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P -STRUCTURES
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Abstract: This article is dedicated to the investigation of
a structure of the form <A,B, R, ¥> , where Rec AxA is reflexive
and symmetric relation, <4 ¢ AxB and some further presumptions
are satisfied. Problems of this structure can be seen as a gene-
ralization of the concept of a study of shapes, founded on an ana-
lysis of the structure <V, R> , where R is a relation of indis-
cernibility on V.

Key words: (3-structure, realization w.r.t. a binary rela-
tion, s*uf class, overt class, reduction.

Classification: 0%K10, 03K99

_____________________ e = e

Introduction. This article is, devoted to a study of a
constitution of an object as a collection, which grows up on a
frame of a relevant intention, directed into a universe,continu-
ance of which is established by elementary domains of conected-
ness, specified by a hitherto merely looming up attention.

Formally, let A be the universe in question, B a collection
of looming attentions and let ¥<c A»B be a relation such that

g"1b} is the elementary domain of a connectedness, specified by
b. A forming intention can be considered as a subclass of B. The
domain of the form ¢“{b} are not sharp. Thus, to satisfy a claim
of a certainty of the actualization of an object in question, we
cannot define such an object, formed by an intention %% ¢ B, as
¥"1 . Calling this object ¥-realization of 4 , we define it
in the § 2. ’

Note that the case A=B can be interpreted by-such a way that
a point ag A is identified with an attention, specifying a domain
of connectedness of a. This comprehensive and important situation
can be called simple. It is extensively investigated under pre-
sumption that ¥ is an indiscernibility equivalence. (See LV1.)

- 765 -



Later, we shall work with a more complicated situation. We
do not deal with a structure {A,B,¥ > only, but we suppose that
A is furnished with a relation of connectedness R = AxA (and
subject to the condition of the reflexivity and the symmetry) .
This situation enables us to study a difference between some ac-
tualization of a given object in a context of the simple situa-
tion <A, &7 and of the actualization, realized in {A,B,¥> (by
using a translation of the intentions of A into those of B).

Note that-only the case where R and ¢ are av-classes, is
discussed in depth. Moreover, the subject is much more extensi-
ve than 1is presented below.

§ 1. Preliminaries. Our investigation is fopunded on
the existence of two kinds of classes. The classes of the first
one are formally short classes which can be seen as elements
of a system 7% of classes, satisfying the following conditions:
(1) veat , (2) ix;¢9(x)} € @ for every normal formula ¢
of the language FL,, (3) (¥XeN) (X#+0 — there exists the
first element of X), (4) (V{X } e #0)(3X e @ )(FNcdom(X)&
&(Vn)(xn=x"{n}))‘ Note that 2% =GBy, , there is no proper
semiset in 9¥L and every class from %7 is fully revealed. (See

(M1, £5-v1.)

Convention, Throughout this paper, let capital block-let-
ters be ranging over elements of 91 . The usual notation of
séts, natural numbers and finite natural numbers is accepted.

The classes of second kind are the remaining classes of the

universe of classes of the AST.

Convention. The script capital letters denote classes and
the letters X ,y,z,.’m', 9(.'1,... ranging over (coded) systems
of classes. We denote by J[A] the class {T"X, o e A3.

By a class of the type or we mean a class &, which is anin-
tersection of a sequence {Xn} e ¢! . A string of the type ar over
X is a class -{Xm}ccé,,2 e 2t such that X ,&X, holds for each
o« <7 and NX =L . A formula ¥(X) has /' -property iff
(VE,Y)X(Y(X)& 42 X—>¥(Y)). It is easy to prove the

Let )¢ be of the type &, and assume that W

Proposition.
has ?-property. Then - 766 -



(VX 2%) ¥(X) <> (3 string {X } of the type ar over X )

(Vn) ¥(X)) <> ( V string {X, t of the type o over L)
(Vn) ¥(X).

By a mapping © of classes from . to J3 we mean the existen-
ce of a formula &(X,%) such that (YX s Q)( 3 148).
©@(X) is, for every X € O , a subclass of B such that
(X ,8 (X)) holds. We shall write @3 O — B .

Convention. Throughout this paper, let A, B be two fixed
classes from 9! and let 7 = A=B be a relation such that
rng( g )=A, dom(J )=B.

Let a (b resp.) be ranging over elements of A (B resp.) and
X (Y resp.).let be designated subclasses of A ( B resp.). Let us
use, similarly, o€ (%Y resp.) as a designation of a system of sub-
classes of A (B resp.).

Let us, finally, -[Td?_rt denote a string of the type & of
relations ngAxB, o« £7 .

§ 2. T—realization'

Definition. (1) a is said to be J’-separated from Y,
sep(T,a, 1), iff (AU 2971 {a}) (UnY=0) holds,

(2) We define @T = da GA;‘ISED(U’,G,Q})} and call this
class ¢'-realization of % .

N?”4 ~7
We have, evidently, 8A—>B and 8B — A.
Proposition. (1) ~Sep(J,a, %) hag. 7-property in J%
i o~ .o
(2) Lef’{T&.& beTover J. Then 7= [T Y .
3 gy e HT.

The proof is easy and we omit it.

Definition. A clas X is said to be T '-overt iff
(Ybed 1 X)3u20""¥bhHw ).
. Proposition. (1) X is J-overt — ( Fe s h"xex.
(2) Let £T,% be over J° . Then &L is J-overt «—>

> (Vb e 1) (3 n)(T fbY ).
The proof is routine.
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Definition. (1) X is said to be T ,® -shut iff we have
(¥beB-8(X)) sep(T1,b,X).
(2) We call &L “fully J-shut iff X 1s ﬂ" Qy-shut, ‘where

we have 858 A—> B defined by 6, (X )= B-T (A-2).

Proposition. ¢ is fully J-shut iff A-X is J-overt.
The proof is easy,

Progosition Let oc be T, ® -shut. Then
1y ¢l xed” se(x)

A
2 @erl & — -1 2 %7
Proaf: (1) Assume beB- ®(X). Then Sep(:}" b, &) and
consequently, b é.’ir'. Thus, the second inclusion is proved.
The first is a consequence of a previous proposition.

(2) We have ©®(X)e g} Txe” ¢ e (x1).

Let us introduce relations between the notions presented
in' the case that A=B and 7" is an equivalence on A.

Proposition. ket T be an equ1va1ence on A, A=B. Then

(1) (To 3" LeXe>T X=X
(2) (xis 7, Id shut v X is fully J'-shut v Xis T-overt)—>
-7 X =0C.

(3) ¢ is 4°, Id-shut «—=X is fully J’'-shut «=>A-X is
ﬂ'—overt.

Proof. (1) 1is trivial. (2) is an easy consequence from
the following assertions, concerning the general case of the re-
lation J : . .

() X is J-overt~> (J'o ghxex, (B) xis 7,
Id-shut —>7"1 X £ XCIIL), () & is fully 7'-shut —s
gl xep-7! (A-2)(= ©,(X)), and from (&) T'is an
equivalence on A, A=B.—> (T L s A- T’ CA-XY—> T'L ="

Finally, (3) follows immediately from (1),(2) and from the
definit;nns of the notions in question.

Definition. (1) We say that 9  7°-covers B iff
vg "9 =B holds.
(2) % is said to be 'I' centred iff every finite subsystem
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X' € X satisties NI liog'd =+ 0.

Lemma. Assume (7 o 3"1)" X cX. Then 3'-1"1' n 9"1"(A-.’£)=

" "
=0 and ¢~ (A-2)=8- ¢~ 1T hold.
We omit the routine proof.

Progosision. Let 9C be a system such that (i) L € & —
(Fe P "L X, (ii) X e L~ X is fully F-shut. Then
NSl 6 =0e> 4A-X ;L € L3 T-covers B.

The following sequence of equivalences is a proof of our
proposition: ™
NI o) =0e>8-NT 2] =8 es UB-771'0; XTexs -
B> U{r 1 (A-X); XeXIBe>UT " I[{A-T; X e I8,

§ 3. pzstructure

Definition. ﬂ—struct.lre iv."AxB consists of two relations
R and & and a class W<E B such that

(1) R = A=A is reflexive and symmetric,

(2) ¥ = A»B satisfies dom( ¥ )=B and rng(f'f)=A,

(3) (Vyed(R"Y"{yt eS" {1y},

(8) {x;xecA&4ExI+R"{x¥Wcsd"w.

‘We denote briefly such a @-structure &=s(A,B, R, ,%);
throughout this paper let A,B,R,¥, W be fixed and satisfying
(1)-(8). & is of the type ar iff R,¥ and @ are.

Definition. (3 -string in A>«- of the type or consists of
three strings {R %, , 1S } . of the type ar such that
the following holds for every oo < "1 (0w <8,

(@V) € Ax A is reflexive and symmetric,

(2) € AxB satisfies dom(Sd)=B, rng( S )=A,

(3 ° (5 1) €S AW,

(8) -fo.A {x}#-R " {x}}¢ S5 W,

Throughout this paper, let {in (S‘in , ‘W-c}n be a8 3-
string in A=<B of the type o . We say that this string is over

&, iff NR =& , NS =< and OW =W

Reg
Sec

Proposition. Let ¥r be of the type I . Then tﬁere exists a
(‘s-string in AxB of the type ¥ which is over :ﬁ’
- 769 -




Proof. Let 4R b, , £5,%s , 1N 7‘1& be strings of "the
type o over R, ¥, W resp., such that R,e A=A is reflexive
and symmetric, S < A= B satisfies dom(S ) B and rng(ge)=A,
e B holds for every ov e b+ . Put R R § =5 _ and 'Wo’ﬁ We
have (Ve & FN)(R ° (S /‘N )&% /‘W &{xeA {xH=R"{><§‘= Se w03
A
and, consequently, there ex1sts an n such that Rna (S /\wn) (=)
~ ~ A ~
c’§/ W, & ix; R~" Ix¥=ixit e s" W,. Put LIE R 51 S, 'Wf"n-
By this way we can construct three sequences {R "FN' {ngFN’
o kFN cofinal in ‘lR ¥ Eno &S SFN' W . 3py Tesp. and satisfying
: c
the cundltlons ﬁ‘m+ ° (gm+1/‘wm+1)5 'gm/‘w {xeA; -{x}#Rmﬂ{xl}-
cgll
~ ~ ~
Some prolongations {Rd}»‘ ) {S‘}z , 4 wdi,g of {Rm}FN’
{ngFN, &wm} FN Tesp., have the required properties.
Further we accept that at least one of the relations .?Z, ¢
is combinatorically simple in the sense of the following defini-
tion:

Definition. J is said to be uniformly reducing on XL iff

VT27)(IveP(B))(XeT"V).

Note that this condition has 7 -property in T .

We mean, in the previous definition, the uniformity of the
approximation T 2 J of 7 which is, roughly speaking, globally
distinct, compared with this one K 2 ¥, which can be generally
only locally distinct.

We accept the

Definition. ¥ =2 J° is said to-be locally compatible with
g iff we have

(VyeB)(3W(T"{yIs U cK"{y}).

Definition. g 1is reducing on A iff (VX =27 ) (X is lo-
cally compatible with & —> (3v 6P (B)(A cH"v)).

Proposition. Let J° be reducing on A.

(1) Let X be a J-covering of B such that every £ € T
is 7 -overt. Then there exists a finite 9€'z J€ and ' g-co-
vers B. ‘

(2) Let & be T-centred such that o € o€ is fullv T -
shut and we have (T ¢ )" £ ¢ X . Then NT 1L LI+ 0.

Proof. (1) Let, for every beB, X, ¢ 2€ be such that
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b eg"‘1"xb Then X= ULX x{bY;b eB? is locally compatible
with . Let veP,(B) be such that A=K "v. Then 9C’'= {X :be v
has the required properties. (We use the presumption that

ff"l"A B.) (2) Let, for X' X, %’ be the system {A-X,Xe e,
Then (E is a systom of J-overt classes We have, moreover

f\zr‘ lrog’)-0«> %' -covers B. The relation N1 .”d.‘J =0
implies that X 7-covers B. We deduce from this and by using
(1) that there exists a finite 2€'< X with the property

N [ 28’3=0. which is a contradiction.

Theorem. Let.us assume that < (A,B,R,<,W) is of the ty-
pe ® and R is uniformly reducing on A. Then & is reducing on A.

Proof. Assume that X is-locally compatible with ¥ . We
use further the following abbreviation. We define, for a given
relation ., 3% ={x ecdom( X ):i{x i +¥"{x}t} . Let, for every n,
v, € Pf(A) be such that A=R",‘l Vy- We have A-Uu, & o&., Choose, for
every a € A, an element % (a) eB such that a ¢ ¥( F(a)) and

F"dR ¢ W, and let m(a)e FN be such that '
(N 8" n(a){F(a)h ¢ WAF(a)} -
We have A= @ v 3R, where &= Uy -8R is an at most countable

class. We define
21= 1sn gy 1F(@)1;a et

It is easy that UZ%, 2 D . Let, for every a e R, d'¢
. *
Un(a)s2 D€ such that a*c R (. y 4218t Then F(a) :w- Wo(a)sl
and, consequently, &¥e Sm(a)+1{d\(a)§ holds. We deduce quite
similarly that

@ R nca)eriaft e 8" p(q) £ ¥ (221

We define 2 = {Rm(ahl{a } ae 89?-} We can see by using the
symmetry of R that UZ . Conseauently, i’l vZ, s o

is at most countable and U( 2 V) Z Y=A. Thus, there exists

VI€Pg(B) and vy e P (DR) éuch that Uisy y{F(adt;acv i v
u U{R,‘"l(a)”{a*} ; acv2§ =A. We deduce from this and by using
(1).(2) that U-{J’C"{’o"(a)};aevlu v2}=A.

Prooosition. Let ’g, e W and let & be of the type 7r.
(1) The class "g is R-shut .
- 771 -
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(2) Assume €< Y. Then L7¢ %° holds, too.
Proof. (1) Choose a ¢ ,gg’ . There exists n such that
a ¢ S"n’lé . The proof will be finished if the relation

fat n ;va‘e =0 is proved.

~
Suppose that xeR;){L{al la} ’l}g . Then there is a y e Y such
that xe¢ S"n+1 iy}. We have ye Y and, consequently,
R" 415" ne1iy¥ €5" 4y}, But aeR" 15" ,1{y} holds. Thus aes" {y},
which is a contradiction. (2) We deduce from the fact that

~R
~ ~R = ~
%% is R-shut, the following: Z° e ¥ - Y.

"
Rn+1

Proposition. Let ¥ be of the type o and let X £ A be
revealed, R"X =X . Then & is R-shut.

Proof. Assume a €eA-X and suppose that
(x) - Sep(R,a, X) .

Then (Vn)(R" fa} n X # 0) holds; put, for ev ery n, x € X
such that x eR_{al. Let d & L be a set such that .{xn}sd. We
have (Vn)(R"n{ain'd:r—D ) and, consequently, there exists an
o ¢ FN with Ry {a¥nd#*0. Thus acRy €L and R'X & I,
which is a contradiction.
Let us suppose that A and B are tied by a mapping
® ;A — B. We modify the definition of the reduction with res-

pect to ® as follows:

Definition. Let ®:A—> B. T is said to be uniformly re-
ducing on X w.r.t. ® iff (V7T 27)(3veP (O@N(XET"Y)
holds.

Theorem. Let & be of the type v, @& 3A—= B, I c A. Let
us suppose that £ is R-shut, @ (x) ¢ w, X*- gg , and ¢
is uniformly reducing on X w.r.t. @ . Then

(1) X is of the type ar, .

(2) suppose, moreover, that ® () is revealed. Then the-
re exists a set w ¢ @(X), X =Y"w. '

The assertion (1) is an immediate consequence of the
Proposition. Let % be of the type & , @3A —>8 , L cA.
Let us suppose that & (). W, ’,ER e @"! , and ¢ is uniform-

ly reducing on £ -w.r.t. & . .
- 772 -



Then there exists a class &® of the type 9r such that
~ N-:f
X®e PcyY” holds.

Proof. Choose, for every n, ﬁjePf( ® (X)) such that
xe §" V- We have {v 3} € W and the following relations hold:

lems R" 415 1€ 8" 168", @ (X)),

n+1Vn+
NR " n n Ny
L=NR" 1 LeNS" v 1eNs" @(X)= &(X)"

- "
Thus, the class P= MS nVn+1

"
n+1Vn+

has the required properties.

Let us prove the assertion (2) of the previous theorem. We
use the notation of the previous proof. Let w be such that
§ . " Y
{vn,neFNfsw c ®(X). Then the relation Yw ¢ ® (X ) holds.
Thus, the proof will be finished, if the formula

(x) xe P
is proved.

Assume that a e L . We have (Vn)(aeS"nvn) and we deduce
that (Vn)(3yew)(a eS"n{y§) holds, too. T hus there exists
o ¢ FN and be w such that aeS! {b}. We deduce from this and
from the relation S € that a € $Yb} e 9 and () is proved.
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