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COMMENTATIONES MATHEMATICAE UNIVERSITATIS CAROLINAE
26,3 (1885)

REMARKS ON I-DENSITY AND |-APPROXIMATELY
CONTINUOUS FUNCTIONS ,
W. POREDA, E. WAGNER-BOJAKOWSKA and W. WILCZYNSKI

Abstract: Special properties of I-density points, topolo-
gleb ZT'I and l-approximately continuous functions are investiga-

ted on reals, where I is a proper 6 -ideal of sets.
Key words: Density point, approximately continuous function.
Classi fication: 54H05, 26A99

This paper is a refinement of a paper [2] in which we have
introduced the notion of I-density point and proved that it lepmds
in a natural way to an interesting topology on the real line.

We have found also bagic properties of real functions which
are continuous with respect to this topology. Here we present so-
me special properties of I-density point, topology g I and I-ap-
proximately continuous functions.

Let (X,S) be a measurable space and let ICS be a proper 6 -
ideal of sets. We shall say that some property holds I-almost e-
verywhere (in abbr. I-a.e.) i1f and only if the set of points
which do not have this property belongs to I. We shall say that
the sequence {fn}ncn of S-measurable real functions defined oni
converges with respect to I to some S-measurable real function f

defined on X if and only if every subsequence {fnm} 4 {In}

conteins a subsequence {rnm} pex "hich converges to £ I-a.e. We

neN

P
shall uge the denotation t, "'EIS? L.
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Now let X = R (the real line), let S be a 6 -slgepra of Le-
besgue measurable sets and m-a Lebesgue linear measure, A point
0 is a density point of a set AeS if and only if i:lgo_'_[(Zh)q'
em (An[=h,h])] = 1, Observe that this condition is fulfilled
12 and only 3¢ Mm [(27'n). m (An[- 1, %) = 1. The last 1i-
mit can be described in terms of convergence in meassure in the
following way: O is a density point of A 1f and only if the se-
quence {1, (p,2)n[-1,13} ney ©f charscteristic functions (where
ne+A =finxixc Al) converges in measure to 1 on the interval
[=1,1]. This faot is the basis for the following definition, whe-
re X =R, S 18 a 6 -algebra of subsets of R invariant with resp-
ect to linear transformations and Ic 8 is a &-ideal, which is

alno invariant with respect to linear transformations.

Definition 1. We shall say that O is en I-density point of
8 set AcS if and only 1f x (, A)n[-‘l,‘ll‘i’-ﬂ“‘

We shall say that x, is an I-density point of A eS8 if and on-
1y if 0 is en I-density point of A - x = {x - x,:x6Al. We shall
say that X, is en I-dispersion point of A&S if and only if x, is
an I-density point of R - A, Observe that O is an I-dispersion
point of A 1f aad only if X,(p.p)n[-1,1] wEE O

Similarly one can define right- and left-hand I-density
points. We can take some interval [-a,a), a>0, instead of [-1,1],

In the sequel we shall consider only sets having the Baire
property as the 6 -algebra S snd for I we shall always take the

family of meager sets. Under these assumptions we have:

Lemma 1. If A is an open set and the sequences ﬂm‘nsﬂ and
-tjnl ney heve the following properties: i >0, J,>0 for each né€N,

RS L P R
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x‘(in-l)n[-d RO =1 0 I - a.e., then also
Wy hnl-1,1) Z5 0 I-a.e.
Proof. Suppose that 'X,(in' Anle1,1] m——_;-; 0 I- a,e. Then
the set of all xel-1,1], for which the sequence
'i‘(,(in Anl-1,1 (x)} ney does not converge to zero, belongs to I.

The last set is equal to [-1,11n lim sup (1, - A), =0 we have
[-1,1] r\"ﬁ\<I (1k- A)e I. Since the last set is of type G, and
meager, it must be nowhere dense. We shall prove that

@0 00
{=1,11 ”,.94 2/m (3 4) is also nowhere dense. Let fe,plc(-1,1]-
~ {0% be an arbitrery non-degenerate interval, For convenience
supposge that a> 0 (in the ‘case b< 0 the proof is analogous). It
follows that there oxlstn & non~degenerate interval [c,d)c [a,bl]
such that [c,d1n ﬁhm (1, + A) = §. So for every xelo,d] the-
re exists & natural number n(x) such that for every natural number
k2n(x) we have x § 1, *A. Let E, =ix elo,d)yn(x)én . The sequ-

o0

ence {E} o of sets is increasing and U E = {c,d1. Hence the-
re exists a number nocl and non-degenerate interval [e,f]lc [c,d]

such that B, 1s dense in (e,f]. Then for every kZn, we have
)
(Enon (e, 21N (1 - A) = @, s0 (Enon le,£1) N (4 - &) = @ (4t fol-
lows immediately from the faot that i, + A is open). But
Enon [esf] = [e,£] s0 at last we have [e.ﬂnh\ﬁ‘(ik‘” = §.Take
(-]

€ >0pguch that g = (1 + )+ e<(1 =€)+ £ = h, Let Nz n, be
such & number that for n>N, we have (1 - €)1 <j < (1 + )i

(such X does exist since 75> 1). Observe that for each
nZlo &nd for arbitrary yeA we have 1 . y<e or i+ y>£. Hence
for mz N, and for yc A we have J . y<(1+€)-4,y<(1 +¢)re =
=g, when L » y<eor § +y>(1 -¢)+4 -y>(1~-€)-2=h, when
1go7>2. 8o [g,kln dp* A = @ for mZF  ena [g,h] '\fi' g”(dm%)-
= P ~ 555 -
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From the above reasoning it follows that for every interval
[a,blc[=1,1]1 = £0} there exists a non-degenerate interval
[g,h] Cc [a,b) such that [g,h) n lﬂn sup (J,+4) = & s0

lkn sup (J,+ A) is nowhere dense and obviously belongs to I. So
we odtained that %(321")"['1 1 myo 0 I-a.e, which ends
the proof of the lemma,

Corollary 1. A point x,is an I-density point of the set
BeS if and only if for every increasing sequence {tn} ne¥ of po-

sitive real numbera tending to infinity there exists a subsequ-

ence {tné meN Such that ’x’("nl;“’"‘o))““ A1 e ! I-a.e.

Theorem 1. There exists an open set E = 3 (a,,b, ) where
{b,} ey tonds decreasingly to zero, &,,,<b <& for each ne¥
such that O is an I-dispersion point of E.

Proof. Observe that from the definition it follows immedi-
ately that O is an I-dispersion point of some set Ec S if and
only 1f for every increasing sequence {nm'; neN of natural numbers
there exists a subsequence {nm; peN such that 'x,(nmpg)o ['1~Um

m 0 I-a.e. So we ought to construct a set E fulfilling the
above desoribed condition. In virtue of the fact that E will, con-
sist only of poeitive numbers we shall consider the characteris-
tic function in the interval [0,1] instead of [~1,1].

Let (ay,by)c (0,1), 8,50 be an arbitrary interval. There
exisis exactly one natursl number q, such that (4113.1 ,q1b1) N
n00,11 % § and ((qq + 1)-8;, (qy + 1):b) N [0,1] = . Choose
B, (0,1) such that (g, + 1)+b,< 27", Let &, = 5 b, and q, be &
natural pumber such that (qy8,,95b5) [0,1]1% @ and

((ay + 1)-8y, (gy + 1):b)n [0,1] = §, There is exactly e uuoh
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Qe
: Suppose that we had already chosen a;, by and q; for 1 =

= 1,25000,k, We chooBe 8,y Dyeyq 204 q q¢ Let b 4 6(0,1) Be
such & number that (g + 1) ¢ Pyyq < 27k, Put LR -E-:% +byyq ad
let gy,q be such that (Qu.q*®41r Q41 *Pst) N0, 1] %5,

(Cager + Voo (yq + 1)ePpyg)n 10,10 = 4,

So by the induction we have defined s, b, end q, for each
natural n, Observe that the sequence {qnl y is inoreasing. Put
E = U (e. Wb, )e We shall prove that E is tha required set.

wg shall start from proving that for every naturel number

X,( .E) [2'1 19 mjw O. Let 1) be a fixed natural number. From
n-E)n

the construction it follows that for n>q; the set (n-E) n
-1 o

nl2 ©,1] either is empty, or consists of one interval

(n. 8i(n)? B°* b:l(n))“ {2 °,1) where i(n)>io and i(n) e JLD

Prom the fact that o = FE-T bk it follows that the length of the
above mentioned interval (which may be open or half closed) tends
to zero, when n tends to infinity, Let {nni mey P® en inoreasing
sequence of natural numbers., If for infinitely many natural num-
bers the set (n - E)n[Z- ©,1] 1s empty, then we can choose the
subsequence {:\n;'; peN for which x(nml-’E)ntz-j'O.U tends to zero

everywhere. In the opposite case we have a sequence

where m, is a suitably chosen number of

-1
”(nm.n)n[a o, niwomn
characteristic functions of intervals with lengths tending to ze-
ro, Choose a subsequence {nmi pe to assure that the left-hand

1
ends of those intervals are oonvergcnt to a number x,€ [2 °,11.
Then we can see that x(nm' E)n[2 o’ﬂ tends to zero everywhere

P
except, perhaps, the point x, In both cases we have convergence

I-a.e. on the interval [2 1 1]
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Now we shall prove that O is I-dispersing point of E. Let
%ﬁn‘n X be an increasing sequence of natural numbers. Let

{ns)}ma be & subsequence for which convergenoce holds I-a,e. on
l'.?."1 W11, {ngz)} mcy ~ ©& subsequence of {ns)! neXN which is good for

[2"2,1] and so on, Por the diegonal subsequenoce {ngp)i pei Ve ob-
tain convergence I-a.e. on [0,1]. This ends ths proof.

From the above theorem it follows that the notion of an I~
density point is rether delicate and different from the notion of
a reaidnal point.

Let $(A) = i{x; x is an I-density point of A} for AeS. It
is obvious that P (A)e S for AeS and 1t is known that the ope-
ration @ is s0 called "lower density"™ and that G"I ={®A) - ¥
Ac 8, NeIl is & topology (see [21).

Now we shall occupy ourselves with some properties of topolo-
& J1. In the sequel Ty - Int A and I - Cl A shall denote the
interior and closure of the set A respectively in S"I.

It is easy to prove that

Theorem 2. Every set of the first category is T 1-1isolated.

Theorem 3. The femily of sets which are J';-Borel sets co-
inoide with the family of sets having the Beire property.

Proof. If & set A is J'y-open, then it has the Baire pro-
perty. Hence every set which is @ G"I-Borcl set has the Baire pro-
pexrty.

Conversely, if & set A hag the Baire property then A =
= (G - 1’1)022 where G is en open set in the natural topology and
PysPye I. Hence G -~ Py ¢ Ty and P, is T'y-closed so 4 15 & J'p-

Borel set.
- 558 =




Corollary 2. Every set which is a 5'I-Borel set ig the sum
of Ji-open set and G"I-oloaed set,

Theorem 4. A set is T p-nowhere dense if and only if it is
of the first category.

Proof. If A is a set of the first category then A is a’I-
closed end Ty - Int A = § s0o A 1s Ji-nowhere dense,

Conversely, if A ¢ I then a’I -ClLA68 -1I, 80 TI-ClA
(G - P1)v P2 where G is a non-empty open set in the natural topolo-
&Y, Py,P,€ I. Obviously, $46 - PyC TI-Int (’J‘I - C1 A). Hence

A ig not T p-nowhere dense.

4
Now we shall study some properties of continuous functions

from (R, :TI) into R equipped with the natursl topology.

Definition 3. We shall sey that a function f:R—> R having
the Baire property is I-approximately continuous at x, if and on-
ly if for every g > O the set = ((2(x) - e , 2(x) + e))

has x, as an I-density point.

Definition 4. We shall say that e function f:R—>R is I-
epproximately continuous if and only if for every interval (¥4,Y,)
the get £ ((y9+¥,)) belongs to F'y.

From the above definitions we obtain immediately the following

theorem.

Theorem 5. A function f:R—> R is I-approximately continu-
ous if and only if it is I-approximately continuous at every point,

Recall that in real analysis there are at least two frequent-
ly used deﬁ.nitionn of (ordinary) approximete continuity at point
x,: first of them (similerly as def. 3 above) says that £ is ap-
proximately continmuous at X, if and only if for every ¢ > O the
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set £ ((2(x)) - ¢, £(x,) + ©)) hes x,
(this set includes a neighbourhood of x, in the density topology);

as a density point

the second deals with some restriction of f, namely, £ is appro-
ximately continuous at X, if and only if there exists in the den-
sity topology a neighbourhood E of x, such that £| E is continu-
ous at x (in the natural topology relativised to E).

If we took any topology J instead of density topology, we should
obtain the "topologicel" definition and "restrictional" definiti-
on of continuity at X, According to L11, th. 5 these conditions
for topology T invariant with respect to translations are equi-
valent if and only if the following condition (W*) is fulfilled
(we quote the condition in the fomulation more convenient for
our purposes): (W¥) FPor every descending sequence {En} ncy Tight-
hand (left-hend) ‘I -neighbourhoods of O there exists a sequence
{h} oy such that h N0 and the set {0} umg (Epn [hyq,h00))

00
({0t v %91(Enn (-hn. "%+1])) includes e right-hand (left-hand)
’f—neighbourhood of O,

Since for eny descending sequence {E!} ne
as & point of right-hand density there exisis & sequence
{hd jcps BN O for which the set (O (B nlhy,q.hy)) hes elso 0

as a point of right-hand density, the above quoted two definiti-

X of sets having O

ons of approximate continuity are obviously equivalent. Observe
also that the above condition can be also formulated in terms of
points of dispersion.

From the following theorem we cen conclude immediately that
tfor F I topology the "restrictional" and "topological" defini-
tions are not equivalent. Obviously, "restrictional™ continuity
always implies "topological",

Theorem 6. There exists an increasing sequence {An} ncN
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of sets having the Baire property such that for every naturel n

neN
of numbers tending decreasingly to zero a point O is not an I-

00
dispersion point of the set A = %LaJ,1 (Ann[bn” W)

0 is an I-dispersion point of Ln and for any sequence ihn}

Proof. VWe shall use two obvious lemmas:

Lemma 2, If O is an I-dispersion point of B1 and 32' then
0 is en I-dispersion point of B,uBa.

Lemma 3, If O is an I-dispersion point of B, then for eve-
ry number a€eR O is an I-dispersion point of a B,

Now let E be the open set having O as an I-dispersion point,
E =, (8;,b,), byNO (see the proof of th. 1). We can (and
shall) suppose that for every natural i we have by = (11)'1 ’
where 1, ’1'.:15 naturel number. Put A, = E and for n>1 A, =
= Ay 3 v .Y (1.E). Prom lenmas 2 and 3 1t follows immediate-
ly that for each n zero is an I-dispersion point of An.

Let {hn}nel{ be a sequence of numbers decreasing to zero.
We shall show that O is not an I-dispersion point of A =
© .
= Nl 4,h)). Nemely, we shall show that for such
in} .y there exists a sequence {m}, o such that for every sub-

sequence {nkpl pex °f {ml}, gy the sequence { Y(o,1n ("kp' A)}p€lI

does not converge to zero I -a.e. (obviously it suffices to con-
sider [0,1) instead of [-1,1], beceuse A, and A consist only of
positive numbers). Now we construct a sequence {"k‘ken‘ Let

n = {: = 1,, where 1 is the smallest natural mumber such that
b1< hj.' Suppose that we have defined MypecesBye Let ey =

- Jri = 1;, where 1 is the mmallest natural number such that
by<hy,q end 1, > max (my,...,m ). So we have defined by induc-
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tion an inoreasing sequence imJ}, g 0f natural numbers.
Let {nk}p peE be & mibsequence of {mJ, y. Denote 2, =

- %Lo.ﬂn(-t'l)' Observe that for each natural k we have
P

A n (0,0)24,N(0,h), because the sequence {‘n}nd was incre-
asing. Hence, in virtue of the inequality hk o my > 1 we have
P P

10,13 A (m - 4) = [0,1] A (m » (AN (O, ))) 210, (my -
P P P P
- (A A (0,h, ))). From the definition of A, We conclude that
P P P

the set [0,11n (m (A, N (O,hy ))) includes the following in-
P P P

1 2
tervals: '( °a 'b) ( a, 'b) see
k1E; “kp 1'%p1'k‘p"‘kp 1"‘kp1'
""'{"'("k cagy My bi) where 1 1is & number described during
P P P

the construction of {ml, . (obviously m +b; = 1), hence the
P
set (0,11 (m - (An(0,h ))) also includes the same intervals.
P P
Since 11.:-p np fp(x) = 1 if and only if

- n,’31 Qm (L0, (m -(An(o,hk )))), and esch union in the
last expression is an open set whiog is dense in [0,1] (this fact
immediately follows from the above argument), we conclude that
11.-p sup tp(x) =1 I-a.e, It means that the sequence

{xto.ﬂn(nk . A)‘ipcl does not converge I-a.e. to zero, which
P
ends the proof.

Theorem 7. A function f:R—> R bhas the Baire property if
end only if it is “restrictionally" I-approximately ocontimuous

I-a.e.
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Por the proof compare the proof of the theorem 7 from [2].
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