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ADEQUATE FAMILIES OF SETS AND FUNCTION SPACES

A.G. LEIDERMAN

Abstract: Let X be an Eberlein-Grothendieck 's space possessing the only
one nonisolated point. In this paper we show that the space X is completely
described in terms of adequate families of sets. As an application it is pro-
ved that for this space X the space Cp(X) is K-analytic (a Lindelof Z-space)

iff X satisfies some property (A) (is a Lindelof X -space). Other applicati-
ons concerning the space C_(K), where K is a Corson compact, are obtained.

words: Eberlgin-Gmthendieck’s space, adequate family of sets, ¥ -
analytic space, Lindelof = -space.

Classification: 54C40

Introduction. Recall the following definition [11,Lé61.

Definition. Let T be a set. A family C& of its subsets is called adequ-
ate if it satisfies the following conditions:

i) O contains all one-point subsets of T;

ii) A subset A of T belongs to W iff every finite subset of A belongs
to .

Put X=Xgy= 47,04 & A3 D',

where 7 A is the characteristic function of A. The space X is closed in QT,
hence X is a compact. We shall call X an adequate compact.

Using this simple idea, the number of concrete examples of Corson comp-
acts are obtained now. Namely, it is shown that all classes of Corson, Gul ko,
Talagrand, Eberlein and uniform Eberlein compacts are strictly different (cf.
[1),[2],031,161). Moreover, an adequate Corson compact which has no dense me-
trizable subspaces is constructed [71.

Thus, the notion of an adequate family of sets is applied as a source of
counterexamples,

On the other hand, M. Bell 141 studied the inner topological properties
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of an arbitrary centered compact which is a continuous image of an adequate
compact. He proved that many important properties of dyadic compacts are
preserved for the class of centered compacts.

In this paper we show that adequate families of sets are arised natur-
ally in the studying of Eberlein-Grothendieck s spaces X possessing the only
one nonisolated point (Proposition 1). As an application it is proved that
for this simplest space X the space Cp(X) is K-analytic (a Lindelof X -spa-
ce) iff X satisfies some property (A ) (is a Lindelof = -space) (Theorems 2,
3.

Note that the set satisfying the property (A) is similar to the classi-
éal coanalytic set.

Other applications are concerned with the space Cp(K), where K is a Cor-
son compact. In particular, if K is a Corson compact, then there exists a sub-
space Y€ Cp(K) which separates points of K and is described in terms of ade-
quate families of sets (Proposition 4).

Terminology and notation. Our terminology is standard. The symbol <)
stands for the set of natural numbers; R is the real line; |T| denotes the
cardinality of a set T; I=[0,1] is the closed segment; & =40,1} stands for
the two-point discrete space.

For spaces X, Y we denote by Cp(X,Y) the space of all continuous functi-
ons on X to Y endowed with the pointwise topology. If Y=R, we use the symbol
Cp(x).

Recall that the Corson compact is a compact subspace of

2(R,T)={xeRT:|supp x| & %ot

where supp x= {teT:x(t)403.

The space X is called an Eberlein-Grothendieck s space (EG-space) if
XcCp(Y) for some compact Y [_9].

In this paper the symbol £ stands for the set of all infinite sequen-
ces of natural numbers w® ; S= <% consists of finite sequences. For seS,
6 e = we write s < & if s is an initial segment of 6.

A completely regular space Z is ¥-analytic if for some compact K2Z the-
re exists the family of compacts «(Fs:seS}, FscK such that

6z Llfs

If £ is replaced by any X‘c $ , we obtain the definition of a Linde-
lof X -space.
We shall use the notion of the perfect class of spaces. The class P of
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spaces is \F.O—perfect if it is closed under the operations of countable pro-
ducts, continuous images and closed subspaces. Consequently, & is closed un-
der countable unions and intersections [81].

Both classes of X -analytic spaces and Lindelof X -spaces are ‘ﬁo—perf—
ect.

If X= U{Xn:n € wl, where each )<n is a compact, then X has the type
Kg ; if X= n{Yn:n € w1}, where each Y, has the type Kg , then X has the ty-

pe Kgg -

Results. Throughout the paper X=T u{x} is the space in which all points
teT are isolated. Put J= {FcT: F is closed in X3}. Evidently, the topology
of X is completely characterized by the ideal J. If the ideal J has a\base
which is an adequate family, then we shall say that X is a space generated
by an adequate family of sets or X is an adequate space.

Proposition 1. Let X=T v {x} be a space possessing the only one noniso-
lated point % . Then X is an EG-space if and only if the ideal J is a count-
able union of adequate families.

Proof: (if). By V.V. Uspenskii’s theorem [9), X is an EG-space iff the
space Cg(x,ﬂ)z {fe Cp(X,ﬁ): f(%)=0% has the type Kg . Assume that J=
= Ufa :n e}, where each O is an adequate family. Then Y = 17,:A ea }

is a compact and clearly CS(X,E)= viv ne wi.

(only if). Suppose that CS(X,Q)= Uiy :ne @}, where each Y, is a com-
pact. Without loss of generality we can assume that the compact &% g4;:té€ X%
v{0% lies in each Y-

Put @ = {AcT:3 Zg eV Ac B%.

Obviously, J= U&Otn:n e w?. To prove that (/ln is an adequate family
it is enough to check the following condition: if B¢ T is such that M € (ln
for any finite McB, then B & (}Ln. For any finite Mc B put UM= {fe Yn:

:flM =] . Then UM is a closed subspace of Yn and since LAY Yn for some
M'S5M, we conclude that the family g= {UM:Mc B, |Ml< 5, § is centered. There-
fore, I\g * 0. If g ¢ ng , then BcC, i.e. B e O . The proof is finish-
ed.

Theorem 2. Let X=T v {x} be an EG-space possessing the only one noniso-
lated point & . Then Cp(X) is K -analytic if and only if X satisfies the fol-
lowing property (A):

there exists a countable family of subsets {Ts:sc st, Tsc T such that
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i) T_eT. if s,<s,;
5 s, 17 g3
ii) U{TS:546'§=T for any € € Z;

iii) if U is a neighbourhood of x in X, then
|Tsn(X\U)|< K, tor some 66 Zand every s < 6.

Proof: First, we show the necessity. It is easy to check that the space
Cp(X) is homeomorphic to the following space

v:cS(x,(-1,1))= { fecp(x,(—l,n):f(*):n!.

Y lies naturally in compact IT, consequently, by the ¥ -analyticity of Y,
there exists a countable family {Fszs 6 5% consisting of compacts FSCIT such
that Fszc Fsl, if sl—(s2 and Y= O't}Z Qs, Fq (cf. [10)). Denote by
U= £ €IT:[£(0) < 13. Put T = {teT:F cU,3.

Then the family {Tszs 6€S5% is as desired. The condition i) is evidently
fulfilled. Let us prove ii).

By the definition, NiF_:s -40’}cYcUt holds for any € € & , teT.
Since Ut is open in IT, and Fs’ s € S are compact in IT, we get that FSt:U,c
for some s @ € , so teTs.

To show iii) assume the contrary: there exists a neighbourhood U of %
in X such that for any 6 € £ there exists s(A) < @ for which the set
Ts(A)nA is infinite, where A=X\U. It follows easily that the set :Irt(Fs)=
=4f(t):fe Fs'§ is a compact lying in (-1,1), therefore Jr't(Fs)c(-go(t,s),
@(t,s)) for some ©(t,s)e(0,1). Renumbering all T_, for which |T5nA|z N
holds, by CI’CZ"“’ we put An=Cnn A. Applying the infinity of An’ choose by
the induction the sequence th:n e wtcT such that tle Al’ tne An\ {tl""

..,tn_l} for every n € @ . As it has been noted, for any n € @ there ex-
ists @(n,s)e(ﬂ,l) such that |f(tn)l<p(n,s) for every feFS, where Cn=TS.
Since A is a closed discrete subset of X, and B= {tn:n €ewtcA, then the
function f, defined by f(tn)=§>(n,s), fIX\B =0, is contained in Y.

Clearly, f e(\{Fs:s L¢3 for some € € = . By assumption, there exists
s=s(A) € 6 such that the set TSnA is infinite, i.e. T =Cn for some n € @ .
Finally, since t e T, it follows that ]f(tn)]< @(n,s), which is a contra-
diction.

Remark 1. We emphasize that the assumption that X is an EG-space is
not used in this reasoning, so this assumption may be omitted in the direct
implication.

Let us prove the converse implication. By Proposition 1 there exists a
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sequence of adequate families {(Itn:n € @ ¥ such that any subset AcT is clos-
ed in X iff A € ()Ln for some n € w . We can assume that Oln c (l[ml for

every n & @.

Once more note that Cp(X) o Y=C3(X,(-—1,l)). Put
Y= {teY:supp £ € A 3, Z=U4Y :ne wl.

Then Z is uniformly dense in Y in the following sense: for any feY,
¢ > 0 there exists geZ such that |f(t)-g(t)|< ¢ for each teT.

Indeed, £(x )=0 and the set A=X\ £71(- ¢, &) lies in T and is closed in
X, therefore A € Cfln for some n € &> and ng*x,AeYn is as required.

It suffices to prove that Z is a K-analytic space. To prove this claim
we shall use a reasoning of A. Arhangel ‘skii [8]. Consider the set

M={fel:3g67,[£(D)-a(t)| & L VteTs

Then Mn is a continuous image of Z >[- 711-,%]. On the other hand, since the 1li-

mit of the uniformly converging sequence of continuous functions is a contin-
uous function, the uniform density of Z in Y yields that Y=n{Mn:n ewl.
Thus, by _Ko—perfectness of the class of ¥-analytic spaces, we conclude the

claim.

Finally, our proof will be finished if we show that each Yn is ¥-analy-
tic.
Put K = SfGIT:supp fe OLn}.

Then Krl is a compact. Indeed, let gr.IT

\K_ and C=supp g. Since C & U[n, ap-
plying the definition of the adequate family, we get that B & un for some

finite B¢ C. Consider UB= T Ut’ where Ut=I\{0§, if teB and U,=I, if th.
teT t

Then UB is an open neighbourhood of g, and UBC IT\ Kni.e., Kn is a closed
subspace of IT.

Let T* =Tw {x}be the adequate space generated by the adeguate family
Uln. It is clear that the topology of T* is contained in the topology of X,
therefore T* satisfies the property (A ). We assume that the sequence
{Tszsc S% is a witness of this fact. For each s€S and m € & we define
- . 21 - .
Fom STeK :[t(D]el- TvteT 3, F=ULF, :me w}.

Obviously, Fs is a compact; FS has a type KG , so0 it is enough to pro-

,Mm

ve that Yn= G'EE QGFS'
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For feY  there exists 6 € X such that | supp fnTs|<sD.fur each s<6.
Consequently, f&F n(s) for some m(s)e w , and f& ﬂ{FS:s-&o’} . If
geK\ Y, then [g(t)‘=1 for some teT. For any 6 € = there exists s < 6
such that t GTS, hence 9¢Fs,m for each me w and g QG}‘JS Q‘ Fs‘ The
proof is finished.

It is easy to see that the space X satisfying the property (AR) is a Lin-
delof X -space. Moreover, the slight modification of the previous proof allows
to obtain the following result.

Theorem 3. Let X be an EG-space possessing the only one nonisclated
point. Then Cp(X) is a Lindelof X -space if and only if X is a Lindelof =-
space.

Remark 2. As in Theorem 2, the necessity is valid without assumption
that X is an EG-space.

Example 1. There exists a space X such that Cp(X,I) has the type Ks’a’ but
Cp(x) is not even a Lindelof & -space.

Let X=T u £x3 be any adequate space generated by the adequate family OL.
Denote by Uln the adequate family consisting of all finite less than n uni-
ons of elements of X . Put Y = {fe Cp(X,I):Tnsupp fe (/lnl, ne w.

Repeating the reasoning of Theorem 2 we can prove that each Yn is a com-
pact and Y= U{Yn:n € wiis uniformly dense in Cp(X,I). Therefore, Cp(X,I) has
the type Kgy . But taking any X which is not a Lindelof =-space (cf. L6]),
applying Theorem 2, we obtain that cp(x) is not a Lindelof =-space, too.

There exists an adequate space which satisfies the property (A) but is
not K -analytic.

Example 2. We shall use the example of M. Talagrand [2). Let & be the
set of all finite strictly increasing sequences on <« . We define on @ the
usual order: st iff né€m and si=ti for all i€n, where 5=(51""’sn)’
t=(t1, cee ,tm).

Denote by T o the set of all trees X ¢ ¢ which satisfy the following pro-
perty: if teX and s £t then s¢ X. We shall identify T0 with the set of all
characteristic functions of its elements. It is easy to check that To is clo-
sed in 96 , hence To is a compact metric space. Let TICTo be the set of
trees containing an infinite branch. It is known that T1 is an analytic set
[23.

BGiven a tree X we denote by Vn(X) the set of trees Y such that XN¢ n°
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XN,

n

less than or equal to n. The sets Vn(X) form a basis of neighbourhoods of X.

Let ‘A'o be the set of finite subsets Br_T’J which are of the following
type: B can be expressed as {Y?,...,Yn'ﬁ, where for some XeTD and

(sl,...,sn)ex, we have Yievsi(x) for all i£n.

where Qn is the set of finite increasing sequences of integers

We denote by Jll the smallest adequate family which contains Jlo. Fin-
ally, T=T \T,, = {AcT:Ae.ﬂli.

It is shown in [2]) that the adequate space T* generated by the adequa-
te family (4 is a Lindelof = -space but is not K-analytic.

We claim that T* satisfies the property (A). In order to prove this
fact we shall use two lemmas, the first of them is proved by M. Talagrand [2].

Lemma 1. let A e ‘H‘l' Then each limit point of A belongs to T,.

Lemma 2. lLet A e 'R'l be an infinite set. Then A has the only one limit
point.

Proof: Assume on the contrary that A € Jll has two distinct limit points
X and Y. Since the sequence {Vn(Z):n € w} forms a basis of neighbourhoods of
Z, there exists m € w such that vm(x)n Vm(Y)=ﬂ. Let us note the next fact:
for any point Z&T, vm(x)nvm(2)+ﬂ and vm(v)n Vm(Z)*ﬂ do not hold simulta-
neously, otherwise, ZeVm(X)r\ Vo (Y). Let {Xi:i e wic vm(x), {Yi:i ew}cvm(Y)
be two sequences converging to X and Y respectively. Consider the set
C= {Xl,Yl,...,Xm,YmE. Since C e .ﬂl, there exists B € JI,D such that Cc B. If
B= {Zl,...,Zk{, then by the definition of .ﬂo, there exist ZeT  and an ele-
ment (sl,...,sk)e Z such that Zie Vs.(D for all i< k. One can assume that

Yizzg(i)’

Clearly, the collection §p(i),g(i)} consists of pairwise different points.

i
Xi:Zp(i) for some g(i),p(i)£ k.

Consequently, applying the definition of (51""’5k) as a strictly increasing
sequence of integers, we conclude that there exist indexes i and j such that

sp(i)?. m, sg(j)z m. So,
X.=Z .. €&V @D eV (D)
i""p(i) Sp(i) m
szzg(j)‘ ng(j)(l)c Vm(Z),

therefore, Vm(Z)n Vm(X)-l- g, Vm(Z)(\ Vm(Y)*ﬂ, which is impossible as it has
been noted.
Let us prove that T* satisfies the property (R). We know that T1 is
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analytic. Let R (T )V be the set of all nonempty finite subsets of T, endo-
wed by Vietoris topology. Clearly, ZF(TI)V is the continuous image of
9 T under the mapping _]- ® Jn’ where

A I(CIPPPIN SODLE E P XY
The class of analytic sets is invariant under the operations of countable
unions and continuous images, therefore 5’(T1)V is analytic. Moreover, from
the classical results of the descriptive theory we conclude that there exists
~a countable family ?(TO)V of open sets in {Us:sc S% such that U, e U if

1 2
s,% s, and :P(Tl)v “z Q‘ [10]. One can assume that each U, is of the
standard form, that is, U={Be®(T ):B c, U » BNU#P Vi n}, where U;

is open in To' Put Vs= ‘.ug Ui' Then V5 is open in To’ too. It is easy to see

that T1= Sg}: Q‘ Vs’ besides Vslc V52 if 52-4 51 and for any finite Bc Tl

there exists € € £ such that B c n&vszs <6%.

We denote by TS=T \Vs for each s€S. Let us prove that the family
iTs:se 5% is as required. The condition i) of the property (A ) is evident;
Tn n{vs:u 6} =P yields the condition ii). To show iii), suppose that AcT

is infinite and closed in T* . It follows that A=&g Ai’ where Aic a . Ap-

plying Lemmas 1, 2, we get that each Ai has the only limit point which belongs
to the set Tl. Denote by B the set of all limit points of A. Then B is finite
and Bc Tl' There is 6 X such that Bcn£V5:54 6% . The set Vs is a neigh-
bourhood of B for any s < 6 , therefore AN\ Vs is finite. This means that
IAr\Ts|< s, for any s <2 6.

The next problem is arised naturally.

Problem. Does there exist an adequate space which is a Lindelof X -space
but does not satisfy the property (AR)?

G.A. Sokolov [ 5] proved that for any Corson compact K there exists a sub-
space Yc C_(K) which separates points of K and has some special structure.
Our Proposition 1 gives a new more detailed information. The following result
shows that any qus?n compact in some sense can be studied by adequate comp-
acts.

Proposition 4. Let K be a Corson compact. Then there exists a subspace
Yc CP(K) which separates points of K and is of the following form:

- 38 -



Y=UiY :ne @t , where Y; =Y v {0} is closed in Cp(K), Y, consists of isola-
ted points in Y; , and there is a sequence of adequate families {an n
:me w3 generating the topology of Y: for eachne w.

We shall establish an application of our results.

Theorem 5. Let K be a Corson compact. If Cp(Cp(K)) is a Lindelof Z -
space, then Cp(K) is a Lindelof ¥ -space, too.

Proof: First, we find the space Yc Cp(K) and adequate families{(/tn m‘
.. ’
as in Proposition 4. Then, by Theorem 3, we get that Y is a Lindelof = -spa-
ce, consequently Cp(K) is a Lindelof X -space, too.

Remark. All the results of this paper are obtained in the year 1984. Re-
cently I was informed by 0. Okunev that he had proved some strong strengthen-
ing of Theorem 3 and had shown that Theorem 5 is valid for any compact (to
appear).
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