3, Proposition 2], if X is the uni-
on of a 6-locally finite collection of cozero Lindelof subspaces, then .
dim X4 0im X. It follows that Proposition € holds if € is the class of all
paracompact spaces X containing a closed set E such that E and every closed
set of X disjoint from E can be expressed as the union of a &-locally finite
collection of cozero Lindelof subspaces. If f:X —» Y is a closed map from a
paracompact and locally compact space X onto a space Y, then Y contains a
closed discrete subset E such that f'l(y) is compact for each y in Y-E [7].
Hence, for any closed subset F of Y disjoint from E, f:f-l(F)—-)F is per-
fect, which readily implies that F is paracompact and locally compact and Y

is in €.
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