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A NOTE ON THE DIRICHLET PROBLEM FOR THE ELLIPTIC

LINEAR OPERATOR IN SOBOLEV SPACES WITH WEIGHT d:

Aled NEKVINDA, Lubo3 PICK

Abstract: The Dirichlet boundary value problem fos the elliptic linear operator
in weighted Sobolev spaces Wkp(n,dﬁ) is considered, M being a closed subset

of 30 , @ having the outer cone property on M . The existence and unidueness
of the weak solution of the problem is proved.
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1. Introduction to the problem

Let Q be a domain in RN and M C 32 an arbitrary set. Let us denote
(1.1) dy(x) = dist(x,M) , x€@ .

We obviously have du(x) - di(x) so that M is supposed from the very begin-
ning to be closed. Let

Lp(ﬂ,di) = {f, I[f(x)|p d;(x) dx <}, p>1, e€R,
2
k,p € P €
and let W (ﬂ,dn) stand for the space of functions from L*(Q,dy) whose
distributional derivatives up to the order k belong again to Lp(a,d;) . The
space wkp(ﬂ,d;) is a Banach space with respect to the norm

1/p
u = ( jlbuu(xﬂp €(x) dx) .
| Ikp |u§sk 2 d“

Let further

(1.2) b(u,v) = J aua(X) DBU(x) p%v(x) dx

lal.{ﬁlik o
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be an elliptic bilinear form. Let wu,€ wk’z(ﬂ,dﬁ) and F € [Wg’z(ﬂ.dgc)]*.

Our goal is to find a function u € wk’z(ﬂ,dﬁ) such that

k,2 €
(1.3) u - ug € Wo (ﬂ,dM) ,
and
k,2 -€
(1.4) b(u,v) = F(v) for all v € wo (Q,dM )

The existence and uniqueness of the solution to the problem (1.3), (1.4)
was shown by several authors: J. NECAS [3] (M = 3Q) , A. KUFNER [2] (M ={xb}),
J. VOLDRICH (5] under rather restricted conditions upon 32 and M (namely, M
being a finite union of Lipschitz images of the m-dimensional edges in <0,l>N .
m=1,...,N-1 ). The previous results are extended in the following sense: M

0,1

is allowed to be more general and the weaker condition than Q € C is re-

quired (see Definition 2.1).

2. The domain

For y € RN s ¥y = [yl,...,yN] , we write y = [y',yN] .

DEFINITION 2.1. Let QCRN be the domain and M 32 closed. We say that
Q € XK(M)
if the following four conditions are fulfilled:

(i) there exist m Cartesian.coordinate systems (y;.er) , r=1,...,m,
and the same number of functions a defined on the closures of (N-1)-dimen-

sional cubes
= ' = -
(2.1) 8. =iyl lyrjl <8, 3 =1,...,81}

such that for every y € 3Q there exists 1 S r s m satisfying

(2.2) y= DLy > vi€8, 5 yy=23,06D,

(ii) the functions a, are continuous on Ar ,

(iii) there exists B > 0 such that for every r the set

= ’ ' ry - '
Br {[yt’er]’ r € Ar’ ar(yt) B < YN < at(yr) + 8}

allows us to write



(2.3) vr = Brn a= {[yx"’er]’ yxl- € Ar' ar(yt") -8B« YN < ar(yx")} ’

(2.4) =300 = {bhygle vie b a,0D = yb .
and
(2.5) Br \ 8- {[yll"er]’ y;, € Ar’ ar(yl'_) < Ve < ar(yl'_) + B} ’

(iv) there exists an open cone K.n c’ h, C>0,
’
N
(2.6) Ko~ Dy d€ R, o<y <n, |y <oyl

such that for each y = [vl’:,ar(y;)] €M, yl’_ € Kr > there exists a cone !(y

congruent to l(h c with the vertex y and the axis parallel to Yy ° and
,-—

satisfying Ky Nne=0.

Let us further denote
B8
Ur - {[y!'."erJ' y; € Ar’ ar(y;) =2 ¥ < Iir(yrl:)} *
REMARK 2.2.

@ 1f 2€c®l, then €k .

(b) If Q €EXK(M) , then Q is bounded.

LEMMA 2.3. Let § € X(M) . Then the Cartesian systems from Definition 2.1
can be chosen in such a manner that they additionally obey the following two

conditions:

(v) for y = [y{_,ar(y{_)] €M, y{_ € Kr , we have

1K), ,
nr standing for the orthogonal projection associating y = [y,'__,er] with
N-
y; €R ',
(vi) if S =T MM =9, then d (U ) >0 .

Proof . Let (y;,yr“) be the r-th system and let Er € (0,61_) be chosen
in such a way that 2302 is still covered by the new systems (;r,er) , ;1', € Zr
(see (2.1)). We denote §r = Frﬂ M and put
1 1 %
ﬂr-'imi‘n (§Ch. 6r- Gr)
and choose 6: such that

N-1
diam (<-6:. 6:> ) < n. .
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Now we associate every z € G: = nr(gr) with an open (N-1)-dimensional cube Az
centered at z with the side length 26: and sides parallel to the r-th sys-
tem axes. As Gi is compact set, there exist points ZyseeeaZy € Gi such that

n, T

U s, D (s) .

=1 4 TT

n
2 _% H
The set G_ = A_\ U 4
r T
i=]
Thus there is Y > 0 satisfying
1

1 2
2y is a compact set, too, and Gr » Gr are disjoint.

2
dist (Gr’Gr) 2 Y, -

Now we associate every w € Gi with an open cube A“ centered at w , its

sides parallel to the r-th system axes and the side length *Gr where *Gr is
chosen in order that
N-l) 1

diam (<-*§_, *& >
T r r

Making use of compactness of Gf we can choose WseeeaWy such that
k, ) r
U a, D¢l
3=1 3

Now 8, , i= 1,...,nr »and A, , j = l,...,kr , form the (N-1)-dimensional
bases for the new Cartesian systems (with common YN axis) which obviously sa-

tisfy (i) - (vi). K

The following lemma, in particular, the inequality (2.7), is a substantial
tool for dealing with the density of smooth functions in the weighted Sobolev
space. The inequality (2.8) is of crucial importance for the imbedding theorem,
and, consequently, employing the standard argument (see [2], Chaps. 7, 8, 14),
for solving the Dirichlet problem (1.3); (1.4).

LEMMA 2.4. Let Q € X(M) , 3R described by the coordinate systems from Lemma
2.3. Let S =MNT_ =9 . Then

(1) there exists Cl > 0 such that for y, z € Ur of the form y =
- [y;.y,__“] , z = fyl’_,,er] » YL €D, Yo >z, wve have

2.7 d scC, d z
(2.7) ?f(Y) 1 Sr( )
(1i) there exists C2 > 0 such that
£
(2.8) ds () S 2, (y) -y *+d5 O7) 5 Cy dg (&)
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*
is satisfied for each y = [—y”:,yrn] € Ur and y" = B'l’_,ar(y;)] .
Proof. For y, z € Ur let Yyi» 2 € Sr be such that
dsr(y) = |y - y1| s dst(z) = |z - zl] .
(Recall that Sr is the compact set.)

Clearly,
'Y'yll' |Y"zll

= - .
ool " Te eyl

Let z, = [ﬁ’,wn] and denote y = [y;,wN] . If Yen S Yy 2 then the assumption

Yen > z.N yields

|y - zl‘

—xs1

'Z - zl,
If YN > LS and 2a is the vertex angle of the cone Kzl , we denote by 't
the intersection of the line E; with the envelope of the cone K . Exis-

z
1
tence of such a point is guaranteed by Lemma 2.3, (v). Now
b=zl -l

o= o] Ty 31 Ene

We prove the assertion (ii). The compactness of Sr guarantees the exis-

tence of W, z € Sr such that

dg () = |w - y| and dg b*) = |z - y*| .

r b3

Using the triangle inequality we get

d5 () = lw-ylslz=-ylsly-y+1ly-2|-=

= ’ - *
a (y) -yt dsr(y )

which is the first estimate in (2.8). We prove the remaining one. First, we
show that

1
(2.9) ly =yl sgg Iy - vl

20 being the vertex angle in Kw . Let us denote with s the intersection of
the line ;;; with the envelope of Kw . If w=s, then also w = y* ,» and
(2.9) holds trivially. Otherwise we denote with y** the foot of the perpen-
dicular to the line sw from y . Then

ly = y**| s |y - vl
and

Iy—Y*ISly-sl-



Hence I

y - s 1
ly-y*lsIY-Sl'T;‘_yTIIY-y**ISsmu]y"'|'

which gives (2.9).

Now, using the estimate just obtained and the triangle inequality we have

1
y* =zl s Iy*-wl s y* -yl + |y -wl s 0+ )y - vl -
Therefore
2
8O -yt dg 0N =y -y -zl s (L4 gy -l
So, both assertions of the Lemma are proved. [N

LEMMA 2.5. Let Q € K(M) , and (yé,er) be the r-th coordinate system from
Lemma 2.3. For every fixed 3: [3 (0,6r) we define Zr » ﬁr in a similar way as
in Definition 2.1. Let S_= MM Ft be nonempty.

Then there is C > 0 such that
2.10 Sdg (y) scd, (y)
( ) dy s, O dyly
holds for all y € ﬁ: .
Proof . Clearly, it suffices to demonstrate just the second inequality. We
shall omit the subscript r . If y = min (§ - 8§, % B8) , then
dist (U, R\ V) 2y>0 .
Further, let
K = max ds(y) s ¥y € U,

¢ =(u B ,MINT,
1 yes ¥/2
where BA(y) = {z, |y - z] <1}, and
G2 =0\ G1 .
Obviously, dist (y,M) 2 % y for ye G2 . Therefore
do(y)
S 2K
du(y)sY > yer.

As dH equals ds on Gl » the second inequality in (2.10) is proved. &

3. Density of smooth functions

THEOREM 3.1. If R€ KM) , €20, p>1, k€N, then c”(@) is dense
in the space Ukp(ﬂ.d;) .
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Proof . Having the crucial inequality (2.7), the proof proceeds in a stan-

dard way (cf. the comments preceding Lemma 2.4). 1]

4. Imbedding theorems

THEOREM 4.1. If Q€ K(M) , 1 <p<eo, €>p~-1, then

WI'P(Q,d;) > P(a,d5P) .

Proof . Since € > 0, it suffices according to Theorem 3.1 to find C > 0

such that for all u € Cw(ﬁ)

(4.1 - = C Ju .
) lol, gemp < € 101, e

We assume 9 being described by Cartesian systems from Lemma 2.3. Let

H = (Bt \ U U s r=li.,my,

and HOC EOC Q be an open set such that

™0
U HDa.
r
r=0
Let ¢0,...,wm be the corresponding partition of unity. We put
0
(4.2) v =u@) . (x), x€92, r=0,....m .

Let us fix r . If Sr =@ (1ncluding.the case r =0 ), it follows from Lemma
2.3, (vi), that

dist (Ur’M) 2y>0.
Hence

1p €y o ylP P = 1P €-p
(4.3) wEU ,d) =W (U) » 15U = 15U ,dy 7)) -

Now, let S_= ¢ . Since supp ¥ C H_ , v_ is in Wlp(Ul_,d;) iff it is in
Wlp(Ur,dg ) . Moreover, due to Lemma 2.5, the norms in this spaces are equiva-
T

lent.

We shall omit r again. Lemma 2.4, (ii) implies for y = [y’,yN] € Ur

(4.4) dg'p(y) sc (ay”) -yt ds(y*))€~p R
and
(4.5) (aty) - yy + dgyM)€ s ¢, dSy) .

Thus, using (4.4), (4.5), the Hardy inequality (see [1], Theorem 330, and [2],
Lemma 5.3), and setting v(y',yN) =0 for Yy < a(y') - 8/2 , we obtain
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-
M;u,dg_p - IIV(y)Ip dsP(y) dy s
v

s ¢ le(wl"(a(y') -y +dgo™M) P ay -

v
a(y’)
-c j vy [Platy”) = vy + dg™) P ayy @y’ =
A a(y’)-B/2
(4.6) - C1 J jlv(y’. a(y’) - t)lp(ds(y*) + t)c-p dt dy’ =
A0

P .
s () o f jl%(y’, ay’) - t)|P(dgy™) + ¢)© dat gy’ =

e-p+l
A0
P a(y’)
P 3
- (E_pﬂ) ¢ I I I%};(y'.yu)lp(a(y') vyt ds(y"))e dyy dy’ s
A a(y')-B/2
P v € ]
s ) o0 JI;;;(yhyN)l" 45 dy 5 03 MY ) e -

U

According to Lemma 2.5 we can take M instead of S 1in (4.6). Combining (4.3)
and (4.6), and using the partition of unity we finish the proof. ¥

THEOREM 4.2. Let QEKW),MCQQ}MRL l<p<w, €=p-=-1. Then
WP (2,05 > LP(a,a5P) .

The pr oo f is similar to the preceding one. ]

5. The Dirichlet problem

The following theorem is well known (cf. [2], Chaps. 13 and 14).

THEOREM 5.1. I1f R , M, € are such that

) wéz(n,d;) > Lz(n.dﬁ'z) , e=x 1,

and
(11) there exists a function p € C (3)N C(A) such that

Cidy() s p(y) 5 Cdy(y) » yE a,
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and

1 ol s c b}l ulsk, yea,

then there is > 0 such that for all ¢ € (-:O.eo) the Dirichlet problem

€
0
from Sec. 1 possesses precisely one solution u . Further, there is C > 0 such

that

fel cllugl , o+ IFL) >

k,2,d§ * k,2,df

- ' k,2 -£\q %
Z standing for [Wo (@,dy )] . 7]

In the case considered, for Q2 € X(M) , M closed, the validity of (1) is
guaranteed by Theorem 4.2. The existence of the function p with the properties
required in (ii) follows from theorem due to STEIN, see [4], Chap. 6, § 2.
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