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»HIDDEN VARIABLES" ON CONCRETE LOGICS (EXTENSIONS)
Pavel PTAK

- %yglg%ggi We call a concrete logic smooth if all its hidden
variables (= all its two-valued measures) admit extensions over

larger logics. We show as the main result that every Boolean
algebra is smooth and that every logic has a smooth represen=-
tation. This seems to match the hidden variables hypotheses.
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on_an el es. Regult In sxiomatic
formulations of the foundations of quantum theories one often
postulates that the "event structure” of a quantum experiment
be a quantum logic, that is, an orthomodular partially ordered
set. One sometimes speculates that the stochastic behavior of
the experiment could be gone over, and the problem then
approached by the tools of classical mechanics, if all the
"hidden variables" could be discovered (see e. g. [1], [é],
(3], [4], [9]). Suppose that we enlarge the experiment and ask
whether the hidden variables remain preserved. As the hidden
variables usually correspond to two-valued measures on the
respective logic, our question translates as follows: Do two-
-valued measures admit extensions from sublogics over the entire
logics? In this note we bring certain results along this line.
The character of the problem obviously requires that the logics
have "enough" two-valued measures. As known (see [3], [6]),
these are exactly the logics which have a set representation.
We call them concrete and, in view of the above remark, we
restrict our consideration to concrete logics.
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Let ua first review basic notions as we shall use them
in the sequel. Let S be 8 non~empty set and let & be a
collection of subsets of S. Partially order A by set
inclusion and, for each A € A, let A  be the set S = A.
Then the couple (S, A) is called a concrete logic if the
following three conditions are satisfied:
1 g e b,
(1) If A €A then A€ A,
(1141) If A end B erein A and ANB =g then AUBEA,

In other words, a concrete logic is a logic (= an ortho-
modular poset) which has a set representation. We shall
sometimes write A instead of (S, &) if we do not need
deql with the domein S. Obviously, each Boolean algebra may be
viewed as a concrete logic, and a concrete logie is a Boolean
algebrs (Boolean logic) if and only if A NB &A for each
A, B @A,

let (S, A) and (S, H,) be logics. Then (S, &) is
called @ gyblogic of (S, &,) if O C A, and, for each
A,B&@A,ANnBEA if and only if A NB € 4A,. Thus, for
instence, if A €& A’ then {ﬂ, S, A, A'} is a sublogic of
(8, A‘). Observe also that a sublogic of a Boolean logic has to
be Boolean.

When (S, A) is a logic we call a mapping h : a->{o, 1}
e hidden varisble if h(S) =1 and h(A UB) = h(A) + h(B) for
81} A, B € A with AN B =@, Let us denote by Hid(&D) the
aet of all hidden variables on (S, & ). In what follows we
shall be interested in the extensions of hidden variables. To
aimplify the setup of the results , let us eall a econerete
logic (8, &) smgoth if the following condition is satisfied:
I (S, &) is @ sublogic of (S, A;) and if h € Hid(AD)
then there exists h, € Hid(/),) such that h; restricted to
& equala h.

We are going to show that the class of smooth logics is
relatively large. Let us start with the following observation.
(Recall that a hidden variable h & Hid(A) is said to be con-
centrated at a point if there is a point p €S such that
n(A) =t if, snd only if, p € A. If h € Hid(AQ) is rnot
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concentrated at any point we call it free.)

Proposition 1: Let (S, &) be a logic. If each hidden
variable on A 1is concentrated at a point then (S, A) 1is

smooth.
Proof is evident.
Let us first consider finite logics. Let n € N be an

even number. Put S, = {1, 2y, 3y eoey n} and denote by ‘sbven
the collection of all subsets of Sn with an even number of

elements. Obviously, (S, ékeven) is a logic.

Proposition 2:
(i) The logic (54, ‘keven) possesses a free hidden variable.
(1i) If n €N is an even number and n £ 6, then each hidden
variable on (Sn’ ‘leven) is concentrated at a point.
(iii) The logic (Sn’ A ) is smooth for each even number
even
n € N,
Proof: (i) Put hf{l, 2} = nf2, 3} = n{1, 3} = 1. It is easy
to see that h uniquely extends to a free hidden variable

on (8, zseven)'

(i1) Let us suppose that h € Hid(A ). Write S = {1, 2}u
v {3, 43 U... ufn =1, n}. The additivity of h gives

h{k, k + 1} = 1 for some k (k R 1). We may suppose that

k = 1 (otherwise we simply permute the numbers). So we have
h{1, 2} = 1 end this yields that either hf{1, 3} or n{2, 4}
equals 1, Let us assume that h{l, 3} = 1 (the other case
argues similarly). Then we claim that h is concentrated at 1.
Indeed, if there is a set A € zaovon such that h(A) = 1 and
1 € A, then {2, 3} € A end moreover, h{2, 3} = 1. Since

n %6, we can write S, = {1, 4} u 2, 5} U {3, 6} U (S, = Sg)
and therefore h(Sn) = 0 = a contradiction. This completes the
- proof.

(iii) The case of n = 2 is trivial. Suppose that n = 4. By
the definition of a sublogic, if (S, Zkeven) is a sublogic
of (S,, A) then A has to be A _ . Finally, if n <6
then we use Prop. 2 (ii).
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As we see, many finite logics are smooth. Yet not all as
the following example shows.

Example 3: Teke the logics (S4, Aeven) and (S,, Aevon)
and form a new logic (S, A) as follows: The set S is the

(daisjoint) union of S, and S, and A € if, and only if,
both A N S, @and A NS, have even cardinalities. Then
(S, &) 1is not a smooth logic.

To show that (S, &) 4is not smooth, let us observe that
(S, A) may be viewed as a sublogic of (S6, Acvon)' By
Proposition 2 (i), (ii), the logic (S, &) possesses a free
hidden variable whereas (S¢, & ) does not. It follows that

even
(s, A) 1is not smooth.

Let us now consider Booleen logics. We have the following
result. (It should be noted that this result complements the
results of the papers [5], [7] end [8].)

Theorem 4: Suppose that (S, A) is a Boolean sublogic of
(s, &) end suppose that h € Hid( A ). Suppose that A, is
an element of A1 with the following property: If A € A
such thet A C A, then h(A) = 0. Then there is a hidden
variable h, € Hid( A‘) such that h,/A =h and h,(4,) = 0.
A corollary: If B is a Boolean algebra then each its set
representation is smooth.

Proof: Observe first that Hid(A,) is a compact set when
understood as a subset of the topological product <o, 1D 1
?

Indeed, since the product <0, l) L is compact, and so is

also {0, 1} 1, we only have to verify that "the pointwise
limit" of the elements of Hid(A,) belongs to Hid(A,),
which is easy. Put now I = faA€ & | h(A) =1} and set, for
each A €1, C(A) = {h, € H1A(A)) | h;(A) = 1" end h,(4,) = 0}.
Obviously, each set C(A) is closed in H:ld(A1). We are going
to show that the family % = {C(A) lae I} is centered in
Hid(A,). Let Dy, Dy, ..., D, be & finite family in I. Then
h(Dy) = h(D,) = .o = (D) = 1 and since A is Boolean, we
have hy(D; M D, N ... N D)) = 1. Therefore D, N D,N...ND €
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€ I and we obtain the equality C(D;) n C(Dy) N .co NC(D,) =

= Cc(p, N Dy N e I\Dn). We need to show that

C(D; N D, Neee NDY) # @. Since h(D, A Dy Nees ND)) =1,

we infer that the set D, N JD2 N ees f\Dn cannot be a subset

of the given set A, € Al' Therefore there is a point p &€ S

such that p € (D1 N Dy Yees ND)) - A,. Take now the element
of Hid(4,) concentrated at p. Then h, & c(D, N D,

+es ND ) and therefore # is a centered family.

™ see

Since Hid(A‘) is compact and each C(A) is closed,
there exists an element h, & [) . By the construction, if
Ael

h(A) = 1 then h,(A) =1 end therefore h, extends h. The
proof is complete.

Before giving our next result, let us recall that a mapping
b g Ai -> Az is called a morphism (of two logics (S', Al)
and (S,, 4,)) if the following conditions are satisfied:
1. 2(8) = @, 2. £(A") = £(A)" for each A & A\, and
3. f(A UB) = f£(a4) U £(B) for each pair of disjoint sets
A, B € A,. An injective morphism f : A, AZ is called
an isomorphism if f 1is surjective and f" is a morphism.

Theorem 5: Each concrete logic is isomorphic to a concrete
logic whose all hidden veriables are concentrated. A corollary:
Each concrete logic is isomorphic to a smooth one.

Proof: Let (S, A) be a concrete logic. Put S, = Hid(D)
and, for each A € &, put S, = {he Hia(A) | h(a) = 13,
Let A, be the collection {SA | A € A}. By standerd reesoning,
the couple (S,, A,) becomes a logic aend the mapping f :
A > A1, defined so that f(A) = S,, becomes an isomorphism.
We need to show that each hidden veriable on (S,, A,) is
concentrated. Suppose that h belongs to Hid( A,). Then
hf € Hid( A ) and therefore hf may be viewed as a point of
A,. Let k be the hidden varisble of Hid(D,) concentrated at
hf. Suppose that B € O,. Then B =S, for some A € A.
Suppose now that k(B) = 1. This means that k(S,) =1 end
therefore hf € S,. This yields that hf(A) = 1 which gives
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h(B) = 1. We obtain that k(B) = ! implies h(B) = 1 and
therefore h = k. The proof is complete.

In our final results we further add to the examples of
smooth logics. Let us recall that a morphism f : 61 - /_\2
(of two logics (S, A‘) end (S,, Az)) is said to be
carried by a mapping if there is a mapping g : 82 -.->S‘ such
that f(A) = g"(A) for each A €& Al'

Proposition 6; Let (S,, &,) and (S,, B,) be logics
and let f A‘ -> AZ be a surjective morphism carried by
a mapping. Then,if &, is smooth then so is also &,.

Proof: Let (S,, AZ) be a sublogic of a logic (S,, AB)'
Let f be carried by g : S, 3S,. Put A, =facs, | 4=
= g"(B) for some set B & A3}. Since g"‘ preserves the
complements, unions and intersections, we see that (S,, A,)
becomes a sublogic of (S, A4). If h €Hid(4,) then
hf € Hid( A‘) and therefore hf can be extended to some
hidden variable k & Hid( A4). Since .f is carried by g, we
obtain that h, defined by putting h (A) = k(g™ '(A)) extends
h, and this completes the proof. .

When (S,, A,) and (S,, Az) are logics then by the
direct product of (S, A1) and (S,, &4,) we mean the logic
(S, A), where S is the disjoint union of S, and S, and
A is tsken such that A € A if, end only if, A ns,;
belongs to Ai (i =1, 2).

Proposition 7: Let (S,, &,) be a smooth logic end let
D, be the collection of all subsets of a set S,. Then the
direct product of (S,, Ai) and (S,, &,) is a smooth
logic.

The proof is straightforward. Observe in conclusion that,
by a simple consequence of Prop. 7 and Theorems 4, 5, we can
construct smoeth ' logics with arbitrarily meny free hidden
variables and with an arbitrary degree of non-compatibility
(see also [3] end [9]). This seems to accord with the hidden
variebles hypothesis.

- 162 -



[2]

E)
(4]

(5]

(]
(7]
(8]
(o]

References

BOHM, J. BUB: A refutation of the proof by Jauch and
Piron that hidden variables can be excluded in
quantum mechanics. Rev. Mod. Phys. 38 (1966),
470-475.

EINSTEIN, B. PODOLSKY, N. ROSEN: Can quantum-mechanical
description of reality be considered complete? Phys.
Rev. 47 (1935), 777-780.

GUDDER: Stochastic Methods in Quantum Mechanics.
Elsevier - North-Holland, New York (1979).

PTAK: Weak dispersion-free states and the hidden
variables conjecture. Journal Math. Phys. 24 (1983),
839-841.

PTAK: Extensions of states on logics. Bull. Polish .
Academy of Sciences, Mathematics, Vol. 33, No. 9-10
(1985), 493-498.

PTAK, J. D. M. WRIGHT: On the concretness of quantum
logics. Aplikace Matematiky 4 (30)(1985), 274-285.

PULMANNOVA: A note on the extensibility of states.
Math. Slovaca 31 (1981), 177-~181.

RUTTIMANN: Jauch-Piron states. Journal Meth. Phys. 18
(1977), 189-193. .

VARADARAJAN: Geometry of Quantum Theory. Princeton,
Van Nostrand (1968).

Department of Mathematics, Czech Technical University - El. Eng.
Suchbdtarova 2, 166 27 Prague 6, Czechoslovakia

(oblatum 1.10. 1986)

- 163 =



		webmaster@dml.cz
	2012-04-28T13:53:13+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




