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RANDOM SEMINORMED SPACES
J. MICHALEK.

Abstract: This article deals with a very important case of
statistical linear space. Properties of this special case lead to
the definition of a random seminormed space.

Key words: Statistical metric space, statistical linear space,
random seminorm, e-n-topology, t-norm.

Classification: 60B99

Basic properties of statistical linear spaces in the sense of
Menger (SLM-spaces) are given in [1], [2}. These spaces are special
cases of statistical metric spaces introduced by Sklar and Scﬁwei—
zer in [3].For simplicity we present the definition of a statistical
linear space (SLM-space) here too. First we need the notion of a
t-norm. A function T: <0,1> x <0,1> - <0,1> satisfying
(a) T(a,b) = T(b,a); T(a,1l) = a for a > 0O
(b) T(a,b) £ T(c,d) for a < c, b<d
(¢) T(T(a,b),c) = T(a,T(b,c))

(d) T(0,0) =0
will be called a t-norm.

pefinition 1. Let S be a real linear space, let F be the set
of all probability distribution functions defined on the real line
R’,Let G: S - F be a given mapping. For every x€ S let us denote
G(x) = F € F and we demand that G satisfies:
1. x = 0 <=> Fx = H where H(u) = O u £ 0; H(u) =1 u>o0
2. Fxx(“) = Fx(u/Jkl) for every x€ S ?nd every A # O,
3. Fy(u) =0 for every u < O and every X€S.
4. T(Fx(u),Fy(v)) < Fx+y(u+v) for every u, ve Rjand every pair

X,Y€S where T is a t-norm satisfying (a), (b), (c), (d).
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Under these conditions the triple (S,G,T) is called a linear statis-
tical space in the Menger sense (SLM-space). We shall start with
construction of a special SLM-space. Let S be a linear space of all
real sequences x = ‘x1’I=1 where linear operations of addition and
scalar multiplication are defined coordinatewise. , let a ={ai}I=1
be a sequence of positive reals such that Z:ai = 1. Let F be the
set of all probability distribution functions on reals., Let us defi-
ne a mapping Y: S - F in the following way:
if x = (x1}I=l then we put

Vx(u) (o] for u < Ix41

Ye(u) = a, for IxX41 < u < IX4] + [|Xal

Vx2u) = 2?=1 a, for 2?=1'x1|< u < X::} Ix 1.
In case Zwlxil < = we must distinguish two possibilities:
a) Z;=l Ix;1 contains infinitely many non-zero elements then
Vx(u) =1 for u 22:|xil
b) ZI=1 |x1| contains finitely many non-zero elements only then
Y (u) =1 for u> Z:Ixil. !

Theorem 1., The triple (S,Y,min) is SLM-space with the t-norm
T(a,b) = min(a,b).

Proof. See [1].

Now, using the mapping Y and the norm min we can introduce a linear
topology into S, the e-n-topology, and as it is shown in [1], [2]
(S,Y,min) is a locally convex metrizable linear topological space
with the base of neighborhoods of the null element

{o(e,n) = {xeS: Y, (n) > 1 - e}, O<egl, n>0}.
Theorem 2, In-SLM-space (S,Y,min) the e¢-n-topology is equiva-
lent to the coordinatewise convergence.
Proof. Let xXn - O in the e-n-topology, xn = {xni}I=17 it means
Mee(0,15¥n>0 3nce N¥ n2no) =>(xne€0(e,n)) <=> Wy (M > 1 = el

As Z"ai = 1 then for every n, € N there exists O < ¢ < 1 such that

1-c >Z?;1 a; and hence Y, (n) > z?’ai. It follows from the con-
struction of Y that

X?:l lxn1| <n
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for every n 2 no. But this inequal&ty says that

X nte 0 for every i€ N,

Conversely, let xn = O coordinatewise , i. e. limn+-xn1 = 0 for
every 1€ N. Let fix i0€ N and let choose for arbitrarily chosen
€ > 0 such a number no(io) € N that for every n 2 ng(io) lxnil < e
and hence

Zi:l Ix ;1 <e 1o for every n 2 max {no(i)}.
l<ic<i,
According to the construction of Y we obtain that

Yxn(ioe) > Zi;l ay for n 2 max {no(i)}.
1<i<io
With respect to the arbitrariness of ¢ and io, it implies that

Xn =+ O in the e-n-topology. Q.E.D.

Further,we can remind without proofs that SLM-space .(S,Y,min) is a
complete topological space and the subset S*c S formed by all se-
quences with finite length, i. e.

S* = {Xx€8S: X = {X1,X2,X3,444/%¥n,0,0,0,c0..}},

can be identified with the topological dual space. The construction
of the mapping Y is based on choice of a sequence {an};=l: The equi-
valence between the e-n-topology and the coordinatewise convergence
yields that the choice of {an):=1 ig not so important because all
e-n-topologies generated by all possible sequences a = {an} are mu-
tually equivalent.
Let x = {xn};=l be an arbitrary point of S, let ne N, we can write
X = Z?=1 xe, + x (™

where e = (0,0,¢..,0,1,0,...) € S. Unfartunately, we cannot write

x = Z: xgey
because we do not know in which sense the convergence of this series
could be understood. So, we can understand this convergence in a
probabilistic sense, namely, instead of the basic vectors (ei)I=l
we shall consider random variables (51)I=1 such that for every x€ S
the series ZT £;X; will be absolutely convergent in the sense almost
surely. ’

Theorem 3. Let SLM-space (S,Y,min) be given. We can construct
a sequence {Ei}z=l of random variables such that for every x =

{xi}i=1€ S the series - 777 -



= z"
Ex = L% 8
is absolutely convergent a. s. and.
Ve = Ploz JTIx 1€ (0) < u)
for every real u.
Proof. Let us consider the sequence of vectors {ei}:=l where
eq = (1,0,0,.‘-.)' ez = (0'1,0,...), es = (ololllolino)lhoc

The mapping Y assigns to en the probability distribution function
Fn of the form

for n =1 Fa(u) =0 for u <1

Fy(u) =1 for u > 1

for n 2 2 Fn(u) =0 for u <0
. Fn(u) = Zg;i ay for o <u <1

Fn(u) =1 for u > 1.

\

Further, for every k-tuple (em,ena,...,en ) we shall define the

common probability distribution function by

(u,,uz,...,uk) = min {Fn_(uj)}.

F
nnnz,...,nk lstk 3j
This system of probability distribution functions satisfies Kolmogo-

rov's consistence conditions and hence we can construct a sequence
[En};=l of random variables which satisfy (for every n e N)

n = -
Proz()ioy (0 &) <udd} =Fp 5 (Ws,uase.,un) = min Fy(ug),

l<is<n
Let x = {xi}z=les be quite arbitrsry and let us consider random va-

riables

n . n

Zi=1 X384 (w)y 21=1 Ix; 18 (w). )
We shall prove that the sequence {Z:=l'xilgi(w)};=l is fundamental
in probability. Surely,

4
Plos | PEatixg 18, () =0 1%, 18, () [<n) = Pro: I2PK ix 15 ) 2

2 P{lw: €n+i(“)=°’ 1i=1,2,...,k} = P{u: §n+i(m) <1, i=1,2,...,k} =

= min {F 1); = = .
. Fo.e ()3 Zj=1 ay 71 if n » = for every ke N

A random variable &, () = P - lim _ J?  1x] &, (o) must exist.
As for every n¢ N

n n+l
Iiey Ixg1g () < 00 ix 18, (@) aus.
then g, . (0) = 1imn4.X2-1|x1'51(“) a. s. and we can write

- 778 -



Ergp (@ = In ) 1%, 18 (w), too.

We have proved that for every x€ S there exists a sum Ex(w) =
= Z:xigi(m) satisfying

lEx(m)l < Elxl(w) a. S..

The common probability distribution function Fl 2,3, ,n (Uq,Uz7000
140 s
++s,Un) gives the probability distribution function Gn for the ran-
dom variable
. _ th
Eixin(®) = iy 1%y 18 ().
It can be easily shown that
Plo: £, (w) = p4y 1 =1,2,..0,n} =0 (py =0o0r 1)

for every n-tuple (p1,Pasece,pn) 1if Py < Py at least for one pair,

In other words,
Piw: Ei(w) = Py i=1,2,...,n} > 0 only for the combinations:

pe =1, py = (o] i=2,3,.e.¢n
91'.311 pa =1, pi=0 i=23,4,...4n
pr =1, Pa=lr---lpn_l=1r pn = 0
1 =1, pa = lieeuyp, 3 =1, pn = 1.

From this fact we can easiiy derive that (under assumption ;xjp >0
for simplicity)

P (0t X?Ilezj(w) = oy 1%y

=Plw:Eq(w) = Ea(w) = «0v = g, () =1, Ei+1(M) = s = Enlw) = 0} = a,.
i+l

3=1 '¥*y
As Z:;l Ixg 184 (0) X Zzal'xilsi(“) a. 8.y 6n(u) =+ G(u) we:kly, where
G is the probability distribution function belonging to Ztlxi|ei.

We obtain that

SO 6n(u) = Z§=1 ay for Zj—l'le <uc<] le

pm=xﬂ|x|qm)<u}=y(m. Q.E.D.
We constructed a mapping x 2 E which to every x € (S,Y,min) assigns
a random variable 5 = Z xisi. At the first sight we see the mapping
T i8 a linear-and one-to-one mapping because
L] ] ]
Exgiuy = L, OXgtuy )€y = ADTx 6 + ully gy = Ag, + ugy

and the equality [ X8y (W) = " YiE () a. s, implies that x, =y,
for every ieN thanks to that fact that

Plu: &y (w) = 0, £i+k}w) =1} = 0
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for every i€ N and every k€ N.

All random variables £ for xe (S,V,yin) form a linear set which is
closed with respect to convergence a, s, That follows from the de-
composition P(LJ:=1 A;) =1 if we define

Ap = for Ea(0) = oo = Eyw) =1, £y, (w) = O¥keN);

then P(Ai) = a
pological mapping because convergence Xn = O in the e-n-topology

. Now, we can easily prove that the mapping T is to-

implies convergence Exn - 0 a. 8, and vice versa. Further, the con-

vergence in probability of a sequence {gx } implies convergence in
n

the sense a. s.

We proved in Theorem 3 the absolute convergence of ZI=1 X4E5 as sS4y
i. e. for every x € (S, Y,min)

Elxl(w) = ZI=1 1% 184 (w) exists a. s..

This random variable will be called a random seminorm defined on S.
We are motivated by the following properties of Elxl:
1. E‘x'(w) >0 a. S., 5|x|(m) =0 a, s. if and only if x = 0 in S
2, Elkxl(”) = lxlzlxl(m) a. s.
3. E|x+y|(”) < Elxl(w) + Clyl(w) a. s.
Let ¢ denote all real functions defined on S, i. e.
¢ = {f; £: S - R4}. To every measurable cylinder set
C= (£€e; [£(x4),£(Xa)seeesf(xn)] €Bn, X,€ S, Bn€ Bn}
we can assign a nonnegative number

w€) = Plozfe, (W, £ (@ eeerg, (0)] €Bn}.

In this way we define a set function p on the algebra of all mea-
surable cylinder sets in ¢ that can be under certain conditions
enlarged on Kolmogorov's c-algebra in ¢ ‘into a probability measure.
It is clear that in the construction of the set function p we are
not limited by a special case of the linear space S. Let L be any
real linear set and let °L be the function space defined on L,

i. e. °L = {f; £: L - R4}. Let Ke be ?he smallest o-algebra of sub-
sets in QL with respect to which every x f - f(x) becomes measurab-
le. If u is a probability measure defined on K° then the triple
"L'Ko'“) forms the underlying probability space.

Definition 2. Let L be any real linear set, let (°L'K0’“) be
the probability space derived from L, let N be the subset of all
seminorms on L. The triple (°L'Ko'“) is said to be a random semi-
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normed space if there exists a probability measure vu on the o-al-
gebra {Nn A: A€ Ko} such that

- vu(Nr\ A) = u(A) for every AeKQ.

It is clear that (@L, Ko'”) is a random seminormed space if and
only if u*(N) = 1 where u* is the outer measure derived from y.
Similarly, as it is done in [4] in case of a random metric space we
can give very simple necessary and sufficient conditions for the
existence of a random seminormed space.

Theorem 4. Necessary and sufficient conditions for (@L,Kﬁ,u)
to be a random seminormed space in a linear set L are
(1) uife QL: f(x) 20} =1 for every x€L
(2) ui{fe oL: f(Ax) = le(x)) = 1 for every x€L and every )€ R,
(3) uife L f(x+y) < £(x) + £(y)} = 1 for every x, yeL.

Proof ~ The proof of Theorem 4 can be omitted because that is
a simple application of Theorem 1 in [5] by aid of an obvious fact
that the property of real valued functions on L to be a seminorm is
extensible, hereditary and measurable with respect to the o-direct-
ed covering class of all finite or countable-dimensional linear
subspaées in L. Q.E.D.

At this situation, it is necessary to verify that a special case of
a random seminormed space considered in (S,Y,min) is in accordance
with Definition 2. It is sufficient to vefify demands (1), (2), (3)
in Theorem 4. Every random variable elxl derived from (S,Y,min) in
S takes a. s. at most countably many values forming the series |x,)
|X1HIXaI,...,Z?=l|le,J.. (if x = (xi}I=l). All members of..this se-
ries are seminorms on S and this fact implies validity of (1),
(2), (3) in this special case.

As it was remembered before,the topological dual space to (S,Y,min)
is the subset of all vectors in S with a finite length. Now, our
aim is a construction of a random seminorm in this dual space S*,
On the basis of an analogy with Banach spaces we shall consider

M
for fes*, f(x) = Jy_; £,x,.,

sup Ex) | } = su

p U, £,x,0).
mesig (=1} Six (xeS:E  (0)=1) i=1 "7
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Theorem 5. For every f € S* there exists a random variable n £
defined on the same probability space as all random variables ({§;};_;
such that

P{m:n|f|(m) = sup {1£(x) 131} =1
and {xes:elxl(w)=l}
Plosn g () = max{1£41,1€al 000 1Ey1}} = J5_y 3y
_ _ M-l
P{w.nlfl(m) = o} ZJ=1 a

1f £(x) = ]}, £,%,, £, ¥ O.

Proof. Let (2,0,P) be a probability space where all random
variables {Ei]I =1 are defined. We can easily derive from the pro-
perties of common probability distribution function of {gi)i 1 that
Q2 can be decomposed into

Q =Ui=l Aiv Qov {O}uv A
where A; = {ue n:a,(w)=...=£i(w)=l, €44k (w) = O for every k < 1}
Qo = {we 2: 3j€ N such that Ej(“’)=o'5j+z(“‘)=l for some 2 € N}
{0} fwe Q: gi(m) = O for every i€ N}
A= wea: g () =1,¥1),

L}

All these sets are o—measuraﬁle and P{Ai} = ay, P{Qo} = P{{0O}} =

= P{A} = O. Now, let uwe¢ Ai

= vi
Elx'(w) Zj=1|xj| and hence

, then for every X€ S, x = {xj};=l’

sup (e 1y = i SuP {1E(x) 13,
(xeS:g (w)=1 (x: ]y 1%41=1)

At this situation we must consider two possibilities: a) i<M,
b) i2M. In case a) it is easy to see .that
{x: 2 §up (lf(x)l} = to,
j=1"*31=

In case b) we obtain

i Sup {If(x)1} = max {lfk|).
(xs ngllx 1=1} 1<ksM

We can consider a random variable n

ing relation s

3 defined on @ by the follow-

n () = max {I£ I} for’uelJ 's
1£1 15k<M k =M j
Ng)le) = = mruerﬂ 5

nlfl(“’) =0 for we fov {O}uaA.

This construction yields immediately that the corresponding proba-

bility distribution function F_ is equal to

£
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Ff(u) =0 for u < max (Ifk }
z_ 1sksM
F.(u) = ), _ a, for u > max {If I}
' f i=M 7j 1<k k
and, further, we have
P {w: nlfl(w) = sup {I£(x)1}} =1,
{xzilx'(w)=l} ~
which completes the proof. Q.E.D.

Theorem 5 enables to define a mapping Y*: S* - F* V;(u) = Ff(u)
where F* denotes all nondecreasing left continuous real functions
defined on reals with variation less or equal to 1. We shall study
properties of the mapping Y*, If £ is the null functional on S,

i. e. £(x) = O for every x€ S then for every ue[}i =1 1

n (w) = sup {0} =0, :
101 iy _
(x.2j=l|xj|- 1

which means nIOI(m) = 0 for every wé& 2. The corresponding probabi-
lity distribution is Y3 = Fo = H where H(u) = O for u < 0, H(u) =1
otherwise., If X # O is any real number then

M) = ALy £,x, = I1, (Af)x, = (A) (x)  and hence

"lel(w) = lklnlfl(m) for every we 2. It follows that for every
u€ Rgand every A # O

* = Y% _E_
y*, g YE( ).
When A = O it is reasonable to put V;(—) = 1 for every u > O and

every f € S*. Further, let £, g €sS*, f(x) = }:1=1 {¥y0 9(x) =
= ZJ =1 94%57 then

(£49) (1) = FJXMN) (£ g )x,

and ¥Y* (u+v) = O for u + v < max

st 1sk<max (M,N) {/Ex*9y 1} As for

every k Ifk+gk| < Ifkl + |gkl we have u + v £ maxlsksu(lfkl}+

+ maxlskSN{lgkl} an%.hence at least one member of u, v must satisfy

* \ =
u < maxlsksu(lfkl} or v £ maxlsksn{lgkl} and therefore Vf(u) O or

V;(v) = 0, If V§+g(u+v) = zk-max(M,N) a ., i.e.u+v>

] © ©
> max) o cmax (M,N) (I Ex* 9k 13 e then Doy e,y 2k S PR gy Deandy)
and this inequality proves the generalized triangular inequality
Vf+g(u+v) b3 min(VE(u),V;(v)). This result leads us to the following

Definition 3. -783-



Definition 3. Let F* be the set of all real-valued left con-
tinuous nondecreasing nonnegative functions defined on reals with
values less or equal to 1. Let L be a linear space and Y* be a mapp-
ing Y*: L - F* satisfying the following conditions:

1. y4(u) = H(u 1if and only if x = 0 in L
2. Vix(u) = y* (|A|) for every uée Ry, 2 # 0

3. V;+y(u+v) 2 T(Yx(u),¥¥(v)) for every x, yeL and every

u, ve Rywhere T is a t-norm.

Then the triple (L,Y*,T) is called a generalized statistical li-
near space in the sense of Menger (GSLM-space).

We shall introduce a topology into (L,Y*,T) under assumption that
the t-norm T is continuous. Let U = {O(e,n) = {ye€L: Y*(n) > 1 - ¢},
0<esl1l, n>0}. As it is proved in [l]this system U of neighbour-
hoods forms a base for topology in (L,Y*,T). We shall call this to-
pology the e-n-topology, too.

Theorem 6. The e-n-topology in GSLM-space (S*,Y*,min) is
stronger then the B-topology in S*,

Proof. Let {fn} be a sequence in S* convergent to O in the
e-n-topology, i. e.

(¥e>0¥u>0 3no ¥n 2no) => (Vgn(u)'> 1-¢)<=> (ZJ My 23>17e)

if £n(x) = Zr“l f?ﬁi. Since {aJ} are positive numbers then for every

€€ (0,1> a natural number M_must exist such that 1s oM, ay 2 1 -¢e2
XjZM +1 a and hence for every n 2 no Mn < M. It means that all

functionals fn€ O(e,n) have a uniformly bounded length. In other

words, using the mapping Y* we can state that for every n > n,
max (€51, 000, 1£2 1) < u.

Mn
We have proved thatAlimn*mfI = O for every 1ié€N and M < M < = for
every n€ N, too. This convergence in the dual space S* is the
so-called B-topology. Now, let us consider a sequence {fn} of
functionals in S defined by
. xi
o = Py
where M is fixed and M > 1. It is clear that fn - O in the B~topo-

logy but £n ? O in the e-n-topology. Surely,
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1 _ ©
yEn(; + 8) = Zj=M ay < 1 for every n€ N and every 6>0.
If we choose e* in such a way that [, a, <1 - e* then
fn £0(c*,= + 6n) where 6n + O.

This example proves that the e-n-topology is stronger than the
B-topology in the dual space S*. Q.E.D.

Theorem 7. A sequence {fpn} € (S*,Y*,min) tends to the null
element in the e-n-topology if and only if

1. lim__ fD = 0 for every ieN,

n+wj
2, limn*”Mn = 1 where Mp denotes the length of fp,
a0 = B ] x,. ‘

Proof. The proof can be omitted because it is an easy conclu~
sion of Theorem 6 and the construction of Y*,

It is remarkable that the e-n-topology in the dual spaée (S*,y*,min)
is not a linear topology because for some f &€S*, £ # O and

{An};=l, An = O Ap £ # O‘in the e-n-topology. One can simply prove
that the e-n-topology in a GSLM-space (S*,VY*,T) is linear if and

only if for every x # O limu»aV;(u) =1,

Now, we shall return to the SLM-space (S,Y,min) again., We proved
that for every x = (xi]I=1 the sum foisi(w) is a. s. absolutely
convergent and hence for every pair x = {xi}I=1, y = (yi};=l from S
the sum
Fie1 %3 ¥) & ()

is absolutely convergent.a. s., too. As P{uw: Ei(m) = 0} +
+ P{o: g;(w) =1} =1 for every 1 €N then g, (0) = £{(w) a, s. and
we can write

Iy %; ¥y §y(0) = Z:=¥/xi v, £j(w) a. s,
In this way we constructed a mapping which is defined on S x S and
takes its values among random variables defined on the underlying’
probability space (2,¢,P) where all Ei(.) are defined. This mapping
satisfies the following properties. If we shall denote by
Eex,y> (@) = I7 x; ¥y £ (w) then
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1. ¢ ( ; -
<% y>') 4, > 9 =g L sl a s,

2. <qx,y)(w) = GE<x,y>(N) a. S.y 0 € Ry

£
3¢ Ey,x>lw) 20 a. 8.
£

4. (w) (w) a, s.

<xX,y> = Eey,x>
These properties-lead us tO call this mapping a random scalar pro-
duct defined on S. This random gcalar product defines a random

seminorm on S by the relation

¥ _
(5<x'x>(m)) = Elx'z(w)-
The inequality [l:‘xiyil < (Z:‘x;)?’ (Z:‘y;)l‘ holding for every ne N

yields the inequality

ley,y> @ | S €2 £ ) a. s,

We can introduce a notion of orthogonality by aid of the random
scalar product in S. We shall say that x, y € S are orthogonal if
E<x,y>(‘") = 0 a. s. We immediately see that two vectors x,y€ S
are orthogonal if and only if

x = O for every i€ N.

. i Yy
Under orthogonality the Pythagorean theorem holds in the usual

form
2 = r3 2
Elxay12(@) = &g 2(@) + &) 5 (w) a. s,

Now, we need the probability distribution function: of a random
variable 5|x12(“’)' X € S. According to the definition of the random
scalar product on S we see that (A 2 0)
. - . ° 2 !i =

Plozfiy o) = Po: (I %67 (w)) 7<) =
= T2y 3 M(2) D = e =
= P{w.Z1xiEi(w)<A3] = Zj=1 aj where M(}) max (neN:J,_,x3<r?) =
%<A}.

max {neN: (Z;;lxi)
We obtain a mapping Y3: S - F

Ya(x) (A) = Plu: £, o(0) <2},

Theorem 8, The triple (S,Ya,min) is a SLM-space and the cor-
i3 X !
responding e-n-topology in S is equivalent to the coordinatewise

convergence in S.
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Proof. When x = O in S then ElxIZ(“) = 0 a. 8. and hence
Y2(x) (u) = H(u) for every u € Rs. On the contrary, if E|x 2(“,) =0
a. s. then P {u: Z x]&, (v)<u} = 1 for every u >0 and it 1mp11es
X =0 in S. Let A ;4 0 then VYa(Ax) (u) =

= P {u: (Z:(Xx )353(m))k<u} = P {w: Ikl(z:xfef(w))%<u} =

= plws (I7x2ER) % < T3 = Va0 (7.

It lasts to prove the generalized triangular inequality with the
t-norm.min, Let x, Y€S; u, v€ Ry (we can consider u >0, v >0
only because other cases are quite trivial). We know that

} = ZM<“+V)

Ya(x+y) (u+v) = P {w: (Z:(xi+yi)=zi(w))lj < u+v aj, where

M(u+v) = max{né€ N: (Z: l(xi+yi)=)” < u+v}. Using (] (xi+yi)=)" s

< (Zi le)¥ + (Zi_lyf)¥ we see that u+tv < (Zu(u+v)+l(xi+yi)z)% <

< (ZM(“+V)+lxz) + (XM(“+V)+lyf)lj and hence either (ZM(u+v)+lxi)2 u
1

i=1
ZM(u+v)+ly=)¥ZVt in every case either P{m:(ZTXfEi(m))k<u] <

M (u+v)
Zj::l

or (

Z"“‘""’a or Ba: (Iyge, () <) aj. Summarizing these

J
facts we obtain

Ya(x+y) (u+v) 2 min[y5(x) (u),Ya(y) (V)].
We have, further, thanks to the 1nequality.2n|x (4 (anf)lj
1
Elxl(”) < Elx'z(w) a. s. .

for every xe€ S. That implies that the e-n-topology induced by the
random seminorm Elxl is stronger than the e-n-topology derived
from E|x|2' But if Xpn - 0 in S in the e-n-topology induced by Etxl2

then (¥ e>0 ¥n>0 3Ino¥n2no) => (xn€ 0(e,n)) <=> (Va(xy) (n)>l-e) <=>

<=> (Zj =1 33 >1-a). As {X?aj} is increasing then for every n > n,
%

me m
mp 2 m_ + 1 where zj=l ay 21 - e; at the same moment (Ejil(xg)’) <n

must hold for every n 2 no. With respect to arbitrariness of e, n
we can state that 1imn*,x3 = 0 for every j € N. We proved the equi-
valence between the topology generated by the coordinatewise con-
vergence and the e-n-topology induced by the mapping VY,. Q.E.D.

The system {€<x,y>' X,y € S} of random variables enables to intro-
duce a probability measure into the measurable space (#,K) where
¢ is the set of all real-valued functions defined on S x S and
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K is the smallest o-algebra geperated by all measurable cylinder
sets ’

{(£€?: [f(x, ,y,),f(XQJYz)r.-.,f(xnrYn)] € Bn}, Xyr Yiésr

B, is a Borel subset in n-dimensional Euclidean space. In the
o-algebra K can be defined a probability measure u by

M) = Plus [E o () B @) e o

If we denote by m<C ¢ the subset of all semiscalar products defined
on S then one can affirm that

(w)] € Bn}.

u*(m) =1
(u* is the outer measure corresponding to the measure ;). In this

way we constructed a probability space (w,K",v) where 7 is the set
of all semiscalar products on S, K" = Knnr and

v(AnT) = u(A), AEK.

This example enables a generalization. Let L be any vector space,

let QLxL be the set of all real-valued functions defined on L x L

and let K be the smallest o-algebra generated by all cylinder sets
of the form

{feey 1+ [£(xa,¥4)reesE(xn,yn)] €Bn},

where x;, y;€L and B, . is an n-dimensional Borel subset.

Definition 4. A triple (QLxL'K’u) will be called a random semi-
unitary (unitary resp.) space if there exists a probability measure
v on the o-algebra LETAIN such that v (An "L) = u (A) for every A €K
where L is the subset of all semiscalar (scalar resp.) products
on L. \

Without any proof we assert that the property "to be a semiscalar
(scalar resp.) product on L" is extensible, hereditary and K-mea-
su;able with respect to the measurable space (°LxL'K)' Using
Theorem 1 in [5] again we can formulate Theorem 9.

Theorem 9. Necessary and sufficient conditions for the exis-
tence of a random semiunitary (unitary resp.) space (oLxL'K'“) in
a vector space L are

L1, u{fCOD‘L:f(x,x)zO} =1 for every X€L

2. u{fee,  :flax#y,z) = af(x,z) £(y,2)} = 1 for every

X,y,z €L and every a,Bé& R4
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3.

(1.

3.

ui{fe QLxL: f(x,y) = £(y,x)} = 1 for every X, Y€ L

wif e °Lx f(x,x) > 0} =1 for every x # O in L

L:
u{f e oLxLi f(ax+By,z) = af(x,z)+Bf(x,2)} = 1 for every
’ X,¥,2€L and every a,B € R,

ui{fe L f(x,y) = £(y,x)} = 1 for every X,Y€L resp.).

Proof. The proof of Theorem 9 can be omitted.
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