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GENERALIZATION OF THE GIRSANOV THEOREM

Vdclav SKOKAN

Abstract. The purpose of this paper is to generalize the Girsanov the-
orem [1). In particular, on a probability spacelf,?t, P ) a process §(t)=

-w(t)+f x p(t,dx)- ja A(s)ds is considered, where w(t), (w(O) 0), is a Wiener
process and p(t,A) is an integer-valued random measure with a characteristic

TI(t,A), P(t,A)=p(t,A)-TI(t,A). It is proved that there exists a probability
measure P1 such that Fl« P0 and on the probability space [n,u,PIJit holds

?(t):’\?i(’c)+_fE x P(t,dx), where W(t) is a Wiener process on[.Q.,'Cl,P ] and

J; x P(t,dx) is a locally square integrable martingale onlQL,?%, P J with the
same characteristic with respect to P as well as to P This result is then

further generalized.

words: Integer-valued random measure, local martingale, locally
square integrable martingale, locally square integrable martingale measure,
natural process, characteristic of a local martingale (of an integer valued
random measure).

Classification: 60G57

1. Introduction. The object of this paper is to generalize the Girsanov
theorem [1]. This theorem was derived in connection with an absolutely conti-
nuous transformation of measures associated with Ito-processes. In particular,
if the class of the Ito-processes is investigated on[.ﬂ.,‘d,PO] then from this
theorem it follows that there exists a probability measure P1 such that
P1<< P, and the class of the Ito-processes is the same on[.ﬂ.,'Ol,PIJ as on
[a ,‘a,PO]_

Generalizations of this theorem were done in the direction to diffusion
processes and to processes of diffusion type [2, 3, 4, 5].

This paper deals with the generalization in another direction, which we
have not met in the accessible literature. The main results are contained in
Theorem 1 and Theorem 2 of the paragraph 4. Theorem 1 is an analogue of the
Girsanov theorem. Theorem 2 is a generalization of Theorem 1.

- 127 -



2. Notation and definitions. It is supposed that a probability space
s ,W,PO] with a nondecreasing system of 6-algebras % = [?t,t e<D;1>],
(T< + 00, ?;CWL), is given, where the 6-algebras $'t include P -zero sets
and the system % is continuous from the right. By the symbol Er r-dimensio-
nal Euclidean space is denoted. .’,Bl_ denotes the system of all Borel sets
from Er and :Bg the system of all Borel sets from Er’ the closure of which
does not include the origin.

Definition 1. The function q(t,A) defined on (D;T?x-'ng £ which ass-
umes non-negative integer values is called an integer-valued random measure,
if the following assumptions are fulfilled: 1) q(0,A)=0, 2) for fixed
t €<0;TY and fixed A eﬁg q(t,A) is a random variable, measurable with res-
pect to 8‘t, 3) for fixed A as a function of t, q(t,A) is nondecreasing,
4) if A.1¢53(:, (i=1,2), Aln A2=ﬂ, then q(t,Alu A2)=q(t,A1)+q(t,A2), 5) if

€>0, Sg = Lxe Er:\x\<e] , then Molq(T,Er—Ss)J< + (M0 denotes the mean
value with respect to Po), 6) if [fcn] is an arbitrary sequence of Markov
times on ¥ such that 0 sv 47 14T, lim @ = ©£T, then MD[q(t'n,A)J—-»

o n+1=
—> M Jalx ,A) for each A eﬁr.

Remark 1. The condition 6) of Definition 1 is a necessary and sufficient
condition for the continuity of the characteristic of the submartingale g(t,A)
[3, p. 41 , Theorem 13). If q(t,A) satisfies Definition 1, then for q(t,A)
the Doob-Meyer ‘s theorem [3, p. 121, Theorem 8] holds true.

Remark 2. The integer-valued random measure can be slightly generaliz-
ed if we replace the conditions 5), 6) in Definition 1 by the following condi-
tion: Sa)‘ on ¥ there exists a sequence of Markov times ['c‘n], 0 £, <
£7,,,£€T and for ae. @ @ £ there exists n,(e) such that for n> no(w)
fcn(o)ﬂ and the conditions 5), 6) hold for qn(t,A):q(t /\t’n,A), t e<0,12,

A eJSg for each natural n.

Also in this case we have for gq(t,A) with respect to 7 and to P0 the
decomposition
(¢D) q(t,A)=g(t,A)+TT(t,A)

but in this case G(t,A) does not have to be a martingale and TT(t,A) does not
have to be integrable, but in the set of processes TT(t,A), for which
Tt A d"n,A)~ are natural processes ([d‘n] is a sequence of Markov times,which
fully generates G(t,A)), the preceding decomposition is unigue.

The term Poisson integer-valued random measure is understood according
to [3, p. 146, Theorem 13].

About all processes which are further considered, it is supposed that
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they are measurable with respect to % and their trajectories are continu-
ous from the right and have a finite limit from the left.

3. Several auxiliary assertions. In this paragraph we want to derive
several lemmas, to which we shall refer in the following

Lemma 1. Let two probability measures be given on [, €], where
P1<< PD. If [ is their Radon-Nikodym derivative (dP1=§a dPo), let the process
!u(t)=M0[g> / 3"tJ, t ¢<0;T), be a non-negative square integrable martingale
with continuous trajectories with respect to P . Let g(t,A), te0,T>, A 5352
be an integer-valued random measure satisfying Definition 1 with respect to
the measure PD Let us denote its characteristic with respect to P asTI(t,A),
so that TT(t,A) has continuous trajectories. Let M [qZ(T A< +co ,
M {TTZ(T A} <+co for each A e.’B so that 3(t,A) is an orthogonal squaré in-
tegrable martingale measure with respect to Po

Then q(t,A) is the integer-valued random measure satisfying Definition 1
with the characteristic TT(t,A) also with respect to P1 and G(t,A)=q(t,A)~
- TXt,A) is the orthogonal locally square integrable martingale measure with
the characteristic TT(t,A) also with respect to Pl' Especially, if TT(t,A)
is non-random, then q(t,A) is the Poisson integer-valued random measure with
respect to Pl’ too.

Proof. First of all we should verify whether q(t,A) satisfies Definiti-
on 1 also with respect to Pl' But that follows immediately from the assumpti-
ons of the lemma from the Holder 's inequality and from [7, p. 173, Conseguen-
ce 3).

Hence and according to Remark 1, the decomposition

(2) q(t,A)=g" (t,A)+TT(t,A)
holds for q(t,A) on [Sl,'fl,Pl], too.

Now we shall prove that W(t,A)=Tl(t,A). As the decomposition (2) is uni-
que, we shall have § (t,A)=G(t,A), so that §(t,A) will be an orthogonal loc-
ally square integrable martingale measure also with respect to Pl'

As it follows from Remark 1, the characteristic TT+(t,A) is a natural
continuous process also with respect to the measure Pl' But then according to
[3, p. 58, Theorem 2] we have forTT*(t,A)

+ . m
() TiCemAdin E oty m-alt ) /T T

and the limit is considered for |d"|—» 0 in the sense of the convergence in
Ly [d|=max At is a norm of a partition d” of the type 0=t <t <€t =T.

Hence we must prove the relation
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~m
(4) lim Ml[l‘:z:,1 M T AQ(tk,A)/?tk_]l—TT(t,A)I] =0
We easily obtain

Ml Z, LA q(tk,A)/s’tk_lj -TI(t,A) (14 ML max |A@(t, )| (alt,A)+TT(t, A0+
Ml max | Ag(tk)ln(t,A>1+M0[@(T)lzmomrruk,A)/s'tk_lJ -TICE,M] -

= 5)+5,+55

We shall prove only the relation lim S
for i=2,3 is similar. Obviously,

1=0. The proof of the relations lim Si=0

() Pom Lim Tmax | (5] (alt,A0+TT(t,A))) =0

Hence to prove the relation lim Sl=0, it is sufficient to show that the vari-
ables

) Lax, | Ap(5)1(at,+TTCt, )]

are bounded for each partition " by an integrable random variable. But for
each partition d’ it holds

N [@ixé”l Ap(tk)l(q(t,A)+TT(t,A))]£2 ogl::éu(s)[q(t,Aﬁﬂ(t,A)J

Taking the mean value of both sides in (7) and applying at first the Holder
and then the Doob inequality, we readily obtain that the variables (6) are
bounded by an integrable variable and this together with (5) proves the
relation lim Sl=0.

It remains to prove that q(t,A) is a Poisson integer-valued random mea-
sure also with respect to Pl in the case, when TT(t,A) is non-random. But in
accordance with the preceding, the characteristic of gq(t,A) does not change
when we pass from P0 to P1 and the fact that q(t,A) is a Poisson integer-va-
lued random measure alsoc with respect to Plthen follows from [3, p. 146,The-
orem B8]. The lemma is thus completely proved.

The following lemma is an analogue of Lemma 1, but the assumptions which
are set on q(t,A) and go(t) are not so strong.

Lemma 2. Let the assumptions of Lemma 1 hold, only the process ;b(t):
=M0[ @,/s'tj is now assumed to be a non-negative martingale with continuous
trajectories with respect to Po’ and @ (t,A) is assumed to be an orthogonal
locally square integrable martingale measure with respect to Po.

Then the assertion of Lemma 1 also holds, but in this case q(t,A) satis-
fies with respect to P1 Definition 1 in which the assumptions 5), 6) are
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replaced by the assumption 5a).

Proof: As it follows from [3, p.121, Theorem 8], q(t,A) can be written
in the form

(®) a(t,A)=q(t,A)+ TI(t,A)

with respect to Po‘
If [Gn'] is a sequence of Markov times on & , which fully generates
G(t,A) with respect to Py» We put

e'r;=inf [t: p(t)zn], €%=inf (t:T(t,E )2z 0], T=inf ]

- CABX
® T, 6, A6, ABY
Evidently [« n] is the sequence .of Markov times on ¥ with respect to P0 as

well as to Pl and for q(tA'r:n,A), @(t/\ 'C'n), the assumptions of Lemma 1 are
fulfilled and so the decomposition

(10) a(t A, =Tt A% ATTCE AT, ,A)

holds with respect to P,, too. When we pass in (10) to the limit, we obtain

17
P0 and also P1 a.s.

(11) q(t,A)=g(t,A)+TI(t,A)

We have still to prove that the decomposition (11) is unique in the set
of the processes considered in Remark 2.

It will be so, if we show that g(t,A) satisfies with respect to Pl Defi-
nition 1, in which the conditions 5), 6) are replaced by the condition 5a).

As a sequence of Markov times from the condition 5a) it is considered
the sequence ['r:n] given by (9). Then we have
M la(T A "'n’Er”Se)J ML (Ta v )a(Ta v ,E.-5)] £

£nMIa(TA 't'n,Er—Se)]< + oo

Now if [6€'.) is an arbitrary sequence of Markov times on % such that

0= e'j < 6'j+1£T, lim 6‘j= 6’47, then we obviously have

Po-lim @ ( 6‘3. A 't'n)q( 6’3. AT L,A)=E(6A t‘n)q( A *t:n,A)
Further
(12) g:( 6'j Azl G’j ATA£ N o(T A'b’n,A)

and the variable on the right hand side of (12) is integrable with respect to
Pl’ so that
51_1:3” MlaC e, AT, ,A)] =§EQ°M0[@( 65 AT a6 Az A)] =

=MD[§>( G'A'cn)q( G'A'c'n,A)] =M1[q( G’A':’n,A)J
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This proves the first part of the lemma.

It remains to prove that q(t,A) is a Poisson integer-valued random mea-
sure also with respect to Pl, if TT(t,A) is nonrandom. As the relation (11)
holds also in this case, it is sufficient in accordance with [3, p. 146,The-
orem 13) to show that q(t,A) satisfies Definition 1 also with respect to Pl‘
Obviously, it is sufficient to prove the validity of the conditions 5), 6)
of this definition.

If we take as a sequence of Markov times the sequence (9), the validity
of the condition 5) follows immediately from the theorem about the convergen-
ce of a nonnegative monotonous sequence.

Now let [Efn] be an arbitrary sequence of Markov times such that 0 £ 6}]£
4 6'n+1£T’ lint 6n= 6<7T. We want to show that

(13) Lim M[q( 6,,)] =M, [q(&,A)].

From the validity of the condition 6) with respect to P0 it follows

(14) P,-lim (& ,A)=q( & ,A)
Further
q( &,,A) £q(T,A), P,- a.s.

and as the condition 5) holds with respect to Pl too, q(T,A) is an integrable
random variable with respect to Pl, which together with (14) proves (13). The
fact that q(t,A) is a Poisson integer-valued measure now follows from [3, p.
146, Theorem 13]). The lemma is thus proved.

Remark 3. Lemma 2 can be slightly generalized. We can require that
q(t,A) satisfies with respect to P0 only Definition 1 in which the conditions
5), 6) are replaced by the assumption 5a). The assertion of Lemma 2 will rem-
ain valid except that part where the Poisson integer-valued measure is spoken
about. According to Remark 2 the decomposition

q(t,A)=q(t,A)+TT(t,A)

holds for q(t,A) with respect to P0 also in this case, only TT(t,A) does not
have to be integrable. But the integration of TT(t,A) with respect to P0 is
not used in the proof of Lemma 2, so that it holds also in this case.

Lemma 3. Let Po’Pl’ @ (t) and q(t,A) satisfy the assumptions of Lemma 2,
only q(t,A) (in accordance with Remark 3) can also satisfy Definition 1 in
which the conditions 5), 6) are replaced by 5a). Let c(t,x) be a random func-
tion, defined on 0;TYxE x S with values in E, which is 3] = B x O me-

asurable (Jb; is a system of Borel sets of {0;T?), for fixed x being measur-
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able with respect to % and such that
T 2
(15) ff lc(s,x)|“TT(ds,dx)< +o0 P _-a.s.
0 “E, o
Let a random process q(t) be given by the relation
- T Yol e
(16) n(t)= fofemc(s,x)q(ds,dd

so that %(t) is a locally square integrable martingale with respect to PO.

Then m(t) is a locally square integrable martingale also with respect
to Pl‘ If r(t,A), te<0,T7, Aeﬁg, denotes the integer-valued random measu-
re associated with the process <%(t), then r(t,A) satisfies Definition 1 in
which the conditions 5), 6) are replaced by 5a) and

an r(tW= [Ef, 5(0(5,0)0(08,00
n

with respect to P0 as well as to Pl’ If ¥(t,A) is a characteristic of
r(t,A), then

(18) ¥(t,A)= ]:fe 7 5(c(5,x)) TT(ds, dx)
n

with respect to P0 as well as to Pl‘ When TT(t,A) and c(t,x) are non-random,
then r(t,A) is a Poisson integer-valued random measure with respect to PD as

well as to Pl‘

Proof: According to Lemma 2, Remark 3 and with respect to (15), #(t)
is immediately obtained to be a locally square integrable martingale with
respect to P(J as well as to Pl'

Let g(t) be a process given by

t
(t)= (ds,dx)
SO [

From the definition of the integer-valued random measure it is then obtained
for r(t,A)

) ®
= = = q =
H(A)=, E () = x“[,,.jo wac(u,xm(du,dx)J

: Oenrnset
N "
This relation proves (17) with respect to PO as well as to Pl'

T, TaCl TEON= [1f q,(cls,x0)a(05,00

Now r(t,A) is verified to satisfy Definition 1 in which the conditions
5), 6) are replaced by 5a) as well as the validity of (18) with respect to Po‘
Then the validity of both with respect to P1 will follow from Lemma 2 and Re-
mark 3.
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Let [©_) be the sequence of Markov times given by (9) and
6;=inf ft: j;* fgblc(s,x)lzﬂ(ds,dx)z nl, TV, A 6’;, 2= (tA¥)

and let r (t,A) be the integer-valued random measure of 7,(t), ¥ (t,A) its

characteristic with respect to Po' As before it is obtained
tax* tac®

r (t,A)= j;“]; T (c(s,%))a(ds, dx) Y (t,A)- j;‘f%lA(C(s,X))ﬂ'(ds,dx)
n

According to [3,pp. 117-121) rn(t,A) satisfies with respect to Po Definition
1, so that r(t,A) satisfies with respect to P, Definition 1 in which 5), 6)
are replaced by 5a).
Obviously rn(t,A)='fn(t,A)+ l"n(t,A), where
tag®

Tn(t,A)= j; “];mxA(c(s,x))ﬁ(ds,dX)

Taking the limit on both sides in the relation for rn(t,A) it is obtained
Po-a.d.

19) r(t,A)=T(t,A)+ ¥(t,A)

where

¥ie,m= [ g,0cls,0)TTs,d0), T(t,0= [ [ 7,(c(s,x))8(ds, )
0 ‘g, 0 'k,

According to Remark 2, the decomposition (19) is unique and G(t,A) is an or-
thogonal locally square integrable martingale measure with respect to Po.
This proves (18) with respect to Po. According to Lemma 2 and Remark 3 the
relation (19) holds with respect to P1 too, and this implies the validity of
(18) also with respect to P

1f TT(t,A) is nonrandom, q(t,A) must satisfy Definition 1 and according
to Lemma 2, q(t,A) is a Poisson integer-valued random measure with respect
to PD as well as to Pl‘ when c(t,x) is nonrandom too, then the condition (15)
can be written as

: 2
ML [, f lete 01 Tices 801 <o o0

and the process (16) is a square integrable martingale. As it follows from
(3, pp.117-121], r(t,A) satisfies Definition 1 with respect to Po' ¥(t,A)
is obviously nonrandom, too, and from Lemma 2 it is obtained that r(t,A) is
a Poisson integer-valued measure with respect to P0 as well as to Pl' The
lemma is proved. .

4. The generalization of the Girsanov theorem. The following theorem
is an analogue of the Girsanov theorem.
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Theorem 1. Let A(t)= [Al(t),...,Al_(t)J be a random function gt and
progressively measurable and such that

];TIA(t)Izdt<+co Py-3.S.

Let a process Z= [ Z(t),te<0;T)) be given by the relation
2t)=exp L [¥ Als)dwa(s)- 3 [11as) | s

where w(t)= [wl(r),...,wk(t)], w(0)=0, is a Wiener process ((* ) denotes the
transposition) with respect to Pge Let My { 2(T))=1 hold, so that Z(t) is a
martingale with respect to P . Let the measure P, be defined on I0,9) by
the relation

(20) P, (A)= f;Z(T)d P Ael

Let p(t,A) be an integer-valued random measure satisfying Definition 1 or
Definition 1 in which 5), 6) are replaced by 5a), so that its characteristic
TT(t,A) is a continuous non-decreasing process, TR0,A)=0 and let

T

(21) f f |xlzTT(ds,dx)<+oo P -a.s.
o 'k, 0

Let a random process 7 (t) be given by

(22) A= [ x Pos, a0
n

where p(t,A)=p(t,A)-TRt,A), te<0,T), Ae.‘Bg so that ’l(t) is a locally squa-
re integrable martingale with respect to PO.
Then on the probability space [.Q,‘OC,PIJ

(23) W(t)+ (1) [ AGS)ds M)+ F (1)

where W(t) is a Wiener process with respect to P, and i(t) is a locally squ-
are integrable martingale with respect to Pl’ for which

~ t
(28) A0 foff,,x Blds,dx), P-a.s.
Proof: Let us denote
$ (Wa(ve ()~ [FA(s)ds

Applying to Z(t) gk(t) (k=1,...,r) the generalized Ito formula [3, p. 143,
Theorem 11) we obtain

.3
dIZ(8) §, (DT =Z(H) §, (1) T, A (£)chw; (£)+2(t)chw (£)+2(t) fE&ukE(dt,du)
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Hence and according to [8, p. 102, Theorem 1}, $(t) is a locally square
integrable martingale with respect to Fl' But then according to [3, p. 127,
Consequence ) the decomposition

§D)= Fo D+ § (0= £+ [ uTCt,00

holds for S(t). Here q(t,A)=q(t,A)- ¥ (t,A) and g(t,A) is an integer-valued
measure associated with the process §(t), ¥(t,A) is its characteristic with
respect to P, and Sc(t) is a local martingale with respect to P; with the
continuous trajectories. Obviously q(t,A) is defined only by the process
m(t) so that according to Lemma 3 it holds for q(t,A)

25 aCt,A)= fo*fe 7, (Wp(ds, du)=p(t,A)
n

and for ¥(t,A)
t
(26) Y(t,A)= j;];m'(,A(u)TT(ds,du)ﬂT(t,A)

Hence we obtain for Sd(t) on [.Q.,"d,PIJ the relation
(21 (=)= f u Blt,du)
"

From the decomposition

§(0= § D+ §4(0)= £ (D fa* Ji, v BCds, )

n
it follows that
¢
§o(D=u(t)- [FA(s)ds

and using the Girsanov theorem [3, p. 330, Theorem 11) we obtain for the pro-
cess Sc(t) on[n »,Pd

t
(28) §o(t)=w(t)- fo A(s)ds=W(t)
where W(t) is a Wiener process with respect to P (27) and (28) prove for
S(t) onlf ,‘a,Pll the relation
F(B)= §,(D+ F4O=HH+ (1)

where W(t) is a Wiener process with respect to F'1 and 'Jf(t) is a locally squ-
are integrable martingale with respect to P1 for which (24) holds. The theo-
rem is proved.

Consequence 1. Let in Theorem 1 p(t,A) be a Poisson integer-valued
random measure with respect to Po’ so that % (t) is a centered Poisson pro-
cess with respect to Po' Then also the process %(t) is a centered Poisson
process with respect to P1 which is homogeneous, if n(t) is homogeneous on
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1a ar 0]. The process
t
2(t)= j; A(s)ds+w(t)+n(t)
is on ll\.,‘a,Pl] a process with independent increments and random vectors
t
fy AGs)ds+w(£); 7 (1)
are for each t€<{0;T? mutually independent on [n,‘a,PI] .

Proof: The fact that ?,:(t) is a centered Poisson process with respect
to Pl whenever p(t,A) is a Poisson integer-valued random measure with resp-
ect to Po’ follows from the relations (25),(26),(27).

Further, if w(t) is a Wiener process with respect to Po’ then the pro-
cess (-w(t)) is a Wiener process with respect to Po, too, and according to
the Girsanov theorem [3, p. 330, Theorem 11] we have on [.Q,Q,PIJ

1] +
-w(t)= fo A(s)ds=w (t)
where w+(t) is a Wiener process with respect to P1 and thus the process
V)= -wh()=w(t)+ f: A(s)ds
is a Wiener process on L) ,ﬂ,Pll, too. But then from Theorem 1 it follows on
L0 ,¢,P;] for the process ’
¢
§ (D= [ AGS)ds+u(t)+ 9 (1)
the relation
INCIE{EINE 169)

where W(t) is a Wiener process with respect to F1 and i(t) is a centered Po-
isson process with respect to Pl'

Applying now the generalized Ito formula [3, p. 143, Theorem 11] to the
function

L
x(zexp {10E, A x . 2y,

where xk=?fk(t), yk=?ik(t); J\k, 7, are arbitrary r.n., we directly see that
the probability distribution of the random vector g(t)— §(s), considered on
o ,%,Pl] , does not depend on the &-algebra 3'5. But this means that the
process S(t), considered on L().,‘(l,Pll , is a process with independent inc-
rements. Applying once more the generalized Ito formula to the function X(t)
and denoting -

I(H)=M[X(t)/ 3]
we obtain
(29) M [I(D)] =exp {- %Zaﬁti exp 1 [, Lexp(iZz,u)-1- iZ7u ITT(t,du)}
»
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The relation (29) proves that the vectors f:A(s)dsm(t); n(t) consi-
dered on[.ﬂ.,ﬂ,Plj are for each te<0,T) mutually independent. The proof is

finished.

Theorem 2. Let B(t)= [bjk(t)lg k=1 De progressively and S't measurab-
’
le random matrix process, defined on [n,ﬁ,PO] and such that
f:IB(s)|2d5<+co P,-a.s.

and B(t) is a regular matrix for each t and Po-a.s. For the random function
A(t)= [Al(t),...,Ar(t)J let the assumptions of Theorem 1 be fulfilled and
‘let the inequality

j;TIB'l(s)A'(s) |2ds< + 00 P,-a-s.
hold ((* ) denotes the transposition). Let MOIZ(T)J =1 hold, where Z(t), t €
€<0;T», is given by the relation

2tyexp {1187 OANI* dwks)- 3 [ 187" (5|05 ]

Here w(t)= [wl(t),...,wr(t)] is a Wiener process with respect to P . Let us
define on [f,€x] the measure P, by the relation
(30) P, (A)= fA (TP, Ae A

Let q(t,A) be an integer-valued random measure and c(t,x) a random function
for which the assumptions of Lemma 3 hold and the inequality

G N fE~|e‘1(s)c*<s,x) |*Ti(ds,dx)< +@ P -a.s.

holds, too. Let a random process 9 (t) be given by (16).
Then on the probability space [n,ﬂ,Plj

G2 [} IB)owa()I® + g(1)- [} ACs)ds=[* [B()HS)T* + (1)

where W(t)= [Wl(t),...,’v?r(t)] is a Wiener process with respect to P, and
#(t) is a locally square integrable martingale with respect to P1 which is
given by (16) and q(t,A) is an integer-valued random measure with the same
characteristic TT(t,A) with respect to P1 as to P, so that q(t,A) is the or-
thogonal locally square integrable martingale measure with the same charac-
teristic with respect to P1 as well as to Po’ too.

Proof: Let us denote
Pt [ LB(dwa()]* + (0D~ [F ACs)ds
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Obviously, P(t) has a stochastic differential and
dP(t)= ta(t)dwa(t)JnfE c(t,u)g(dt,du)-ACt)dt
n
B(t) is for each te€<0;T? and Po—a.s. regular, so that Po-a.s.
- t - -
P EROTION (s [T 187N s)or (s, 00" a(ds,dx)-j;‘ra L(s)a%(s)I* ds
N
Let us put
_ ¢ -1 £ t ol yak(o)e
§0=w(t)+ [7 [ 187 (s)c#(s,)1* q(ds,dx)- [* [ B (s)A%(s)I* ds
0 ‘E, ) 0
In the same way as in the proof of Theorem 1 it can be verified that

§(t) is a locally square integrable martingale with respect to Pl’ so that
according to [3, p. 127, Consequence) the decomposition

§(0)= § (D4 §y(D=§ (D+ [0 u(t,00)
L2

holds for S(t) on [.Q,‘C!,Pll. Here V(t,A)=v(t,A)-y(t,A) and v(t,A) is an in-
teger-valued random measure associated with the process §(t); ¢(t,A) is its
characteristic with respect to P1 and Sc(t) is a local martingale with resp-
ect to Pl with continuous trajectories. By means of Lemmas 2 and 3, in the
same way as in the proof of Theorem 1 it can be derived that it holds on
e ,e,p.1 '

sd(t)= f: f;’bx V(ds,dx)= f: j;'b[ B-l(s)c"(s,x)J“ q(ds,dx)

where q(t,A) is an orthogonal locally square integrable martingale measure
with the same characteristic TT(t,A) with respect to P1 as well as to Po and
at the same time TT(t,A) is the characteristic of q(t,A) with respect to P1
as well as to Po’ From the decomposition

§(D= §o(D)+ Fy(0)= o+ [f L8020, 01 (s, 0
it follows that
§c=w(t)- [ [87L()n%(5)T* a5

is a local martingale with respect to P1 with continuous trajectories. As the
function [B_l(s)A"‘(s)]" satisfies the assumptions of Theorem 1, it is obtai-
ned in accordance with this theorem and with the Girsanov theorem that

t - ~
§(D=w(t)- [ [871()a%()]* ds=(t)
where W(t) is a Wiener process with respect to Pl' But then

} 4 -
fa B l(s)dP"(s)]* = S(t)=’v‘v’(t)+ fo fE [8 l(s)c"(s,>();|"l q(ds,dx)
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Obviously, $(t) has on [.Q,‘a,PIJ a stochastic differential, so that
d ()= [d P(D)] B¥ H(D)=iC()+ J,, ctt0Br Hoacat, 00
and so on [Q,%,P;] it really holds
P(t):f: [B(s)d W¥(s)]* + /: fz"c(s,x)ﬁ(ds,dx)
The theorem is proved.

Consequence 2. Let §(t) be a random process, defined on [.fl,‘Cl,Po]
‘with values in Er’ measurable with respect to & and such that
oIt t - t —
()= fo A(s)ds+_/; [ B(s)dw*(s)]* + j; fE,‘ c(s,x)q(ds,dx)

where:
a) w(t)= [wl(t)""’wr(t)] is a Wiener process with respect to P_

b) q(t,A), te<0;T?, A e:Bg is a Poisson integer-valued random measure
with respect to P0

c) B(t)= fbjk(t)] (j,k=1,...,r) is a nonrandom matrix function which is
regular for each t and such that

f:lB(s)lzds<+oo
d) c(t,x)= [cl(t,x),...,cr(t,x)] is a nonrandom function such that

f;rfs IC(S,X)|2TT(ds,dx)< +0
n

e) A(t)= [Al(t),...,Ar(t)] is a random function satisfying the assump-
tions of Theorem 1.

Then there exists a probability measure P1 such that the process g(t)
isonlQ ,‘u,Pl] a process with independent increments with respect to &
and the vectors

t t t -
» x*,
Io A(s)ds+ lo [ B(s)dw*(s)]*; j‘; f;mc(s,x)q(ds,dx)
are for each te{0;T) mutually independent on [.().,‘&,Pll .

Proof: The proof is similar to the proof of Consequence 1, so that we
shall not repeat it.
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