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COMMENTATIONES MATHEMATICAE UNIVERSITATIS CAROLINAE
27,4 (1986)

ON THE RENY!I DIMENSION
Miroslav KATETOV

Abstract: The concept of dimension (upper, lower and exact)
is introduced for probability spaces equipped with a measurable
semimetric, and its relation to A. Rényi s dimension of a vector-
valued random variable is established. Under certain assumptions,
the exact dimension function behaves like a "specific weiyht", .
and the dimension of the product of two spaces is equal to the
sum of their dimensions.

Key words: Semimetrized measure space, Rényi weight, Rényi
dimension.

Classification: 94Al17

In 1956, the dimension d(§) of an R"-vafued random variable
? was introduced in a joint paper by J. Balatoni and A. Rényi.

In 1959, A. Rényi introduced the upper and lower dimension, H(§ )
and g(g ). Following Rényi’'s ideas, we introduce, for any exten-
ded Shannon semientropy ¢ (see L2)), three dimension functions,
¢-ud, @-1d and ¢-Rd, which we will call, respectively, the upper,
lower and exact Rényi ¢ -dimension. The dimensions @ -ud(P) and

¢ -1d(P) are defined for any W-space P, i.e. for any P=<Q,p, x>
where @ is a finite measure and © is a measurable semimetric;
g -Rd(P) is defined iff ¢ -ud(P)=¢-1d(P), and is equal to their
common value.

The case of ¢- equal to E, the largest extended Shannon ent-
ropy of the form Qr(see 121), is considered in some detail. It
turns out that, for any R7-valued random variable E on a probabi-
lity space <Q, &>, d(§) and d(§ ) are equal, respectively, to
E-ud <R", 0 ,m 0§ !> and E-1d<R", @ ,mof 1> if, in addition, §
is bounded, then E can be replaced by any ¢ from a certain fairly
large class of extended entropies.

In general, the behavior of the dimension functions E-ud, etc.
is not very nice. If, however, E-Rd(S5) exists for all S£€P and

the set of all E-Rd(S), S£P, is bounded, then E-Rd(S) behaves
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as a "specific weight": there is a function f such that, for any
S4P, E-RA(S) is equal to the mean value of f on S. We also show
that, under certain,not too restrictive, conditions, the exact
Rényi E-dimension of Plx P2 is equal to the sum of dimensions of
Pl and P2. 1
1.1. We use the terminology and notation of [3]. In particu-

lar, (1) if x=(xk:keK), K=+46g, x €R,, Tx <oo, then we put
HOx)= T L(x)-L( = x, ), where L(0)=0, L(a)=-a log a if a>0,

(2) if P=<0,@ ,m” is a W-space and e&e R is positive, then

€ x P denotes the W-space <Q, € x©, x7 , where (ex@)(x,y)=0 if
ex,y) £ e, (exp)ix,y)=1 if @Elx,y) > ¢ .

1.2. Recall that P=<Q,p ,a&?” is called a semimetrized measu-
re space or a W-space ("weighted space") if @ is a measure on Q
and @ is a [a > @] -measurable semimetric. If @ is a metric and
every Borel set is in dom @& , then P is called a weakly Borel met-
ric W-space. If P=<Q,® ,&” is a W-space, we put wP=mQ. - If
wP=0, then P is called a null space. If P is a W-space, then exp P
(respectively, exp*P) denotes the collection of all subspaces (all
pure subspaces) of P, equipped by the order relation "to be a
subspace".

1.3. Proposition. If P is a W-space, then exp P is a comp-
lete lattice, exp*P is a complete Boalean algebra and if Mc exp P,
then there is a countable M'c M such that sup M' =sup M.

We omit the proof, since the proposition is a direct consequ-
ence of well-known analogous propositions concerning e.g. the lat-
tice of g -measurable [0,11-valued functions modulo those which
are equal to zero g -almost everywhere, etc.

1.4. The (cartesian) product P=P1>< P2 of semimetric spaces
Py= (Qi,yi> (of W-spaces Pi=<ni’ S"i’l“'i))» i=1,2, is, by defi-
nition, the space (le Q,, e (respectively, Q> 0y, @y @y > &),
where ©((x;,%x,),(y ,y9))=max( @, (x;,y;), P,(x,,y,)). In particu-
lar, Rn, n=1,2,..., and its subsets are always endowed with the
metric gb((xi),(yi))=max |Xi-yi|-

1.5. Notation. If (Q,(u) is a measure space, T is a set and
g:O —> T is a mapping, then (o €_1 denotes the measure » on T
defined as follows: dom» consists of all XcT such that g'lx €
cdom w; if € lxedomu , then »X=@ (g "1x).

1.6. Definition. If<Q, &> is a probability space, <T,p©7
is a metric”space and g:(u,(u7-—><1’,go) is a random variable
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(i.e. ﬂ(T,g:) ¢ dom( @ e g'l)), then g will be called a metric
random variable (more exactly, a (T,go > -valued random variable
on <Q,wY).

1.7. Proposition. If §:<Q, «>—><T,p> is a metric ran-
dom variable and g(a)c<r,§»> is separable, then {T,p, m o §-1>
is a weakly Borel metric W-space. - This follows easily from [31,
1.8.

1.8. Remarks. A) In 1.7, the assumption that f(Q) is sepa-
rable can be replaced by a far weaker one, and it is consistent
(relative to current axiomatic set theories) to assume that it
can be omitted. - B) Clearly, if <Q, @, «” is a weakly Borel met-
ric W-space, then the identity mapping § :<0Q, @>—>< Q,p> is a
random variable.

1.9. In {1) (see also [61, which is, in fact, an abridged
version of [11), the concept of dimension of an RM-valued random
variable has been introduced. In 141 and [51, A. Rényi has intro-
duced the upper (lower) dimension of § . The pertinent definiti-
ons (in a slightly more general form) will be stated below (1.11).
First, we introduce some notation and conventions.

1.10. A) If aeR, a>0, we put a/0=c0 ; if bR _, we put
co/b=co ; we put 0/0=0. - B) If a random variable § :<Q,m> >
—> (T, A> assumes only countable many values, we put H (€ )=
sH(@ (€ "1t):t e £(Q)). - C) Z will denote the set of all inte-
gers. - D) If xe R, then ixJeZ, [ xI1€x<[x] +1. If x=(x1,...,xm)e
€ R"', then [x3J =([x13,...,[xml). If g is an R™ -valued random
variable on <@, 2>, then L {2} is defined as follows: [§J(q) =
= ig(q)] for all geQq.

1.11. Let §:<Q,4> — R", n=1,2,..., be a random variab-
le. Then, by definition, d(f ), d(¢ ) and d(g ) are equal, respec-
tively, to the limit (provided it exists), to the upper limit and
to the lower limit of HO([mEJ )/log m for m —> oo . - We will
call d(¢ ), E(g ) an d d(§ ), respectively, the (exact) Rényi di-
mension-(upper dimension, lower dimension) of £ -

1.12. Theorem (A.<Rényi). Let t=1,2,... and let §:<Q,u7~
—> Rt be a random variable. Assume that Mo §'1 is absolutely
continuous with respect to the Lebesgue measure on R" and that
HO([EJ )<oo . Then d(§ )=t. - See [ 4], Theorem 4.

1.13. The following simple facts concerning the functional
H are well known. - A) Let xkj; 0 for k&K, jeJ and let Zxk'j<a:.
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Then HOxy y:(k,3)€ Kx D=H(E (x 3k € K):je )+ X (Hixyyeke K):
:3ed). - B) Let x, Z0, ng 0 for k€K, jed and let £ x < ,
= yj<w . Then H(xkyj:(k,j)t-: Kx<J)= éjxk:H(yj:j ed)+ = Yy
.H(xk:ke K).
2

2.1. Definition. Let @: 9 —> R, be an extended (in the
broad  sense) Shannon semientropy, as defined in 2}, 2.26. Let P
be a W-space. We put @-uw(P)=1im(g (* P)/|logd|), @-1w(P)=
=1im( ¢ ('x P)/|logd |). If @-uw(P)=¢-1w(P), then we put ¢-Rw(P)=
= ¢-uw(P) and we say that @-Rw(P) exists or that P is ¢-dimensi-
on-exact; if not, then ¢ -Rw(P) is not defined. We call &-uw(P),
c;fv-lw(P) and ¢ -Rw(P), respectively, the upper (lower, exact) R=-
nyi g -weight of P. We put ¢ -ud(P)=g-uw(P)/wP, ¢-1d(P)=
= ¢y -1w(P)/wP and ¢-Rd(P)= ¢ -Rw(P)/wP (provided &-Rw(P) ex-
ists). We call @ -ud(P), ¢-1d(P) and ¢-Rd(P), respectively,
the upper (lower,exact) Rényi @ -dimension of P. - If @=E (see
[3J, 1.13), we usually omit the prefix "¢ ".

Remark. It is possible (and sometimes useful) to consider,
e.g., the "level 2" upper Rényi ¢ -weight of a W-space P, denoted
by (2, )-uw(P) and defined as Tim( ¢ (I P)/Ilog.d'lz); (2,¢)-
-1w(P), (2, ¢)-Rw(P), (2,9 )-ud(P), (5,9 )-uw(P), etc., can be de-
fined in a similar way. We will not go, however, into these mat-
ters here.

2.2. Conventions. A) Recall that if P=<Q,§; yM > is a W-spa-
ce, then (Pk:ke K), where K+ @ is countable and P &P, is called
an w-partition of P whenever ZPk=P; a finite c-partition of P
is called simply a partition of P; an € -partition of P, where
0 < ¢ <o, is, by definition (seel3], 1.19), a countable indexed
collection (X, :ke K) such that X, & dom @ , diam X £ ¢, X;n X.=8
for i+j3, T @X;=¢0. - B) An ¢ -partition (Xk:k €K) of P will be
called an ( & ,m)-partition, where meN, if, for any Yc Q satisfy-
ing diam Y £ ¢, there is a set McK such that card M£m and
@(ka\ Y)=0 for all ke K\ M. - C) A covering of a semimetric spa-
ce (T,@) is, by definition, an arbitrary (imdexed) collection
(Xk:keK) such that UX, =T; a covering (Xk:ke K) will be called
(1) disjoint if X;0 Xj=ﬂ for i,jeK, i43, (2? an ¢ -covering if
diam X, £ & for all keK, (3) an (& ,m)-covering, where meN, if
diam Xk %< € for all ke K and each set YcT‘ of diameter £ &€ inter-
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sects m sets X, at most. : :

2.3. Proposition. Let P Be a metric W-space. Then, for all
positive reals ¢ , (1) E(e*P)=EX(ExP)=7N(E*P)= 7* (g*x P),

(2) 7 (exP)=E(exP) unless both 7 (£%P) and E(ex P) are infini-
te for all sufficiently small ¢ . - See [3], 2.18. - For the defi-
nition of E,n , etc., see [3J, 1.9, 1.13 and 1.20.

2.4. Fact. For any W-space P=<0,Q ,«” and any ( €,m)-par-
tition (X :keK) of P, J(exP)£ H(vak:kek)éﬁ(ex P)+wP.log m.

Proof. The first inequality is evident. Assume that 'Tz(e* P)<
< @ and choose a number b >7% (ExP). Put » =4 . Clearly, there
is an €-partition (Y.:j€ J) of P such that diam Y. £ € for all
jed and H(»Y;:3€d)<b. For keK, &3, put Vi =X, nY. By 1.13
A, we have H( VX tke K) EH(DV, (K, 3)€ Kx D)=H(DY 136 2)+
+ Z(H(-\)ij:k€K):j €J). Since (Xk:keK) is an ( &,m)-partition
and diam Y. £ & for each j, we get H(\)Vk.:keK)é »X, log m for
all jeJ. Hence we obtain H(vXk:keK)éH( ij:jeJ)Jr(LQ.log m< b+
+@Q.log m, which proves the assertion.

2.5. Fact. Let a>0. Let f and g be non-increasing positive
functions on ((0,a). Let (d'n:ne N) be a decreasing sequence,

d, —0. Let g( Jn)/g(dn+l)_>.l' Then the upper (lower) limit
of f(d‘n)/g( d‘n) for n —> o is equal to that of £f(e)/g(e ) for
e — 0.

2.6. Proposition. Let P=<Q,@ , 7 be a metric W-space. For
neN let (Xnk:keKn) be an (zn,pn)—partition of P. Assume that
log p/llog ¢ | —0 and |log e |/|loge ,;|—>1 for n — e .
Then the upper (lower) limit of H(@X , :keK)/[log ¢ | is equal
to uw(P) (to 1w(P), respectively). '

Proof. By 2.4, we have ﬁ(sn*P)éH(‘Rxnk:keKn) £
£ 7 ( &% P)+wP.1log p, for each neN. Hence, due to (log pn)/
/11og ¢,| —> 0, the upper (lower) limit of H(@ZX_, :keK)/|log ¢l
coincides with that of % (e x* P)/|1log anl. By 2.3 and 2.5, this
implies the proposition.

2.7. Proposition. Let <Q,§o> be a bounded subspace of Rn,
n=1,2,..., and let P= {Q, @, «.” be a W-space. Let =~ be a normal
gauge functional (see [3i, 1.10), ¥ Z r, and let <p=[1:; or @ =
=C,. Then @ -ud(P)=E-ud(P), @ -1d(P)=E-1d(P).

This follows at once from [3), 3.7. - For the definition of
C., etc., see [3], 1.10-1.13.

(3

2.8. Theorem. Let § :<0Q,m>—>R%, t=1,2,..., be a random
E— - 745 -



variable. Put P=<R%, ®, @ o § ">, Then G(§ )=ud(P), d(f )=1d(P)
and hence either both d(g) and Rd(P) exist (and are equal) or
neither d(§ ) nor Rd(P) exists. If, in addition, § is bounded,
then the assertion holds with ud, 1d and Rd replaced, respective-
ly, by @ -ud, ¢ -1d and @ -Rd, where ¢ =C, or ¢= C,. , T being

a normal gauge functional, T 2 r.

. Proof. For n=1,2,..., z=(z; ...,zt)E Zt, put X = {'x=(x1 .
)Xo )e Ry:zg nx1<z +1 for i= 1 ..,t$. Then (Xﬂz:zc_ Y is a

(1/n 2t)- part1t1on of P. Hence, by 2.6, the upper (lower) limit
of H(pbxnzzze 2t )/log n is equal to uw(P)=ud(P) (respectively, to
1w(P)=1d(P)). On the other hand, by the definition of d(f ),d(Z )
and d(g ), see 1.11, the upper (lower) limit of H(;anZ:ZE_ZY)'iS
equal to d(§ ) (respectively, to d(§ )). - The second assertion
follows from 2.7.

2.9. Theorem. Let P=X Rt,Q ,> be a W-space and let m be
absolutély continuous with respect to the Lebesgue measure A ;
let wP ~0. For any z=(zl,.. t)c 7t put A, -{ X= (x ...,xt)( Rt
:zié x;< z;+1 for i=1,2,.. tr. If H(@A, zf 4D W , then Rd(P)=
=t; if H((:ZA 1z 2 ) w0 , then Rd(P)= .

Proof. For xeRt put »(x) x. We can assume that wP=1. Cle-
arly, g < Rt , &7 —> (Rt f>> is a metric random variable. By 2.8,
ud(P)=d(§ ), 1d(P)=d(f£ ). By 1.12, d(§ )=d(§ )=t if H( XA :z¢ z Y%
<co, and it is easy to see that d(§ )=d(f )= if H(MA :ze1Z Y-
=00,

3

3.1. Fact. If (S,T) is a partition of a W-space P, then
Iw(S)+1w(T) £ 1w(P) £ 1w(S)+uw(T) £ uw(P) £ uw(S)+uw(T).

This follows at once from 2.3 and [37, 2.5.

2. Proposition. Let (S,T) be a partition of a W-space P.

If both.S and T are dimension-exact, then P is dimension-exact
and Rw(P)=Rw(S)+Rw(T). If Rw(P)<wo and btoth P and S are dimensi-
on-exact, then P-S is dimension-exact, too, and Rw(P-S)=Rw(P)-
-Rw(S).

Proof. The first assertion follows easily from 3.1. To pro-
ve the assertion concerning P-S, observe that, with T=P-S5, we
have 1w(S)+uw(T)% uw(P), 1w(P)£ 1w(T)+uw(S), hence Rw(S)+uw(T) é
£ Rw(P) £ 1w(T)+Rw(S).

3.3. Definition. A W-space P will be called (1) dimension-
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bounded if sup {ud(5):5%P}< < , (2) hereditarily dimension-
exact (abbreviation: h.d.e.) if every S£P is dimension-exact.

3.4. Proposition. Let P be a dimension-bounded W-space. If
(Pk:ke K) is an <w-partition of P, then uw(P) & Z(uw(Pk):keK).

Proof. Since P is dimension-bounded, there is a be R, such
that uw(S) £ b.wS for each S£P. We can assume that K=N. For any
ne N, put T = Z(Pk:kén). By 3.1, we have uw(P) £ Z(uw(Pk):
:kEn)+uw(P-T ), hence uw(P) & Z(uw(Pk):keN)+b.w(P-Tn), which
implies the proposition.

3.5. Example. Let (an:neN) be a decreasing sequence of re-
als, a, —> 0. Let bn, ne N, be positive reals, an<oo . Consi-
der the W-space P=<N,@ ,&” , where @ (i,j)=ai+aj for i+],
dom w =exp N, w{i} =b;. It is easy to prove that uw(P) (respec-
tively, 1lw(P)) is equal to the upper limit of Z(Lbi:ién)/

/|1log anl (to the lower limit of Z(Lb,:i 4n)/|log an+1|). Put X =
= {ieN:iZm}. Clearly, uw(X_+P)=uw(P), 1w(X_-P)=1w(P). - Assume
that uw(P)>0. Then ud(Xn.P)—éoo and therefore P is not dimensi-
on-bounded. Since, evidently, uw({n}.P)=0 for each ne N, the con-
clusion of 3.4 does not hold. - It is easy to find a set Xc N such
that, with y = S(Lbizién,iex), Iim(y,/llog a |)=uw(P), lim(y_/
/|1og an+1|)=0. Hence P is not h.d.e.

3.6. Proposition. Let P be a dimension-bounded W-space. If
(Pk:keK) is an w-partition of P and all P, are dimension-exact,
then P is dimension-exact and Rw(P)= E(Rw(Pk):keK).

Proof. We can assume that K=N. Put T = Z(Pk\:ké n). By 3.2,
all T are dimension-exact and Rw(Tn)= z(Rw(Pk):ké n). Since
TnéP, we have Rw(Tn)éuw(P) for all neN, hence = (Rw(P ):ke N) £
Zuw(P). By 3.4, uw(P) éZ(Rw(Pk):keN), which proves the propo-
sition.

3.7. Proposition. Let (P :keK) be an co-partition of a di-
mension-bounded W-space P. If all Pk are hereditarily dimension-
exact, then so is P. - This is an easy consequence of 3.6.

3.8. Proposition. Let P be a dimension-bounded W-space. Let
Mcexp P. If all S € M are hereditarily dimension-exact, then
so is sup M .

Proof. By 1.3, we can assume that M is countable. If M =
={5,,5,}, then, clearly, xso-sp,\sl, SoA 51,5;-SAS,3 is s par-
tition of Sov 51, consisting of h.d.e. subspaces and therefore,
by 3.7, S,vS; is h.d.e. If M= -iso,sl,...}, put, for n=0,1,2,...,
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To= \/(Si:i £n), Up=Tgs Uni1°They-Tn- Then U are h.d.e., Uy :
:ke N) is an «w-partition of sup M . Hence, again by 3.7, sup M
is h.d.e. '

3.9. Proposition. Let P be a dimension-bounded W-space.
Then there exists exactly one maximal hereditarily dimension-exact
subspace S£P. The subspace S is pure and no non-null T<£P-S is
hereditarily dimension-exact.

Proof. Let M be the collection of all h.d.e. subspaces UzP.
Put S=sup M . By 3.8, S is h.d.e. Clearly, if T¢P-S is h.d.e.,
then, by 3.7, S+T is h.d.e., hence S+T£S, wi=0. To prove that S
is pure, let S=f.P, let 0 < & < 1/2 and let X= {qe Q: e < f(q)<1-
-¢%. Then & .(X S) is h.d.e., hence S+ €.(X S) is h.d.e. and
therefore w(X.5)=0. This implies (EX=D.

3.10. We present .an example of a dimension-bounded W-space
P such that no non-null S£P is dimension-exact. The example is
closely related to A. Rényi’'s example (see [4]1) of a real-valued
random variable § such that d(g )+ d(f ).

Let (an:neN) be a decreasing sequence of positive reals,
a,—> 0. Let <Q,» > be the product of w copies of <{0,1%, >o¥
where v0{0?= »oil3=1/2. Put @ =% . For (x;),(y;)eQ put .
@((xi),(yi))=sup(ailxi-yi|:ie N). Clearly, P=<0Q,@ ,m? is a W-
space. )

We are going to give an outline of the proof of (1) ud(X.P)=
=Tim(n/|1log a,|), 1d(x P)=1lin(n/|log a |) for each Xedoma of
positive measure. The following simple fact will be used: (2) if
meN, mZ1, a>0, b>0, mazb , Oéxiéa, in=b, then H(xl,...

.,xn)éb log(b/a). The proof of this fact is easy and can be
omitted. - Let neN; a, >z an+1"It is easy to see that
ECo™ (XP))=H(@ (X A BCu_,...,u)):Cug,...,u)e€0,8™D), where
B(uo,...,un) consists of all (xi)e Q such that x;=u; for i=0,...

.,n. This implies that (3) E(d% (X.P)) £ (n+1). «X. On the other
hand, by (2), we have (&) E(d*(X P))z @X.log(wX. 2"*1)=(n+1)-
+@X-L(®wX). - For any positive d< a,, let £(d") be the largest
n such that a; > o" . Then, by (3) and (4), we have |E(d™* (X.P))-
- X (£(0")+1)|/]|logd’| —> 0 for o —> 0, and therefore ud(X.P)=
=1im(£(o")/|1og o|), 1d(X.P)=1im(£(d")/|logo’|). It is easy to
see that the upper (lower) limit of £(J")/|logd’| for o —> 0 is
equal to that of n/|log anl for n —> 0 . This proves the asser-
tion (1).
- 748 -
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Clearly, it is possible to choose a sequence (an:nEN) such
that the upper (lower) limit of n/|log an| is equal to 1 (to 0).
Then, by (1), we have ud(S)=1, 1d(S)=0 for each pure non-null
S£P. If S£P is not pure, wS> 0, then there exists a non-null
pure T£S, hence ud(S)>0 (in fact, it is easy to see that ud(S)=
=1). Clearly, 1d(S)=0. Hence, no non-null S£P is dimension-exact.

3.11. Theorem. Let P be a dimension-bounded W-space and
let S be its maximal hereditarily dimension-exact subspace. Then
X > Rw(X.S), defined for X e dom & , is a measure on Q, absolute-
ly continuous with respect to & -

Proof. If X, € dom @, neN, are mutually disjoint, X=UX_,
then (Xn-S:n eN) is an w-partition of X.S5 and therefore, by 3.6,
Rw(X.5)= ZRw(Xn.S). Hence X +> Rw(X.S) is a measure on Q, which
is abvolutely continuous, since there is a number b such that,
for any X edom & , uw(X+P)Z£b.w(X.P)=b.&X.

3.12. Definition. Let P= <Q,%o,(u«7 be a W-space. A @ -measu-
rable function f:Q —>R_ will be called an Rw-density function
(or simply an Rw-density) for P if, for any S=g.P#£P, Rw(S)=.
= f fgdm (hence Rd(S)= [ fgd m /wS).

3:13. Theorem. If a W-space P=<Q,p,w?”> is dimension-boun-
ded and hereditarily dimension-exact, then (1) there exists an
Rw-density function for P, (2) if both f'l and f, are Rw-density
functions for P, then fl and F2 coincide m-almost everywhere.

Proof. I. Let » denote the measure X > Rw(X.P), see 3.11.
Since, by 3.11, - is absolutely continuous with respect to @ ,
there exists a function £:0 —R_ such that [y fdu=»(X) for any
Xe dom @ . It is easy to prove that [fgd s =Rw(g-P) whenever
g.P£P. - II. If both fl and f2 are Rw-density f‘unctions, then

J t1dm= Jxt,d@ for all Xedom @, hence f; and f, coincide
{»—almost everywhere.
4

4.1, Fact. For any non-null W-spaces P1 and P,, d(P1>< P2)=
=max(d(P;),d(P,)).

Proof. Put P;= (Qi,?i, C‘i>’ P<Py= <Q,p,” . For any ueRr,,
put B(u)= {(xl,x2),(y1,y2))eﬂ><0: ©E(xy,%x9),(y ,¥9)) > ut, B, (u)=
= {(xi,yi)e Q> Q: pi(xi,yi)>u?, i=1,2. 1¢ Xc 0, =0, put
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M(X)= {((Xl,xz),(yl,yz))e QxQ:(xl,yl)é X3§; if YcQyx Qy, put
M(Y)= {((xl,xz),(yl,yz))euxQ:(xz,yz)eY}. It is easy to see
that (1) if uj,uyeR,, u=max(u1,u2), then B(u)cM(Bl(ul))U
M (By(uy)), (2) if ueR,, then B(u)2M(B)(u)) v M(B,y(u)). Put
A= {u: [ @ )(B(u))=0%, A;= {u: i, (B (u))=0%, i=1,2. By (1), we
have (3) if upe Ay, u e Ay, then max(ul,uz)e_A; by (2), we get
(4) if ue A, then ue AN A,. Clearly, (3) and (4) imply the asser-
tion.
4.2, Fact. If Pi’ i=1,2, are non-null W-spaces, then

E(6"* (P> P,)) £E(&Tx P, ).wP+E(&'x P,).wP, for all positive re-
als o

~ Proof. We can assume that E(d"x Pi)<oo . Let b > E(ol'*Pl)-
.wP2+E(d'x< PZ)'WPI' Choose b, and b, such that E(ox Pi)< bs»
byewPy+b,y.wPy <b. Put P;= <Qi,g°i, ¢;?. By 2.3, there are pure
@ -partitions (X .Pi:keK;) of Py, i=1,2, such that‘d(xik):_-;cf
and H(&;X; :keK;)<by. Put K=K,>= K, and, for any (k,3) e K, put
ijlek”XZj‘ Clearly, (ij.P:(k,,j)eK) is a pure w-partition
of P=P > P,. By 4.1, d(ij-P)séor for all (k,j)e K. Since ,Rvkj=
=(a1xlk"a2x2j’ we get, by 1.13B, wH(E’Lij:(k,j)eK)=H(¢T&1X1k:
:keKl).wP2+H((¥IZX2‘j:je Ky)ewP; < by.wP,+b,.wP, < b. Hence, by 2.3,
E(S*xP)< b, which proves the assertion.

4.3, Fact. Let Fi= (Qi’(‘)i"ui>’ i=1,2, be W-spaces. Let
P=P x P,= <0,p, % ? . Let Acdom @& . For xeQ; let f(x) be equal
'to the @,-measure of iyeQz:(x,y)e A} if this set is y-Mmeasu-
rable, and to zero if not. Then f is ﬁl-measurable, w(A.P)=
=w(f-P1) and d(f.Pl)éd(A-P).

Proof. The first two assertions follow at once from well-
known theorems. Put.B= {xeﬂl:f(x)>0}, A'=A A (Bx Q,). Clearly,
@ (AN A")=0, hence A'sP=A.P. Put a=d(A.P). Let U consist of a11
((x1,%5),(y;,¥,)) € A% A" such that @ (x;,y;)>a. Clearly,

[@ = @l(U)=0. Let T consist of all (x;,y;)eBxB such that
ga(xl,yl)>a. For any (xl,yl)eT, the set of all (xz,yz)eﬂzx Q2

such that ((x;,x,),(y;,y,))e U is equal to {(xz, yz)eQZxQ .
:(()fl,xz),(\yl,yz)) eA'x A= -{zeﬂz:(xl,z)eA'}x{z ely:(y),2) e
& A’}, and therefore its [ M,> p)-measure is positive. Tagether
with [@»><@l(U)=0, this implies, by well-known theorenms,

[Mlx (-Lll(T)=0, which proves d(B . Pl).éa, hence d(fl.P)éa,

4.4, Fact. Let Pi = (Di,pi, M.i), i=1,2, be W-spaces. |gt
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P=P > P,, P=X Q,¢, > . Then, for any d > 0, E(*P)Z WP,
VE(o % Pl).

Proof. By 2.3, it suffices to show that =«*(d'* P)ZwP,
R ACE Pl)' We can assume that wP,>0 and N*(I*x P)<eo . Choose
a number b >m*(d* P) and choose a pure c-partition (Ak.P:k e€K)
of P such that H(é]Ak:k eK)<b, d(Ak-P) £ & . By 4.3, there are
i, -measurable functions f,, ke K, such that d(f - P)£d(A.P) £
and w(fk-Pl)=w(Ak-P). Clearly, ((fk/wPl).Pl:ke K) is a partition
of P,. Since d(fk.Pl) £d for all k, we get 7 (™% P;) &
£H(w(fk.P1)/wP2:ke,K)=H(w(Ak.P)/wP2:ke.K)< b/wP,. This proves
n*(o7x P)z WPZ.'Y)_(J'.’K Pl)'

4.5. Proposition. Let Pl and P2 be non-null W-spaces. Let
P=P)XP,. Then max(ud(P;);ud(P,)) & ud(P)£ ud(P;)+ud(P,),
max(1d(P,),1d(P,) £1d(P) £ud(P;)+1d(P,). If P, and P, are dimehsi-
on exact, then max(Rd(Pl),Rd(Pz))éld(P)éud(P)é Rd(F1)+Rd(P2).

This is an immediate consequence of 4.2 and 4.4.

4.6. Definition. Let P be a W-space or a metric space. If
there exists a function f:Rf——> N such that (log £f(&))/|loge |—>
—> 0 for ¢ —> 0 and, for all sufficiently small € > 0, there
is an (& ,f(¢))-partition of P (respectively, an' (g,f(g))-cover-
ing of P consisting of Borel sets), thHen we will say that P sa-
tisfies SGC ("slow growth condition").

Remark. There are countable topologically discrete metric
spaces which do not satisfy SGC. On the other hand, there exist
infinite-dimensional compact metric spaces satisfying SGC.

4.7. Fact. If a W-space or a metric space satisfies SGC,
then so does each of its subspaces. The metric space Rn‘, n=1,2,
., satisfies SGC.

4.8. Proposition. Let P= (Q,go,‘u) be a weakly Borel metric
W-space and let {Q,p> be separable. If {Q,e> satisfies SGC,
then so does P.

Proof. Let f:R: —>'N be a function possessing (with res-
pect to <Q,P> ) the properties described in 4.6. For each
‘e € RY, let (X K k€Kg) be an (e,f(g))-covering of <Q,@> con-
sisting of Borel sets. Clearly, all K¢ are countable, hence we
can assume Kc=N. For neN, put Ys’n=X5n\U(x k:k<n). It is ea-
sy to see that (Yek:keN) is an (g,f(e))-partition of P.
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4.9. Proposition. Let P1 and P2 be W-spaces (respectively,
metric spaces). If both P, and P, satisfy SGC, then so does
P=P1>< Py.

Proof. Let Pi be W-spaces (the other case is analogous).
Let fi:Rf-—> N possess, with respect to Pi’ the properties des-
cribed in 4.6. It is easy to see that f=flf2 possesses these pro-
‘perties with respect to P, since if (X kik€Ki) is an (g,f, (a))—
partition of P,, i=1,2, then (Xlkx X (k J)C Ky %K) is an
(¢,f(g))-partition of P.

4.10. Theorem. Let P1 and P2 be W-spaces satisfying SGC.
If both P1 and P2 are dimension-exact, then so is P=P1x P2, and
Rd(Plx P2)=Rd(P1)+Rd(P2).

Proof. Let P =<Q; ,@i,(ui), P=<0Q,¢, @? . For i=1,2, let t;
possess, with respect tn Pl, the propﬁigies described in 4.6. For

neN, put -2 , p( )—f (e ), p —p pﬁZ)For i=1,2, neN, let

(X(l)l<s K<1)) be an (g, ,p(l)) -partition of P;. By 2.6,
lin H(§@; X(l)-ke K(l))=Rw(Pi). Put K =k {1 K,SZ); for (k,3 ek,

(1) (2) . ;
put Y .-X KXnJ . Clearly, (Y, :(k ek is an (e,p,)-par-

tition of P. Since JZY 1X£i) FY (2), we get, by 1.13B,
lim H(EZY :(k,NDe Ko ) wP Rw(P )+wP -Rw(P,), hence, by 2.6,

Rw(P)= sz.Rw(P )+wP .Rw(P ), wh1ch proves the theorem.
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