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COMMENTATIONES MATHEMATICAE UNIVERSITATIS CAROLINAE
27,4 (1986)

ON ONE CONSTRUCTION OF ALL QUASIFIELDS OF ORDER 9
FrantiSek KNOFLICEK

Abstract: Anm alternative construction of all quasifields
of order 9 is given based on one concept of Dempwolff and
Reifart ([1], p. 138).

Key words: Dispersing matrices over GF(3), quasigroups,
quasifields.
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An approach to the construction of all quasifields of order
9 is given by M. Hell in [2], reconstructed by H. Lineburg in
[3]s § 8. As = main tool, there is used in [3] a convenient
representation of a spreed (describing a translation plane P)
with help of some admisaible subset of GL(X) where X is a vector
space over the kernel of P. In the sequel we give an alternative
construction of all quasifields of order 9 stimulated by some
aspects of the article [1] by Dempwolff and Reifart. We shell
find both binary operations of the quasifields directly (some
matrices over GF(3) are needed in our procedure, too).

As well-known, every quasifield of order pn can be obtained
as follows: We take an n-dimensional vector space V over GF(p)
end a set?RQpn ~ 1 matrices from GL(n,p) such that aB~! is
fixed - point - free on V for A,BETM , A # B. Then there is
a bijection #: M —V \ {0} such that V together with binary
operations + (vector addition on V) and - (v.w =(""jv)' for
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all v,we Vand v # O, O-w = 0) is a quasifield (ef. [1],
1
p. 138).

0. Denote elements of GF(3) by O, 1, 2 and investigate the

2-dimensional vector space V,(3) of ordered couples

(0,0) =: 0, (1,0) =: 1, (2,0) =: 2,

(0,1) =: 3, (1,1) == 4, (2,1) =2 5,

(0,2) == 6, (1,2) == 7, (2,2) == 8 over GF(3).
The set of these vectors O, 1, ..., 8 will be designated by S
and the chosen ordering of vectors will be called natural.
For the component - wise addition of vectors in 72(3} we can
write the corresponding Ceyley table (Teble 1, without heeding).

012 345 6 T8
120 453 786
201 534 867
345 678 012
453 786 120
534 867 201
678 012 345
786 120 453
867 201 534

rab. ‘.

So (§, +, 0) is en elementary abelian 3-group of order 9.
Further consider the set of all non-singular 2 x 2 matrices
over GF(3): I = {(“; /}) tayBnT» d € GF(3), det (0;, /3_) #.0}.
Obviously # 1 = 48 as there ere eight possibilities for the
first (non - zero) row of our matrix and six possibilities for
the second row: (7, /')Al {«,8) , 1 #1,2.
The set M with respect to matrix multiplication forms a group
of order 48 sometimes denoted by GL(2,3) or by GL2(3).
If x is a non ~ sero vector from 72(3) and M€y , then
l.x! = ’2 (T denetes transposing) and y is also a nmon -~ zero
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wector from v, (3).

Now let M = (‘;’?)-be a matrix and (1,0), (O,1) vectors of the

canonic basis. Then (?’6’)(‘1}) =(‘?u)and (‘;3—)(?) = (6-). For
(e, 7)=1i aena (B d)= j we shall introduce a convenient
denotation (a;-[ =3 li,;" So l1’3 = (2) ?) is a unit ;atri;.

We say the matrix M€ T} 18 dispersing if M x  # x
Vx e ¥5(3) \ {(0,0)}. If e matrix ME€M is not dispersing amd
not unit it preserves two non. - zero vectors. The unit matrix
N, 3 fixes the whole V,(3). As usual we shall call the set of
all eigenvalues of a matrix its spectrum. It may be shown that
there are 27 dispersing matrices. Their spectrum is either void
(for 18 matrices) or consists just of 2 € GF(3). If a matrix is
not dispersing then its spectrum is either {1} or {1 ,2}, where
1,2 € GF(3). Under the group order of a matrix we shall under-
stand its order as of an element in GL,(3). The set 7 can be
decomposed onto the following subsets
”"[IbI - the set of all matrices with the group order 8, #M; = 12;
My - the set of ell matrices with the group order 6, # My, = 8;
ﬂb,- the set of all matrices with the group order 4, #ﬂlr= 63
Mygy = the set of all matrices with the group order 3, #Mg= 8
My = the set of all matrices with the group order 2, #ﬂzr = 13;
My = the set consisting just of the uamit matrix.

Ty = {M,70 My 15 M3 0 M5, q5 My g0 M5 g5 Mg 50 Mg o7 Mg, a0

.7,2; 17’4, Mg 7} cantains only dispersing natr:!.cee sll
with void spectrum (ne{ghbouring matrices are mutually inverse
end similarly in what follows).

M= My, o5 M50 Mr,05 Mg 20 Mg, 43 %, 6 Y, } conteine

only dispersing matrices with spectrum {2}.

m, = {.3'2, Mg, 15 My 70 Mg 55 M5 s M; g} - Here the matrices
are dispersing and all have void spectrum.

nj!‘ {.1 4 .1,5; l3,3’ 'a,ﬁ .4,3’ .7’3; .5,2’ .‘17}. ALl

these matrices have spectrum {1}.
M= (M 61 My 77 M g3 Mo 35 M5 45 My 55 M5,15 Wy 65 %5 35
Ng,25 My 6i Mg 3} u (M 6} -
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All the matrices are involutory. The matirices of the first
subset have apectrum {‘l ,,2} whereas "2,5 is a dispersing matrix
with spectrum {2]. Now we shall construct such sets i,
consisting of eight matrices of GL,(3) that Ty operates
minimally transitively on the set of all non - zero vectors of
V,(3) . This means that to every couple x, y of nan - zero
vectors of 12(3) there is just one matrix % € Mg such that
M = y~. The last equetion can be re-written in the form
u(r,y) i where U is a quasigroup operation on the set
S~ {O} By our ccrnventlon concerning the matrix denotation we
have K; 5 (1,0)F = 1 80 that U(1,y) =y for all ye § ~ {a}.
Thus the quaaigroup (S~ {0} %) hes a left unit. For U (x,y)=
=c we'rite L=V (x,e) = x-e = y. If M, €My, then
M3x = xT, fx e V,(3) so that U(x,x) =1 and U (x,1) =
= x+1 = x, Thus the operatiom (-), inwerse from right to U,
poassesses a both - side unit and consequently is a loop opera-
tion. Thus (G~ {0}, * , 1) is a loop.

1. Let us take the matrix l‘ .5 and form the group
(l‘t4 5) generated by this matrix. e get the set of eight

matrices M, = (¥, 35 M 68 My o3 My 55 Mg i Mg i3 M s Mg gle
Each: of them maps 2(3) onto V, (3) and in Table 2 we have the
graph of all of these mappings and subsequently also the
multiplicatiom: table for U .

(2,00 8 4 5 2 3 T & 1
) 7 5 &8 6 2 4 1 3
©,2) € 3 2 4 T 1 5 8
(2,1) 5 T 4 3 1 8 2 &
) & 8 7 1 6 5 3 2
4) 3 6 1+ 8 5 2 1 &
200 2 1 3 1 8 & 4 5
M0 1 2 6 5 4 3 8 7
0 (1,0) (2,0) (@,1) (1,1) (2.1) (0,2) (1,2) (2,2)

.x/

Teb. 2
- 686 =




1 2 3 45 6 7 8
21 6 87 3 5 4
36 25 81 41
4 85 6 1 7 2 3
5 7 8 1 3 4 6 2
6 31 7T 4 2 85
75 4 2 6 8 3 1
8 4 73 25 1 6
Tab. 3

From U we get easily over to the operation Wt o= deseribed in
Table 3. (S\{O}, LN 1) is a cyclic group of order 8. 1f.we
enlarge the operation « onto the whole S by setting Q-x = x:0 =
= 0, then (S, +, ) is a Gelois field GF(9) deduced from CF(3)
with help of the irreducible polynomial §2 + 1, if we denate
linear polynomials f, f+ 1, f+ 2, Zf,, 2f+ 1, Zf + 2,
respectively, by symbols 3, 4, 5, 6, 7, 8, respectively.

2. An analogous situation occurs if we generate the cyclic
group of order 8 by the matrix !3;,. We obtain the set ’ITL2 =
= (M ,35 o, 65 %5 75 My 15 M5 45 M o3 My g5 Mg o) . The graph
of the eight meppings is described 1n Table 4 and the correspon-
ding multiplication + in Table 5.

8 4 7 2 6 5 3 1 1.2 3 45 6 7T 8
7 5 3 8 2 6 1 4 2 1 6 87 3 5 4
6 3 2 5 4 1 8 7T 367 1 4 5 8 2
5 7T 6 4 1 3 2 8 4 81 5 6 2 3 7
4 8 5 1 3 T 6 2 5 7 4 6 2 8 1 3
3 6 1 7 8 2 4 5 6 3 5 2 8 7 4 1
2 1 8 6 5 4 7 3 T 5 8 3 1 4 2 6
1 2 4 37 85 6 8 4 2 73,1 65
]
Tab., 4 Tab, 5
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(Sy +, *) is a Galois field GF(9) deduced from GF (3) using the
irreducible polynomial fa + f + 2 by denotations of § 1.

3. Also in the third case we have a situation similar to
both preceding ones. The cyclic group of order 8 can be genera-

ted by the matrix l3,4. We get the set m3 = {l‘ 3% .2 6 I3’4;
L ’
My 75 X g5 Mg g5 My o 13’5} « The corresponding tables of

mappings and of the multiplication + are presented im Tables
6 - 7.

8 4 6 25 3 7 1 1 2 3 4 5 6 7 8
T 5 4 3 2 81 6 21 6 87 3 5 &
6 32 7 81 4 5 36 471 82 5
5 78 6 1 4 2 3 4 8 7T 2.3 5 6 1
4 8 3 1 7 6 5 2 5 71 3 8 2 4 6
361 5 4 2 8 7 6 3 85 2 4 1 17
2 1 7 4 6 5 3 8 7 5 2 6 4 1 8 3
1 2 5 83 7 6 4 8 4 5 1 6 7 3 2
o
Teb, 6 Tab. 7

(S, +,+) is & Galois field GF(9) derived from GF(3) using the
irreducibile quadratic polynomial f2 + zf + 2 by denotations
from § 1. The fields from §§ 1 - 3 are mutually isomorphic. If
we write the isomorphism as product of cycles, we have G = (354)
(678), 6% = (345) (687 ) as it can be easily verified. If we want
to work with GF(9)_it is convenient to use concrete tables for
both field operations. We shall prefer Tables 1 and 3.

Remsrk thet the natural ordering of the set My (k = 1,2,3)
by first indices of matrices of M, the second. indices become
the ordering given by the third row of the multiplication table.
This is a consequence of our convention and of operating the
matrix on the vector (0,1) = 3.

4. If we take the matrices l1 3 lz 6 together with all
. ? ]

the matrices of 'm,, , we can see that they form a group with
regspect to matrix multiplication that is isomorphic to the
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quaternion group. The corresponding meppings and operations are
described in Tables 8 - 9.

8 4 7 2 35 6 1 1 2 3 4 5 6 7 8
75 4 6 2 8 1 3 2 1 6 87 3 5 4
6 3 2 5 8 1 4 T 3627 41 85
5 7 8 3 1 4 2 6 4 85 2 6 7 3 1
4 85 1 6 7 3 2 5 7 8 3 2 4 1 6
361 7 4 2835 6 31 5 8 2 4 17
21 3 45 6 7 8 75 4 6 1 8 2 3
1 2 6 87 3 5 4 8 4 7T 1 3 5 6 2
0
Teb. 8 Tab. 9

(S, +,-) is a nearfield of order 9 saiisfying only the right
distributivity law
(x+y)z=x2z+yz2 Vx,y,zeS.
5. If we choose pairs of matrices of group order 8 from
My, M 5, resp. My we obtain two sets Ty = {M ,35 % 6 My g5

By 5i M 15 Mg g5 My 4 Mg o), Mg = {M 35 My g5 Mg 45 M

.5,8; '6,5; 17,2; Mg 7} . These sets form neither groups nor
L

quasigroups with respect to matrix multiplicetion because the
product of two dispersing matrices need not be a dispersing

matrix, e. g. l3 7° l5 1= X and this matrix preserves the
vectors (0,1), (0, 2). We verify easily that K- My = Me -

Both sets of matrices operate on the set of all non - zero
vectors of V, (3) strictly transitively and the corresponding
tables are: Tables 10 - 11 for Trz and Tables 12 - 13 for 7M.
In both cases (S, ) is & rlght quesifield satisfying only
the right diatrlbutlvﬂzy law (x +y) 2=x2 +y 2 Vx, ¥, 2€
€S . In the well-known Appendix of the erticle [1] we find
the denotations for multiplication tables R.(our Table 9), T.
(our Table 11) and §.(our Teble 13). The corresponding
quesifields are the "first" examples of Hall quesifields. They
can be obtained from GF(3) so that the addition + is defined as
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in Teble 1 whereas the multiplication ¢ is defined as follows:
(a,b)e(c,d) = (ac,be) for d = 0,

(a,b)e(c,d) = (ac - ba~'f(c),ad - be + br) for d # O.

f (f) is one of three irreducible quadratic polynomials

fz - rf - 8. In GF(3) it holds in sddition &~' = d for 4 # O.

8 4 6 2 5 7 3 1 1 2 3 4 5 6 7 8
75 3 8 2 4 1 6 21 6 87 3 5 &
6 3 2 47 1 85 36 7 5 1 8 4 2
S 7 4 6 1 3 2 8 4 81 6 3 5 2 7
4 8 7 1 3 6 5 2 5 7 4 1 8 2 6 3
3 61 5 8 2 7 4 6 3 5 7 2 4 8 1
21 87 6 5 4 3 75 8 2 41 3 6
1 2 5 3 4 8 6 17 8 4 2 3 6 7 1 5
o
Tab, 10 Tab, 11
8 4 5 2 6 3 7 1 1 2 3 4 5 6 7 8
75 8 3 2 6 1 4 21 6 87 3 5 4
6 3 2 7T 4 1 5 8 3 6 4 1 85 2 7
5 7 6 4 1 8 2 3 4 8 7 5 1 2 6 3
4 8 3 1 7 5 6 2 5 T 1 6 3 8 4 2
3 61 85 2 4T 6 3 8 2 4 7 1 5
2 1 7 6 8 4 3 5 7 5 2 3 6 4 8 1
1 2 4 5 3 7 8 6 8 4 5 7 2 1 3 6
o g
Tab. 12 Tab. 13

6, PFurther it is possible to find sets containing besides
the unit matrix still seven matrices. The first and second of
them are of group order 8, the third has group order 4. These
three matrices are taken always from one of the sets m‘ ’ ’mz,

m3. The remaining four matrices are from mI 3 they are

dispersing and with group order 6. So we obtain the following
six sets:
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= {
= {
o
= {x,
{

M35 Mo 75 My 55 My o3 M5 g3 Mg g5

N ,38 M 77 My 51
X35 Mo 75 By 45 42’.56"66’.71’.85 r

% ,35 Mo 87 M5 03
My = 14 35 X gi My 45

2= {M,35 4 5 25 53

My 75 M 15 Mg 4

W g 6l »
Mg,4% %7 87 Mg >

i X5 65

)
}
J
M50 M5, 60 Mg a5 Mg 05 Mg 0 )
Wy 25 Y5 45 Mg 55 My 45 Mg g}
}

%,25 Mg,6 )

The corresponding tables are:

WY1

&/ for M ,:
& 4
75
6 3
5 7
4 8
3 6
2 1
1 2

°

b/ for ’IIZB.
8 4
7 5
6 3
5 7
4 8
3 6
2 1
1 2

0

O = QW mommnh W

&S O - W I N

Vi 9 &~ = 0NN ONW
W I oN-= 3~ N

Tab. 14

ANV 9 = N 00w
~NW oWwm - 0N

Tab. 16

Lo < AU I B L T VY R

W S VI N~ W

W oo N & U - o

w9 Hs~nNvoOND =W

1 1 2 3 4 5 6 7 8
8 2 1 6 8 7 3 5 &
4 375 2 8 1 4 6
6 4 6 8 3 1 7 2 58
3 5 8 2 7T 3 4 6 1
2 6 5 71 4 2 8 3
5 7 4 1 5 6 8 3 2
K 8 3 4 6 2 5 1 17
Tab. 15
1 1 2 3 45 6 17 8
4 21 6 8 7T 3 5 4
7 3 7 5 1 6 4 8 2
8 4 6 8 5 2 1 3 17
3 5 8 2 6 4 7 1 3
2 6 5 7 2 3 8 4 1
6 7T 4 1 3 8 5 2 6
5 8 3 4 7T 1 2 6 5
Tab, 17
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c/ for M g

O ¢ N\ -0~ MAN
&~ N - 0 MmN OV
O M O NN - -
N ~O N MmO~
<+ 0O N M~ ~ N0
MWD <~ — 0 NN
N - 0~ 0 0O 0\ <+ ™M
- N M N0~ ©
- O ¢ Mt~ O N
N — &~ < N O MmO
MO~ N0 N~
Nt O e~ N~ 0 M
~ M NV~ IO
O NN DO M -
<+ N M~ 00V~
© M~ 0 I+ MAN -

ol

Tab. 19

Tab. 18

d/ for mw:

O <+t~ MNIN ~ @
&~ - 0 MmN O
O M ¢ — >~ 0 NN
N~ W N MO -
<+ 0 N\NO ~ N ™M
MO NN DO e~ o~
N - 0>~ O ¢ ™M N
- 0N M < N0~ O
- O N~ O IN
N — ~0 MmN < ©
O ¢ = 0 N N>~ ™M
MO N~ 1N~ 00 <
&~ N M- 0N \O
N O N O~ M~
<+ N M~ 0 W e~ N
Ot~V Nt MmN~

ol

21

Teab.

20

Tab.

W ¢ O N~ MmN
~ N - 0 MmN O
O M N N O >~ <+ -
Nt~ 0O ND M
<+ 0O N MM~~~ IO
™M O~ - < N 0 N
N -~ O t~ O ¢ ™M IN
- 0NN M < NNO
- O ¢ N~ 1N MmO
M e~ >~ < O N O
NN \O - MmN O~ <
O ¢ N - M~ O
t~ NN - O™
N ™M DO O N - &~

.

- .

- im0V ~- N

r8765432.l

o

L7

N

[

o

Teb. 23

Tab. 22
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£/ for M, ,:

8 4 2 3 5 6 7 1 1 2 3 4 5 6 7 8
75 4 2 6 3 1 8 21 6 87 35 4
6 38T 21 45 385 71 4 2 6
5 7 3 8 1 4 6 2 4 78 2 3165
4 86 17T 25 3 5 6 2 3 8 7 4 1
36 1 5 4 8 2 7 6 4 75 2 8 1 3
21 7 4 35 8 6 7316 4 5 8 2
1 2 5 6 8 7 3 4 8 5 41 6 2 3 1T
o
Tab. 24 Teb. 25

We have deduced multiplication tables for six quasifields.
These quasifields are mutuelly isomorphic. If we take as a
starting quesifield e. g. that of table 17 (i. e. the Hall’s
denotation UW.) then the ecorresponding isomorphisms are given by
the following permutations of the set {3, 4, 5, 6, 7, 8} = GF(I\
\GF(3): T, = (354)(678), T4 = (345) (687), T, = (36)(47)(58),

Tg = (37)(48)(56) enma Tg = (38)(46)(57). All the isomorphisms of

these quasifields with kernels different from GF(3) form a group
isomorphic with the symmetric group ;53.

7. It is possible to find also such sets which contain
also non - dispersing matrices, for instence ﬂZ13 = {li,4; 12,7;

I3.5; l4,6; 15’2; .6,1; -7,8; .8,3 }. The corresponding tables
are Tables 26 - 27T.

Finel remarks: The operation from Table 27 is only a
quasigroup one and not a loop one. As it is easily seen
(S, +,°) is a right quasifield. Teble 27 is isotopic with
Table 21: (¢, ¥, ) = ((345)(687), id, id). We can verify that
the natural ordering of the set WthW the firat indices of the
matrices mi,j € WZ” induces a "dispersing™ order of second
indices given by some of 3rd to Sth rows of multiplication
tables ™2k + 1"; k = 1, 2, .ou, 124
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8 4 73 21 65 " 2 3 4 5 6 7 8
7 5 226 8 3 4 1 2 1 6 8 7T 3 5 4
6 3 4 25 81 7 4 75 6 21 8 3
5 7 31 4 2 8 6 5 6 81 4 7 3 2
4 81 5 6 7 2 3 38256 41 T
36 871 45 2 85 731 2 4 6
21583 6 17 4 6 4 1. 7 3 8 2 5
12 6 475 3 8 7 3 4 2 85 6 1
S
Tab., 26 Tab, 27
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