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COUNTEREXAMPLE TO THE REGULARITY OF WEAK SOLUTION
OF THE QUASILINEAR PARABOLIC SYSTEM
J. STARA, O. JOHN, J. MALY

Abstract: The example of the quasilinear parabolic system is
given Tor which there exists a bounded solution of boundary value
problem (with Lipschitz continuous initial and boundary data) ha-
ving the discontinuity developed in some t>0.

.
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1. Introduction. Using standard elliptic counterexamples we
can easily construct the quasilinear parabolic system with a boun-
ded weak solution which is not Holder continuous. Namely, we can
consider the discontinuous solution u=u(x) of the elliptic system
as a stationary solution of a corresponding parabolic system. In
this case, each point of discontinuity is invariant with respect
to the variable t. Thus, in general, the regularity for quasiline-
ar parabolic systems (with the number of spatial variables nZ3)
does not take place and the partial regularity results (see e.g.
L4],051,06)) play the important role.

A more subtle question to be answered is whether some bound-
ed weak solution of the parabolic system could start as a smooth
one and develop the discontinuity in some moment t>0. The first
example giving the positive answer was constructed by M. Struwe

[11. He considered the systems of the diagonal form
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(¢D) ui - Dﬁ(adfs(t,x)ﬂﬂui) = fl(t,x,u,Dxu), i=1,...,3.
1 3 . . :

(Here x= [xl,...,x3J, u= Lu*, ... 0’7, u%: dul/at, Q"u1 =
= i _ i3
= Qu/ dx, and Du = {QWU fw,i=1' Throughout the whole paper,
repeated indices are summed over 1,2,3.)
The coefficients a“ﬁ are supposed to be bounded and measurable
with
() a%P(t,x) § §5ZAIE1% ace..
Function f has the quadratic growth in p:
(3 |tict,x,u,p)|2alpl? + b, i=1,...,3.

Struwe s example possesses the bounded weak solution u=u(t,x)
on
(4) Q= (0,00)xB (B is a unit ball in Ry)
which is Lipschitz continuous on the parabolic boundary T of Q
and discontinuous just on the half-line {[t,x];t21, x=0f.

As it was shown in [2],[3], each bounded weak solution of the
system (1)-(3) is Holder continuous on Q if
(5) aﬂu"LM?\'l<1.
In Struwe’s counterexample the condition (5) 1s strongly violated
- the left hand side in (5) is much bigger than 1.

In our paper we 9give the positive answer to the problem for

the system

(6) uj - q‘(gi% (t,x,u)DBuj) =0, i=1,...,3,

ij <12
(7) Ad%;(t,x,u)gdigﬂj; @l §1%, VYEe RyxRy, (@ >0).
The example is given in Section 3, meanwhile Section 4 contains

necessary calculations. In Section 5 we return to the system (1).

We construct for each € > 0 a system of this type which has the
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solution with the discontinuity developed in some t> 0 and for
which

® alull Atcrsase).
[ae]

This result gives certain approximation to the Struwe’s hypothe-
sis that the loss of regularity properties of initial data is pos-
sible if only a “u“Lth:iitl' Using numerical calculations we con-
jecture that for our system (constructed for & > 0 sufficiently

small) holds

8) alull Alcu 21
00

2. Notations. Definitions. Auxiliarities. 1In this section,

besides the definition of the weak solution we summon the proper-
ties of some functions E, F, ¢, q used as the coefficients in the
example constructed in the next sections.

Denote for T>0

(9) 0y ={0t,x);te(0,7),xeBY,
(10) WY lap) = fueL,y(ap); Duely(ap), o =1,...,35.

Let Q be given as (4) and let

(11) T = 1(0,00) =381 v [{0}xB]

be its parabolic boundary. Suppose that the coefficients %i% =

. Aig(t,x,u):QxRB—-* R (i,3,0¢, 8 = 1,...,3) of the system (6)
are bounded, continuous on R3 as the functions of u for almost all
[t,x]€ Q and measurable on Q as the functions of [t,x] for all

ue R3. Let further

(12) Uy be given Lipschitz continuous function on T.
Definition. The function u:Q —o-R} which is bounded and me-

asurable and such that for all T>0 u belongs to the space
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Hg'l(QT) is said to be a weak solution of the boundary value pro-
blem for the system (6) with the boundary condition u, if
(i) for all vy « C (@) with the compact support in Q U
v ({0} »B) holds
i i ij j L1
(13) ,&[u ¥i - ADp ulng y'lat ox -

P

- ) Buz,((],x) \,Ji(U,x) dx,
103

(ii) u(t,s) = uo(t,') in the sense of traces for almost all

te (0,00).

Remark. Similarly we could define a weak solution of the
boundary value problem for the system (1).

Define for E e (0,00)

2
(18) ECg) =f0§e'” dt ,

-22
(15) F(g) =_ﬂ§)_g.:2§_e__ s

(16) acg) = HEL,
a7 @ (§) = 26(F) - F(E).

Denote for the function f£:(0,0c0) — R

(18) £(0) = lim
§—0.

= 1i .
, 16D fleo) = din 1(g)

Lemma 1. For the functions E,F,q and @ we have

= = = -2 ECE) _
(19) E(0) = F(0) = @ (0) = 0, q(0) 3 €1m0+ =1,

. Vo - = V7 -
(20) E(o0) = -7 F(e0) = 0, @p(0) = Vor | q(e0) = 0,

(21) Allthe functions E, F, ¢ and q are continuous and bounded

on (0,00),
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(22) E'(g) = e, FI(E) = e f-i%-l),
¢ (§) %ﬁl @(§) -§¢ (§) = 2€ - 3F.

Proof. All formulas can be established by means of elementa-
ry calculus.

Lemma 2. For the function g holds
(23) q((0,@)) = (0,%).

Proof. Try to find o¢ (> D) such that
(24) q(§) <o for all ge(o.oo).
The last inequality takes place iff
(25) H(g)= ECE) - ge‘fz - «g? E(EI<0, § e (0,0).

But H(0) = 0 and

2
(26) H(g)=§2ef(2-®)- 20 § ECE) =

S I -¢2

= £9e73 (2 -3) + 20 §(fe - ECGEN.
Setting o = % in (26) we can see that the first term equals zero
meanwhile the negativeness of the second term is obvious. So we
have proved that q(§ )< § for all § € (0,00). This together with
the non-negativeness of q, its continuity and the relations (19)-

(21) gives the assertion of the lemma.

3. Counterexample. Let q and & be the functions defined by
(16),(17). Let |x| be the Euclidean norm of the point x in Rs.

For t<1 put § = |x|/2 V1-t . The function
X
ﬂﬁ fortZl,xeR}\{m,

X
@7 LX) = Tx_}lj-_f‘l for t<1, x&Ry\10%,

0 for teR, x = 0
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is a weak solution of the boundary value problem for the system

(28) u}c-nd[(d;ﬂd'ij+ )DuJ-D i=1,...,3,

i pJ
1
(29) d -d . la-24+
*i \/4(a-2)+(6+a)q(4-3q) { ol
e(eea) —382y - 1 °‘ A (era1 29003 11 ten,
(30) d —L_{-d,GD ~—7xix“ (6+a)}
. = a- - +a)t,
: ofl Va(a 2) |%]

In the domain Q. (Here a is a real parameter. As a boundary func-
tion u, we take here the trace of the function u given by (27) on
the parabolic boundary 1" .)

In the next section we sketch how the system (28)-(30) was
deduced. Further we shall prove that for a> 2 the operator
-0 [ (d;a d}J + qildﬁJ)D ] is elliptic. Thus the system (28)-(30)
is parabolic in this case. Its coefficients are bounded. They are
also continuous except the points of the half-line {[t,x);tZ1,x=0}
The function u itself is continuous at the same set meanwhile on

the parabolic boundary " u is Lipschitz continuous.

Summarizing we obtain

Assertion 1. Let a>2. The function u defined as (27) is a
bounded weak solution of the boundary value problem in Q for the
linear parabolic system (28)-(30) with the Lipschitz continuous
data on [ The coefficients of the system are bounded measurable
functions. The solution u develops the discontinuity at the point
[t,x1= [1,0).

Let m be the inverse function to ¢ on 0,V > Denote

(31) G6(w)

{ an (I ew ), 0&w<l,

0 wz 1,

(32) Mw) = (6+a)(1-(73/2)G(w)) S w > 0, M(D) = lim M(@).
[ d w0
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Then the function u defined by (27) is also the weak solution
of the quasilinear parabolic system of the type
i_ i) Jy -
(3}) wt B&(A&p(u)wa ) =0
with the coefficients
ij _ gis v YV, .V,
(38) Aip-d';ﬂ ij wiVp3

where

(35) »_. = 1
oLl Va(a-2)+(6+a)G6(Ju])(4-36CTul))

X { -d; La-2 + (é+a) G(|u )] - M(Jul) uiunc§-

Indeed, for u given by (27) we have |u| = g €3 A%
Vi) = d (4,x) (ef.. (29),(30)).

Assertion 2. Let a>2. The function u defined as (27) is a
weak solution of the boundary value problem in Q for the quasiline-
ar parabolic system of the type .33) with the coefficients given
by (34)-(35) and with the Lipschitz continuous data on T’ The

coefficients are bounded and continuous on R3.

4. Calculations. In the course of this section we often use

Lemmas 1, 2 from Section 2 without mentioning it explicitly. Let

us recall
(36) §=——L"-|— for t<1.
2 Vi-t

Lemma 3. (i) The function u given by the formula (27) is

continuous in R>&R3 except the points of the set
(37) M =1[t,x]; t21, x=0t.
(ii) For each T>0 u belongs to wg'l(uT).

(iii) The function u is Lipschitz continuous on the set [
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given by (31).
Proof. Ad (i). Discontinuity in the points of M is obvious.

The continuity in all other points of Rx R3 can be easily obtain-

ed realizing that

N X. X
(38) For x=#0 1i g,y = 2 Lo (g) = —,
or x t‘_r’nﬂ‘_u X |le?§m «}:g ™
=0

(39) For t<1 lim ui(t,x)
Ix{—»0

and either convergences are locally uniform.

Ad (ii). According to (i) and the boundedness of @ we have

ueLw. For x#0 we can calculate
< X X
40) ol =f L g . - =iy 4z,
<R T et T
—— [d ( )- Ligeg) - (g NI,
\,-,I [ i ® § ' ¢(f) -fo'(F
t<c 1.

As the functions in the squared brackets are bounded and measurab-
le and the estimate Iq*ui(t,x)lé CIxI'1 a.e. is valid we obtain

i
that D .u eLz(QT).

Ad (iii). The derivatives qui are bounded and continuous on
" . To check this fact it suffices to consider the points on I

where the formula defining u changes and the point [ 0,0]). There

we get

(41) 1im  pul = Lo ]
t>1- % x| T x |2 '

(42) D.ul(0,0) = 1im Dui(o,x) = —2—0 ..
« xls0 & 3a ot?

Further, we‘calculﬁte

i 0 for tZ1,
) T { 2 _*iieye3
— —— £ t< 1.
TR g or
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For x#%0 we have

(44) HERD) ——,xi

44 lim uy(t,x) = 2 .
t>1- ¢ | x|

So uéis bounded on the set (0,00)»= 3 B. From the boundedness of

first derivatives of u on corresponding subsets of [ it follows

that u is Lipschitz continuous.

solution. Modifying the method used by J. Sou&ek in the case of

elliptic systems we try to find the parabolic system with given
solution u in the form

. d,.d,. .
(45) wy - DLy sy - B0 T <0,

(E,Dxu)
setting
~ _ i _
(46) d‘,ci = D‘u t":ci‘

Substituting into the system (45) u (given solution) for w

and q‘i from (46) we obtain the condition for Qxi’ namely,

i,
(47) uy = chti'
So for each definite choice of u we are to find reasonable Ezi

which satisfy the condition (47).

case t<1. Look for b,j in the form

1 Ixi XX i
(48) b,, = —— (=== P(E) + Q(g)), (€ given by (36)).

After simple calculations we get

5 1 . ]
(49) Bty = =iy o LEPTGED - POED) » (FO7(E) + A(E D,

The functions P and Q are proposed to be of the form
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(50) P(§) = aE(§) + oF(§), QCE) = cE(F ) + dF(§),
(a,g9,c and deR).
Differentiating we obtain

§PCE)
.2
§0°(§) = (co2d) §e f - 20F(f).

"

2
(a+2g) o A 2gF(E ),
(51) £ oF(E

Substitution from (50),(51) to (49) leads to the following form of
the condition (47):

- 2
(52) (c-a)E(§ ) + (c+2dvas2g) § e f - (d+3g)F(§) =
e2
= 4E(E) - b gef .
2
Comparing the coefficients standing by E, F and g e'E we have
(53) c-a=4, c+2d+a+2g = -4, d+3g = 0,
from which
(58) g=5+2,c=2F+2),d=-35+2).
This together with (49)-(51) yields
%i
[xl

Rewriting the corresponding part of (40) in the form

(55) b, =

1t
o1 v

X X
(aE + (7 +2)F) + ﬁ’ 7+2)(2E -3F)].

(56) D = [ Jui (2E - F) - o L2 - 3F))
L L Ix]°

we get with use of (46)

6N G s —E—[-g, ,(a-2+(a+6) P - E3(ar6)(1-5D)]-
=T x| ? \1’ #
Now we can calculate

2
~ ‘E
(58) (d,D u) = m[n(z-a) + (a+6)a(3q-4)]-

Lemma 4. Let a> 2. Then (E,Dxu)<:0 and the operator
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d.q..
(59) - D U(, o, - <181 gy )
3 J ~
i (d,D,u)

is elliptic. Thus, in this case, the system (45) is parabolic.

Proof. If (d, D,u)« 0, then

a.q,. @, )2 )
(60) (o  o.. - =LB], N SR Kl L N K
B 1] (a‘,Dxu) §¢1§{3‘] ¢ (d,Dxu) E ’

so the ellipticity is obvious.
The relation (G:DXU)( 0 for a> 2 follows immediately from the
fact that q:(0,00) — (0,%), as it was proved in Section 2 (Lemma 2)

Substituting now to (45) for d, (E,Dxu) from (57) and (58) we
obtain in the end the system (28),(29).

Remarks. 1) 1In the case n>3 we may proceed in the si-
milar way.

2) The idea of the expression of the functions Q!i in the
form (48),(50) arose in the connection with our attempts to exploit
the original Struwe’s counterexample [1] Trying to use it direct-
ly, we were not able to remove the discontinuity of the obtained
system of the type (1) from the points of the whole hyperplane
ATt,x2; t=1, xeRs}.

3) The standard proof of the fact that the function u defin-
ed by (27) is a weak solution of the boundary value problem (13)

with the coefficients given by (28)-(30) is omitted.

5. Remark to the systems with quadratic growth. Let u be the

function defined by (27). After an easy but tedious calculation

(which we carry out for t<1 only) we get for arbitrary A>0Q

i i
(59) El;_ﬁ%_ - —L o F g,
oul?  Ixl
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where

g2
(60) ¥(g) - VT ———fe d

é? - EF +'%F2

So u is a weak solution of the boundary value problem for the
system

X,
(61) wi-anwt- ey 7 YE) logwl?
X

(= £(t,x,w,0,w))
with Lipschitz continuous boundary data on [".
So for the right hand side in (61) we have the estimate

(62) f(t,x,w,p)€a Ipl2
with

(63) a = (A+1) 7 sup ¥ (§).

Because of Iluut =1 and A= A we have
00

(64) a ﬂu“Lwﬂ,'l = (1 + %) %- sup ¥(§).

Provided we had an estimate

(65) % sup ¥(§) =K

we could choose for each ¢ > 0 such A>0 in (61) that

(66) a “u“L Alek@l +e).
<)

Assertion 3. The estimate (65) holds with K = 1,5.

Proof. Using (16) we can rewrite

ot
60 ¥(g)-—T  E-fe

l-a+q £?

Taking account of q a(O,%) and 1 - q + % q? - 3(%q - %)2 + % we

2

have

60) — YT 3V,
1 -q+ f q

Denoting
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2
ECE) - fef
EXCE )

"

(69) s(§)

we get S(0) = 0, S(o0) = and using (15),(16) and Lemma 2:

2

Ve
-3 -g2.2 -2 _-f.2

277 e g (E-F) = 2E e § (1-q9)>0

5'(§ )
for all g > 0. Thus S increases and

2
(70) 0<S(§ )< —.
£ 7
From (67)-(70) we obtain

(11)  ¥(§I<y VT Tj'r“—=}’ vE > 0.

Remark. The estimate (65) holds probably with a K< 1,21 as

the following calculated values of ¥ suggest.

I § | 031 ] 05 | 1,0 | 1,2 | 1,87] 1,89 |
1Y (€)|0,1767 |0,8962 |1,7563 |2,0268 |2,3997 |2,4003 |

1§ | 1,91 ] 1,93 2,0 | 3,0 | 5,0 15,0 |
1 ¥ (€ )|2,4005 [2,4003 [2,3971 |2,2258 |2,0807 |2,0089 |

we can conjecture that sup 3’(? )< 2,42,
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