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SPECIAL POLYNOMIALS IN ORTHOMODULAR LATTICES
Ladislav BERAN

Abstract: In this paper the set MI"n of all meet-Frattini

polynomials and the set of all join-Frattini polynomials are
studied. In particular, it is shown that the upper commutator
belongs to MFn. Some properties of friendly peirs of polynomi-

als are established, Also quite complete information regarding
the commutativity relation in the free orthomodular lattice F?_

is given and, as a by-product, a simple description of the quo-
tient set corresponding to the equivalence relation defined by
friendly pairs of polynomials in two variables is obtained.

Key words: Commutativity relation, free orthomodular lat-
tice ﬁ%‘i Two generators, commutator, Frattini polynomial,
friendly pairs of polynomials.

Classification: 06C15

1. Preliminaries

If a,b sre elements of an orthomodular lattice ‘L =
= (L,v,A, »0,1), we say that a and b commute and write

aCb, provided a = (aab)v(aab’).

Recall the following result (cf., e.g., [1]):

Lemma 1.1. In every orthomodular lattice,

(i) aCb ¢ aCb’ & bCa;
(ii) (aCb % aCec) => aCbac;
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(iii) (aCb & aCc) =» aaA(bvc) = (aab)v(aac).

For our purposes here, we need the fact that C has

an exchange property of the following type:

Lemma 1.2. For any elements a,b,c of an orthomodular
lattice,
(aCbAc % DbCc) > aabCe.

For a proof, see [2].

Convention. In what follows, ‘L will always denote

an orthomodular lattice.

The 96-element lattice which represents the free
orthomodular lattice F2 with two generators was studied
in [4]. It should be noted that its elements can be
decomposed in a natural way in six different Boolean

algebras B1 - 36, where

B, = [0; com (x,y)],

B, =[xa(x'vy)alx'vy); xvix'ay)viz'ayn],
3 =[ya(F vx) Az vx); yviz'ax) viy ax)],
A =[y Aalyv)alyvx); ¥ vigax)viyax)],
Bg =[x'A(xvy)al(xvy); x vixay ) vixay)ld,
Bg = [com (x,y); 11.

For more about this and the basic properties of F2 the
reader may consult [1].

.

The set of all the polynomials in A ,v and

of n variables Xy9Xyy see ,X, Will be denoted by Pn‘

n

To simplify notation we shall denote the value p(a1 185, oo

«++ ,a;) of a polynomial p = P(xy,Xp, <o ,xn) in a,

8, «ce , 8, €L by p(a;,e). A similar formalism will be
-~ 642 -



retained also for p(xl,xz, ,xn). Two polynomials

p(x;,e) and q(x,,e) of P, are said to commute if end
only if for every ‘L and for every choice of elements
81,855 oo 8, in L the element p(a1,o) commutes with
q(a1 ,0).

Let a be an element of L. We define a‘ = a and

a" = a’, Now it is easy to recall the concept of a commu-

tator due to [3]. The upper commutator of &,,a,, ... ,a €

€ L 1is defined by
com (319827 vee ;en) = /\ (3$“)VE§(2)V ”'varel(n))’

where e runs over all the mappings e:{1,2, ... ,n} —
— {-1,1}. The lower commutator of 81,85, oo 8, is

n
defined dually, i.e.,

com (31,32, cee ,an) = \/(a'f“)/\ag(Z)A ...A&:(n))-

2. Frattini polynomials

A polynomial feé€ Py is said to be meet-Frattini if
and only if it has the following property: For every p,

Q€ P, and for every 8,,85, <o ,8 of any ‘L the

n
element p(a1 ,0) commutes with q(a, ,0) Af(!‘ ,0) if and
only if p(a, ,0) commutes with q(a1 ,0). A join-Frattini

polynomial f is defined dually by the condition
pla;,0)Cq(a,,0) v £(a,,0) <> pla;,e)Cq(a,,e).

We shall denote the set of all meet-Frattini polynomials
of P, and the set of all join-Frattini polynomials of Pn
by Il’n and JFn, respectively.

Our first result is a technical lemma about polynomials
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in Pn which will be useful later.

Lemma 2.1. Let peglamikt ﬁ,%,.u @neh If

e maps {1,2, ... ,n§ into {-1,1}, then either

p(a;,8, «.. ,8)) £ a$(1)v 35(2)v oo v a:(n)
or
p(ay,85, «.0 ,8.) S af(”vag(z)v e v a:(n).
Proof: Use induction on the rank of p.
Lemma 2.2. For any e:{1,2, ... ,nj—{-1,1f,
xf(‘)v xg(a)v ces Vv x:(n)e MFn
and
xle(l)A xg(z)/\ ces A xg(n)éJFn.

Proof: First note that
(1) p(al,o)Cq(ai,o)A.(af(i)v °)

is equivalent to

(1)

(2) p’(a,,e)Ca(a,,0) A (a" 've).

Now, af(1)

v o commutes with q(a‘,o) and with pd(a1,o),
where 4 =11, Thus, by Lemma 1,2, (1) is equivalent to

(3) pd(ei,o) A(af(l)v e)Cq(a,,e).

From Lemma 2.1 we infer that (3) is equivalent to
(4) p%a,,0)Cala,,0).

Consequently, it follows by Lemma 1.1 that (1) is equivalent
to p(a;,e)Cqla,,e).

Similar reasoning yields the remainder of the proof.

As a direct consequence of Lemma 2.2 we have the

following useful proposition.
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Proposition 2.3. For any ne¢N,

Com (X;,X5, «o. »X,) € MF

and
com (Xy,Xy, «o. ,X )e€JF .

3. Friendly psirs of polynomials

Let p,q,r,8€P . The pairs (p,q) and (r,s) are

said to be friendly (written (p,q)~ (r,s)) if and only if
the following condition is satisfied for any ‘L and any

8,,85; s.c ,8 € L: The element p(al,o) commutes with

a(a;,e) if and only if the element r(a;,e) commutes

with s(a, ,0).

Our next lemma gives information regarding the

relation ~ .

Legwe 3.]1. Let p,q,r,s€P,. Then
(1) [p,q) ~(r,8)] & [(q,p) ~(r,8)] ® [(r,s)~(p,q)].
(ii) The relation ~ is an equivalence relation on Pﬁ.

Proof: Obvious.

Propositien 3.2. Let p,q€P,, let 01,fj,2“,r'

(184 6a, 1€J€Fb, 1 Susc, 1£v£d) Dbe mappings of
1,2, ... ,nf into {-1,1} and let a,b,c,d€N,. If

w,s €{-1,1f and
Ao 1) e2)
r(x"xz' see ,!-)'[P'(!‘,xz,....xn)/\ é‘ (x1i szi V eee
(n) Y oe1)  2.2) £.(n)
eee V !:in)]v [:Y,(x‘j A i A eee Axnjn)]
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[
E (1)  E (2)

s(x, ,12,...,xn)=[qz(11,xz,...,xn)/\ L\‘ (x, v X,
E (n) ¢ F (1) FL2) F_(n)
ceevx v [v\=/1 XY A x" A oax D],

then the pairs (r(x;,x,, ... ,xn),s(x',xz, ,xn))

(P(xy X5, oo ,xn),q(xl,xz, eos ,xn)) are friendly.

Proof: Let
a ei(‘l) a ei(I)
A= A (x v e), ‘A= /\(a1 v e);
i=1 i=1
b £.(1) b £.(1)
B, = (113 A o), ‘B = \/(a,J Ae);
J=1 J=1
¢ E_ (1) ¢c E (1)
¢, = Ax% v, C= A(a," voe);
u=1 u=1
a4 F_(1) a F_(1)
D, = \V(x,¥Y ~Ae), ‘D= \/(a,' A @);
! =l ! v=1 L

‘P = p(a;,0), °Q =q(a,e).
Now, °‘B@'PA‘A. This, together with the dual of
Lemma 1.2, implies that

(5) [CPa*a)v° Blci(*Qa‘C)v D]
is equivalent to

(6) (*PA*A)C(*QA"C)v'Dv'B.
From Lemma 2.2 we infer that (6) is equivalent to

(1) (‘PA*A)C[(*QA‘C)v'Dv'B]A(*Dv'B)’.
However, (‘Dv°B)C(*QA‘C) and (‘Dv‘'B)C(*Dv'B)’.

It then follows from Lemma 1.1 that
- 646 =
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[(*QA) v Dv BlJA(‘Dv° B) = (*QA‘C)Aa(*Dv'B)".
Note that, by Lemma 2.2, D,vB,e MF,. Therefore, (7) is

equivalent to
(8) (*PaA)C('QAC).

But the polynomials At,C1 are also meet-Frattini. Thus,

(8) is equivalent to ‘PC*Q.

4., The commutativity relation in the free orthomodular
lattice F,

Similarly as in [1], let x,y denote the free
generators of the free orthomodular lattice F,.

Given two polynomials p,q of the infinite set Py,
one can ask what means the condition "p commutes with q".
An enswer to the question is evidently given, provided we
can characterize what means the condition

(9)  p(x,y)Cq(x,y)

in FZ‘ %
Since F, has exactly 96 elements, we have ( 2) =
= 48.95 = 4,560 possibilities how to choose the couples
(p,q) in (9). However, we shall see that no computer is
needed to give a complete survey of the corresponding

situations.
The next two lemmas are of critical importance for
what follows but are also of independent intereat.

Lemma 4.1. Let peP,. If p(x,y)eBluBG, then

p(x,y)Ca(x,y) for every q€F,.
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Proof: Suppose p(x,y)eBé. Then p(x,y) is equal to
a meet of some elements xeiv vy i (e5,f; ef-1,14, icI).
Since xeivyfi belongs to the center of FZ' xeivyfi
commutes with q(x,y). By Lemma 1.1, p(x,y)Cq(x,y).

A similar argument can be used if p(x,y)e B,.

Lemma 4.2. Let p(x,y) and q(x,y) be elements of
B;, where 1%i$6. Then p(x,y)Ca(x,y).

Proof: By Lemma 4.1, the assertion holds whenever
i=1ori==~6.In the sequel we suppose that 2si=s5.
Using the information found in Figure 18 of [1],
we can see that
p(x,y) = [z; A com (x,y)]v a(x,y)
and
qa(x,y) = [zi/\;o—m (x,y)] velx,y),

where d(x,y),e(x,y)e‘B1 and where z, =X, 23 =y, 2, =
=x’, z5 = vy . Therefore, by Proposition 3.2, p(x,y)Cq(x,y)

is equivalent to ziCzi which is always true.
Theorem 4.3. Let 235i<js5 and let p(x,y)e By,
q(x,y)eBJ. Then p(x,y)Cq(x,y) if and only if either
i=2 v j=5

or
is3 ¥ j=4.

Proof: Similarly as in the proof of Lemma 4.2 we have
(10) p(x,y) = [sAcom (x,y)]v d(x,y)

and

(1)  q(x,y) = [vacom (x,y)] ve(x,y),
- 648 =~



where d(x,y),e(x,y)€B, end {z,v fcix,x",y,y }. Hence
p(x,y)Cq(x,y) if and omly if 2Cv, i.e., if and only if
either {z,v!= {x,x’} or {z,v}={fy,y’}.

Remark 4.4. Figure 1 indicates all the relations of
commutativity in F2. The cdge Jjoining 53 and 54 means
that any two elements peB3, q€B4 commute. No two
elements Py € BZ’ p2€B3 commute and, therefore, there is
no edge joining 52 and B3. The loop at Bi means that

p3Cp4 whenever p3,p4GBi.

\\//

Fig. 1

e

Theorem 4.5. Two polynomials p(x1 ,xz) and q(x, ,xz)
of P, either commute or in any 'L the element p(a',az)

commutes with q(aI,az) (51,52 €L) if end only if a,Ca,.

Proof: Suppose there exists an orthomodular lattice °T
and elements b,,b,€T such that p(b1,b2) does not commute
with q(b,,bz). Then the elements p(x,y),q(x,y) do not
belong to B‘ UBg. Moreover, by Lemma 4.2 and Remark 4.4

neither {p(x,y),a(x,y)}cB; mor {p(x,y),q (x,5)}CB,.
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Hence we may assume that p(x,y) and a(x,y) are of the
form given in (10) and (11). Therefore, if al,azelﬂ then

pa,,a8,) = [zOA‘ESE (91,32)] vd(a,,8,),
q(a‘,az) = [voA com (a1,a2)J Ve(31:52),

where 1z,,v,} c {a1,a;,aé,a£} and vy £ 25 # vé. Without
loss of generality we may assume that 2y = 8, and Vo T

= a,. From Proposition 3.2 it follows that p(al,az)Cq(al,az)
if and only if zvao, i.e., if and only if 31092.

As a direct consequence of Theorem 4.6 we have the

following result.

Corollary 4.6. For any p,q€P, either (p,q)~ (0,1)
or (p,q) ~(x,,12).
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