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DESTABILIZING EFFECT OF UNILATERAL CONDITIONS
IN REACTION-DIFFUSION SYSTEMS
Milan KUCERA, Jifi NEUSTUPA

Abstract: Stationary solutions of reaction-diffusion systems
with unilateral constraints are considered. It is shown in examp-
les that the spatially homogeneous stationary solution of the sys-
tem with unilateral constraints can be unstable even for diffusion
coefficients for which it is stable as a solution of the classical
problem with Neumann conditions. A general result of this type is
announced.

Key words: Reaction-diffusion system, unilateral conditions,
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Introduction. Consider a reaction-diffusion system of the
type
2
Qu [l
=d) —y + f(u,v)
ot 1 3 ’ ,
(RD) for [t,x] ¢<0,0)x <0,1>
dv
3t

2
9 v
d, — + g(u,v)
2 3 ’
where f, g are real functions on Rz, dl' dz are positive parame-
ters (diffusion coefficients). First, consider Neumann boundary

conditions
(Ne)  34(t,0) = §¥(t,1) = g—;-(t,n) = 8¥%(t,1) = 0 on < 0,00).

In some cases connected with chemical and biological models there
exists a stationary spatially homogeneous (constant) solution G,V

of (RD), (NC) (i.e. f(u,v) = g(T,v) = 0) which is stable only
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for some parameters dl, d2 (lying in so called domain of stabili-
ty). See e.g. [10],[11].

The aim of this paper is to show how this situation can chan-
ge by introducing unilateral conditions. We give simple examples
and announce one general result showing that T, V can be an unstab-
le solution of (RD) or at least of its linearization with unilate-
ral conditions even for some dl, d2 lying in the domain of stabi-

lity of (RD), (NC). One of the simplest examples of unilateral con-

straints we have on mind are boundary conditions
(1) St,0) = e, =0, ZLt,0 =0,
v(t,D27, §%t,120, (v(t,1-9) t,1) = 0 on <0 + o).

The stability of a stationary solution of any initial value prob-
lem (e.g.‘et (RD), (NC) or (RD) with some unilateral conditions)
is understood in the following sense: U , V is stable with respect
to a given norm l - | if for any & > 0 there exists d" > 0 such
that any solution;u,iv of the problem considered satisfying
Bu(ty,)-Th<d, lv(t ,)-V i< d for some t  is defined on
{t ,+) and lu(t,-)-G-hk<e, fiv(t,)-Vll<e for all tedt ,+m);
U,V is unstable if it is not stable. In all examples below, we
shall show an instability with respect to any arbitrary norm.

In what follows we shall suppose U = V = 0 without loss of
generality. '

We shall study mainly a destabilizing influence of unilateral

conditions for the linearization

2
Bu _ 9°u
R Sew A SR Y
(RD)) ‘
2
v _ a°v
=t - 9, 5;7 + boyu + byov
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of (RD), where by, = &@, D), by, = §Lw, D), v, - $4w@,W,
.25y
byy = FRT, V).

The main idea is to show the existence of a positive eigenva-
lue of the problem
2
3%u -
d1 5;7 + bllu + b12v

I
S
c

(th)

d2 %;% + b21u + b22v = Ay
with the corresponding unilateral conditions and with some dl' d2
from the domain of stability of (RD), (NC). The instability of the
trivial solution of (RDL) with the corresponding unilateral condi-.
tions is an easy consequence. In one situation we shall show that

it means also the instability for the original nonlinear system

(RD) with unilateral conditions.

Notice that some abstract results of the mentioned type are

proved in {51,[6). An influence of unilateral constraints to the po-
sition of the first bifurcation point of the corresponding statio-

nary problem is studied in [41,09].

Remark 1. (Domains of stability and instability - classical
case. See e.g. [10],[(11] .) Let us denote

byy,b d,0
B - ( 11 12) . D= ( ' )
by1:022 0,1

Suppose that the assumption

\

(2) by;>0, by >0, by,<0, by,<0, by, + by,<0, det B>0

is fulfilled. This is true in some models from chemistry and bio-
logy where u and v represents a density of an activator (or a prey)

and a density of an inhibitor (or a predator), respectively. Remem-
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ber that the trivial solution of (RDL), (NC) is stable if all ei-
genvalues of (RD,), (NC) have nonpositive real parts and it is un-
stable if there is an eigenvalue of (RDA), (NC) with a positive
real part. Any solution U = [u,v] of (RD,), (NC) can be written as

[

u(x) =n}__:0 C, cos nar x

(with some Cn 4 mz, n=20,1,2,...) and therefore (an), (NC) is

equivalent to the system

[na)?D - B +AE] C =0, n=0,,2,...

It follows that A is an eigenvalue of (RD,), (NC) if and only if

3 A2 - [(byy + byy) = (d) + dp) ()2 A+

_ 2 2
+[by, - (nar) dll-[bn - (nx) d,l- byaby; = 0

for some n.
In this case U(x) = C_ cos n 4 x is the corresponding eigenvector.

n
Denote by Pn the hyperbolic curve in the guadrant dl‘ dzz 0 given
by

by, - (2 d ) lb,, - (nar)? dy2 - by,b,y = 0

(n =1,2, ...) and let " be the envelope of Pn, n=12,... (see
Fig. 1). Elementary investigation of the roots of (3) shows that
for any d,,d,z 0 all the complex eigenvalues of (RDA), (NC) have
negative real parts; for dl’ d2 on the right from " all the re-
al eigenvalues are negati&e; for dl’ d2 on the left from I’ there
exists a positive real eigenvalue of (RD&), (NC). Hence, ™ divi-
des the quadrant dl,dzz 0 onto the domain of stability (on the
right from M) and the domain of instability (on the left from {7).

See Fig. 1.

Example 1. Let (2) hold. Consider (RDL) with unilateral con-

ditions
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ux(t,O) = vx(t,[)) = 0, u(t,1)zo0, v(t,1)=0,
(8)
ux(t,l)z 0, vx(t,l)Z 0, u(t,l)ux(t,1)=v(t,1)vx(t,1) = 0.
The corresponding boundary conditions for the eigenvalue problem
(RDJ,) read
ux(O) = v, (0) =0, u(1)Z0, v(l)z o0,
(47)
u (D20, v (120, u(Du, (1) = v(1)v, (1) = 0.
Let us search for nonnegative eigenvalues of (RD_,\.), (4°) correspor-

ding only to eigenvectors of the form [uk,vk) with

(5) vk(x) = (—1)k+1 cos(k + %) x x.

It follows from the second equation in (RDa) that

d b,.,-A
_ k+1 2 12 2 22 1
(6) uk(x) = (-1) [B—Zl(k + 7) e - b——-—21 cos(k + -2) I x.
The boundary conditions (4°) are fulfilled with respect to (2)

for A 2 0. It is easy to see (by substituting into (RDL)) that

A z 0 is an eigenvalue corresponding to Uk Vi if and only if

A2 - [y, + byy) - () + d)k + HIwP1A o
n
slby - k+ P2t ad e Lo, -k + HTa? d,) -

- byabyy = 0. )

Denote by Fk (k = 0,1,...) the hyperbolic curve in the quadrant
dl,dzzo defined by

1.2 _,2 1,22 _
[byy - ks P e dJelby, - (k+°n% dy)] - byoby, =0

and let © be the envelope of ﬁk' k = 0,1,2,... (see Fig. 2).
It follows from an elementary investigation of the roots of (7)

that for any dl’ d2 on the left from ﬁ there exists a positive
eigenvalue A of (RD&), (47) with the corresponding eigenvector

U,V from (5),(6) for some k. The couple u(t,x) = exp (A t) -
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. euk(x), v(t,x) = exp (ﬂ.t)-svk(x) with an arbitrary small &€ > 0
is a classical solution of (RD ),(4) satisfyingtlig FuCt, )l =
=» +co

= 1lim exp ()\t)osuuk" =+ 00 , lim Wv(t,.)l = + a» for any

t>4+0 t->+0 ~
arbitrary norm Il * ! . Hence, for dl’ d2 on the left from ™ |, the

~

trivial solution of (RDL),(A) is unstable. A comparison of I' with

* from Remark 1 shows that there is a nonempty intersect n of

the domain of instability of (RDL),(A) with the domain of stabili-

ty of the classical problem (see Fig. 2).

Example 2.(A simple free boundary problem.) Consider the
problem
(8) uy = dyu

wx * B ly,v on {0,m) x<0,17,

. ( vy - dZVxx - b21u - b22v20, v20,
9
(vt = dpVyy = by - byyv)v = 0 a.e. on {0,w) x<0,1>,

(10) v, is continuous on <{0,+o) x <0,1>, (NC) holds,

where (8) can be understood in the classical sense, (9) should be
fulfilled a.e. on {0,®@) x {0,1> with the derivative vy existing
a.e. on {0,00) x <0,1?. It is another formulation of the free boun-
dary problem

+ b v on €0 ,00) x <0,1>,

Up = dilyx * bpp¥ *+ byy
(11) Vi = dpVy + bpyu + byovoon O,
v =0on<0,m) x <0,1>N0Q,, v, is continuous on

<0,0) x<0,1>, (NC) holds,

where the domain Q, ={[t,x]¢<0,m) x {0,1>; v(t,x)>0} is un-
known. We shall neither give here a precise definition of the so-
lution (this will be given in a more general setting in Remark 5)
nor discuss its existence and properties. We want to show only

that under the assumption
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>
12) b11>-0, b21 =20

spatially homogeneous classical solutions tending to infinity (as'
t — +00 ) start in any neighbourhood of the origin. For this, it
is sufficient to realize that for any E < 0 the couple u(t,x) =

= exp (by;t) £ , v(t, x) = 0 satisfies (8)-(10) classically. It
follows that the trivial solution of (8)-(10) (i.e. of (11)) is un-
stable for any dr, d2 (even for tﬁusé from the domain of stability
of (RDL), (NC) under the assumption (2) - see Remark 1). Moreover,
this is an instability even with respect to spatially constant so-

lutions only.

Remark 2. (A motivation for inequalities in IRZ.) A couple
of functions u(t), v(t) is a spatially constant solution of (8)-
(10) if and only if
ug - bjju - bov =0 on<0,mw),

(13)
v>o0, (vt-buu—bzzv)(v-v)zo for all ys<0,0), a.a.te0,m).

This system can be written also in the form

U(t) e K for all te<0,0),
(14,
<UL (t) - BUCY), ¥ - U(t)>Z 0 for all ¥ « K,a.a.t2<0,@),

where U = Cu,v], K = K; =4¥ =[y ,ylc ir2

;¥ 20}, <.,«> is the
scalar product in IR2 Hence, the study of spatially constant so-

‘.lutions of (8)-(10) can be a motivation for an investigation of
t;; inequality (14) which has a good sense for any closed convex

cone K in IR2 with its vertex at the origin.

Remark 3. (Trajectories of inequalities in IR2.) Let K be

2

a closed convex cone in IR® with its vertex at the origin determi-

ned by half-lines k,, k, (Fig. 3). Denote by kK° and 3K the inte-

i
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rior and the boundary of K. For any Ve R? let U (t) be the solu-
tion of the system of equations
(15) Ut = BU
satisfying U(0) = V. If Ve K, V%0 then the following cases are
possible:

(a) V + wBVek® for all ¢ > 0 sufficiently small;

(b) V + wBVé&K for all « > 0;
(c) V + BV edK for all « > 0 sufficiently small.

The conditions (a),(b) and (c) mean that the trajectory of (15) at
V tends into K°, outside of K and along &K, respectively. In the
case (a) we have U,(t)e K for t e(o,to) with some t >0 and it fol-
lows that uv(t) is simultaneously a solution of (14) on (U,to).

The cases (b),(c) can occur for Ve 8K only. If (b) holds then the-

re exists Ao such that
(16) <1°V - BV, - V> =0 for all P € K.

Indeed, this condition means that the vector AOV—BV shifted to V
tends into K and is perpendicular to the half-line k1 containing V
(see Fig. 3). It is clear from Fig. 3 that this is fulfilled with
some |A°. In other words, in the case (b), V is an eigenvector cor-
responding to some eigenvalue Ao of the inequality (16). It fol-
lows (by substituting into (14) and using (16)) that Up(t) =
= exp (A,ot)v is a solution of (14) on {0,+00). Moreover, Ag>0
or ﬂo< 0 it {BV,V> >0 or {BV,V> < 0, i.e. if the trajectory of
(15) and the oriented half-line ki-enclose an acute or an obtuse
angle, respectively; see Fig. 3, 4; it is 20 = 0 if (Bv, V> =0,
i.e. it the trajectory of (15) is perpendicular to 9K at V.

In the case (c) we have ﬁbv = BV for some ao, i.e. V is an

eigenvector corresponding to some eigenvalue of B (and simultane-
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ously of (16)). The function Uy(t) = exp (Aot)v.ia gimultaneously
a solution of (14) and (15) on <0,0).

Now, for any V6K, V40 we can set t, = inf §tZ0;U,(t)e K}.
(The cases tV =.0, tv = + 00 are possible.) It follows from our
considerations that the function

Ug y(B) = Uy(t) for tE<D,t,),
exp Ao(t—tv) * Uy (ty) for tzty
is a solution of (14) on <0,c0), where ao (if t, < c0) is an ei-
genvalue of (16) corresponding to the eigenvector Vy = Uv(tv). It
is easy to see that it is a unique solution of (14) satisfying

UK,V(O) = V.

Example 3. (Destabilization for inequalities in 'Rz and a free
boundary problem.) Suppose that b11> 0, b21> 0 and B has a pair
of complex conjugate eigenvalues with negative real parts. Let
K = K; = {lu,v])e le;vz 0. In this case the character of trajecto-
ries of (14) and (15) is shown on Fig. 5. Any solution of (15)
tends exponentially to the origin. Any solution of (14) touches
the line k; ={lu,0);u< 0% and then tends to infinity in the di-
rection of the eigenvector [-1,0) corresponding to a positive ei-
genvalue of (16). (See Remark 3, where (b) with {BV,V>>0 holds
for any Ve kl') It follows that any spatially constant sélution
of (8)-(10) tends to infinity in spite of that any spatially con-
stant solution of (RD ), (NC) tends to zero. Particularly, the tri-
vial solution of (8)-(10) is unstable for any d,, d, as we have
known already from Example 2.

2

Example 4. (Stabilization for inequalities in /R and a free

boundary problem.) Suppose that b12< 0, b22<'0 and B has a pair

of complex conjugate gigenvalues with positive resl parts. Fig.6
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+
u

={fu,v]e mz;tnzol. Any solution of (14) tends to zero along the

shows the character of trajectories of (14) and (15) with K = K

"

half-line k1 ={[0,v];v>0¢ in spite of that any nontrivial solu-
tion of (15) tends exponentially to infinity. Notice that [0,1) is
an eigenvector corresponding to a negative eigenvalue of (16). (See
Remark 3, where (b) with (BV,V>< 0 holds for any Ve kl') Now, con-

sider the unilateral problem

) ug-dju,, - byjyu - bjvZ0, uZo,
17)

(ug-djuyy- bygu - byyviu = 0,

(18) Vi = dpVyx * Dpgu by

(19) u, are continuous on <0,00)x <0,1>, (NC) holds (cf. Exam-
ple 2). Using considerations analogous to those from Remark 2 we
obtain that any spatially constant solution of (17)-(19) tends to
zero, i.e. the trivial solution of (17)-(19) is stable with res-
pect to constant perturbations. Simultaneously, the trivial solu-
tion of (15) is unstable even with respect to spatially constant
perturbations because any constant solution of (15) tends to infi-
nity. Of course, we do not obtain any result about the stability

for the inequaltity (with respect to nonhomogeneous perturbations).

Reémark 4. (Eigenvalues and stability for inequalities in IR2.)
Using Rema?k 3 and the fact that the eigenvectors of the inequality
(16) 1lying in K°® coincide with those of the matrix B, it is easy
to determine all the eigenvalues and eigenvectors of (l16) for a
given 2x2 matrix B. By a detailed examination of all possibilities
of the behaviour of trajectories ot (15) and using the considera-
tions from Remark 3 it is possible to prove th;}‘the trivial .so-

lution.of (14) is stable if and only if there is no posilive
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eigenvélue of (16).
This assertion does not hold for-inequalities in higher-di-
mensional spaces. (It is not difficult to find a counterexample in

]Rz.) We have no analogue of a complex eigenvalue for an inequality.

Example 5. (pestabilization in a nonlinear case.) Consider

the problem
(20) ug = dyu  + £(u,v) on <0,00)x €0,17,

( vy = dov - glu,v)z0, vZ O

(21) ﬂ [vt - AoV, - g(u,v)j- v = 0 a.e. on<0,00)x <0,1>

(22) v, are continuous on <0,00)x <0,17, (NC) holds

representing a free boundary problem (cf. Example 2). If £(0,0) =
= g(0,0) =0 (i.e. U =V =0) and f, g are two-times differentiab-
le, then spatially constant solutions of (20)-(22) are solutions .

of the inequality

U(t)e K for all t=<0,0c),
(23)
(Ut(t) - BU(t) - N(U,t)), ¥ - Uu(t))=z0 for all ¥ ¢ K,
a.a. tZ0

with K = K} (cf. Remark 2) and with a mapping N: IR? —> IR? satis-

fying

; NCU)
o ndiSo wOT <

The assumption (2) together with (24) ensure that the trajectory
of the system Ut = BU + N(U) tends outside of K at any V = [u,0],
ueg {-%,0) (with some € > 0) and <BV + N(V),V> > 0 for these V.
Considerations analogous to those from Remark 3 imply that for any
V = [u,0}, ue(-¢&,0) there is a solution U of (23) such that

u(o) = v, Uu(t) = [u(t),0) with u(t)e (-¢,0) for t & (0,t,) and
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U(t,) = [-¢,0] for some t,> 0. This gives the instability of the
trivial solution of (23) and also the instability of the trivial
solution of (20)-(22) (even with respect to the spatially homoge-
neous perturbations) for all dl’ d2 (even for those from the domain

of stability from Remark 1).

Remark 5. (A general formulation of unilateral problems.)

Let w1 = w%(o,l) be the usual Sobolev space with the norm | - |1 2

2 ’
(see e.g. [3]), K a closed convex cone in w% with its vertex at

the origin. Consider the inequality

);‘4'ut(t,x)g><x) s dpu (8,00 g (x) -
= [bjuCt,x) + by,v(t,x)] @ (x)} dx = 0,

“v(t,r)EK,
(25)
j:{vt(t,x)[uf(x)-v(t,x)] + dyv, (t,x) [Vx(x)—vx(t,x)J -
L - [byyult,x) + b22v(t,x)J [y (x)-v(t,x)]% dx20

for all ge w%, ¥e K, a.a. te(0,00).

We do not need a general definition of a solution in fact because
our aim will be to show only the existence of a smooth in T solu-
tion starting arbitrarily close to the origin and tending to in-
finity; for such a solution it will be clear in which sense (25)
is fulfilled. In general; the solution on {(0,7) (eventually with
T = 00) could be defined as a couple u,ve.Lz(U,T;wl) such that
Ug, Ve € LZ(O,T;(W%)*) and (25) is fulfilled for a.a. te (0,7T) (cf.
e.g. [233. A function from LZ(D.T;W%) has a derivative in the sen-
se of distributions with values in H%, i.e. also with values in
L2(0,1). By ute\L2(0,T;(N%)*) we mean that this distribution can
be represented by a function u, with values in L2(0,1) such that

T, 1 2
sup Lfu, (2,x) @ (x) dx|“ dt is finite.
lq'lzt 1 j; '}; t ¥
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Notice that any function ueLZ(O,T;w%) with use LZ(O,T;(W%)*) is
continuous as an abstract function with values in L2(0,1)‘ Hence,

initial conditions UgsVg€ L2 for (25) can be considered.

Remark 6. If we set for instance K = {ve w%;v(l)z 0% then
u, v satisfies (25) if and only if (RDL),(I) is fulfilled in the
classical sense. It is not hard to show by using integration by
parts, boundary conditions (1) and elementary considerations about
the regularity of the solution (cf. e.g. [31).

If we set K ={vew%;vz0 on {0,1>} then (25) is another for-
mulation of the free boundary problem from Example 2. This follcws
by integrating by parts again. '

In general, we can say that (25) is an abstract formulation

of (RDL) with the constraints given by the cone K.

Remark 7. (An eigenvalue problem for inequalities in w% and,
stability.) The unilateral eigenvalue problem corresponding to

(25) is
1 1
-_j;[dlux @ -(byjyu + bov -Au)gldx = 0 for all ge Wy,
(26), veKk,

_f:[dzvx(wx—vx)—(buu + byov-Av)(y-v)ldxz 0 for all ¥ e K.

A real A is called an eigenvalue of (26) if there exists a

nontrivial couple ug, Vg€ W% satisfying (26). In this case, {uo,voJ
is called the corresponding eigenvector. It is easy to see (by
substituting into (25) and using (26)) that then for any = > 0
fixed the couple u(t,x) = exp (a.ot). Tu (x), v(t,x) =

= exp (.&Ot) . 'cvo(x) satisfies (25) on {0,00). If Ag> 0 then
DuCt,»)0 + Hv(t,-)l— c0 for t — oo (for any reasonable norm

I« ) and this implies the instability of the trivial solution
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of (25) for such dy, dy.
Set [y ={[d),d,); [d, -d",d,1e M for any o > 0, where

" is the curve from Remark 1 (see Fig. 1).

Theorem 1. Let (2) be fulfilled and let 0 < £ < 7 . Then
there is Jd° > 0 such that for any [dl,d2] lying between [, [
and satisfying ? < d2 =n , ulz 0, there exists a positive ei-
genvalue of (26).

Consequence 1. The trivial solution of (RDL) with unilate-
ral constraints given by K (see Remark 6) is unstable for all
{d;,d,) between M, T f = d, €7, d;z 0. It follows directly

from Theorem 1 and Remark 7.

Remark 8. Theorem 1 is a special case of a more general re-
sult proved in [ 6]1. The proof is based on a continuation theorem
related to the known Dancer s global bifurcation result [1] and
on an investigation of branches of solutions of the corresponding

penalty equation (cf. also {71,[8),[51).

Remark 9. Theorem 1 together with Consequence 1 say that the
domain of instability of the problem with unilateral constraints
intersects the domain of stability of the classical problem. For
any 0 « ¢ <7 there is a- g -strip G? () (see Fig. 1) such that
for [dl,dz]i G? () the trivial solution of (25) is unstable in
spite of that the trivial solution of (RDL), (NC) is stable (see
Remark 1). In the case of chemical or biological models, u and v
represent the density of an activator (or prey) and of an inhibi-
tor (or predator), respectively, under the assumption (2). Hence,

unilateral conditions for the inhibitor (or predator) have a de-

stabilizing effect. On the other hand, analogous unilateral condi-
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tions for the activator (or prey) have a stabilizing effect in a
certain sense (see [9)). Notice that in applications the instabi-
lity of a spatially constant solution signals that the correspon-
ding spatially homogeneous equilibrium state will not occur and,

eventually, some spatially nonhomogeneous patterns can arise.

Remark 10. The problem (RDL),(l) (i.e. (25) with K =
=4{ve w;;v(l)z 0}) looks like that from Example 1 at the first
sight, but an analogy of the considerations from Example 1 gives
no result. (The eigenvectors of (RDL),(I) cannot be expressed ela-
mentarily; this is a consequence of the fact that different con -
ditions are prescribed for u and v.) A destabilizing effect of thé
conditions (1) follows from Theorem 1 and Consequence 1.

In the case of the problem (8)-(10) (i.e. (25) with K =
={ve W%;v Z0 on {0,1>}), Theorem 1 gives a weaker information
than the elementary considerations in Example 2.

Theorem 1 cannot be used for the problem from Example 1 be-
cause (4) represents unilateral conditions for both u and v. Even
the more general theory given in £6) (cf. also [5]) ensures a de-
stabilizing effect of unilateral conditions prescribed for v only
under the assumptions of the type (2) (i.e. for an inhibitor or a

predator).
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