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COMMENTATIONES MATHEMATICAE UNVERSITATIS CAROLINAE
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ON PARACOMPACTNESS IN UNIFORM SPACES
Jan FRIED

Abstract: We introduce a concept of < -paracompaciness
as a generalization of various types of paracompactness in uni-
form spaces. We prove some basic properties and give some cha-
racterizations. As an application, we give a characterization:
of uniformly s -paracompact spaces analogous to Morita theorem
on s~paracompact spaces.

Key words: < -paracompact, uniformly 4#-paracompact.
Classification: 54E15

Introduction. Various properties of paracompact type have
been studied in the literature (e.g. [21,(61,[7],[11]), We in-
troduce a common generalization of these concepts, the concept
of € -paracompact space. We show that some basic properties are
due to this general setting. As an application, we give a cha-
racterization of m-uniformly paracompact spaces analogical to
the famous Morita theorem [10] concerning s -paracompact topolo-
gical spaces, '

We would like to express our gratitude to Z. Frolik and J.
Pelant for valuable suggestions and helpful criticism.

1, < -paracompact spaces. Saying "space"™ we always mean,
if not stated otherwise, a uniform Hausdorff space. Compact to-

pological spaces are, of course, understood as spaces with the
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netural uniformity. A compactification of a space is Juat some
Hausdorff compactification of the underlying topological space.

Let the function % assign to each space X the collection
cex of open covers of X in such & manner that the two following
conditions are satisfied:

(1) let W be an open cover of I, Then We ¥y, provided
W is refined by some cover belonging to ‘fx,

(11) 1let £:Y—»X be & uniform map, let Ve ‘fr Then
(V) e €y

Definition 1,1. &) A space X is ¥-paracompact if for amy
open cover V' of X, the cover ’lf‘“’(consisting of unions of fi-
nite subfamilies of 2/) belongs to Cxe

b) Let 44 be an infinite cardinal number. A space X is
s - € -paracompact, 1f for any open cover U/ of X, (V| £ M,
the cover V< velongs to ¥y.

Remark. Obviously, 2 spece is ¥ -paracompact, if and eamly
12 it 18 s~ € -peracompact for eny 4x% -

Proposition 1,2, Let £:X—> Y be a perfect map onte., Let

£_4(¥y) ¢ €1, Then, X is.m - € -paracompact, provided Y is
mé - € -paracompact.

Corollary 1. XxK is sm - € -paracompact (resp. ¢ -para-
compact), provided X is m - € -paracompact (resp. ¢ -parscom-

pact) and K is a compact space.

Corollary 2., Let X and X be topologically equivalent spa-
ces, let X’ be finer than X. Then X’ is 44~ ¢ -paracompact, pre-
vided X is 44~ <€ -paracompact.
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Corollary 1 follows from the fact that the prejection
XxK—> X is a perfect map. Corollary 2 is & trivial ®hscyWe-
tion, which can be proved immediately.

Proof of the propesition: let 7 be an opem cover ef X,
V1< m . Since £ is perfect, V< “r £2 40 | yeXt ama we
can take for any y an open neighborhood v, of y in such a way
that

£ 1QU | 76X R V<. Por W e V<“deti

Uy = VAT, 11 (U )c .

.,

Since Y is s~ ¢ -paracompact, the cover {Uy | We U< “}*“ be-
longs to ?!. Therefore, U'<“ belongs to g+ bDecause
1 \{UgIWg V<@I<D ) <@,

Paracompactness can be also described by means of some
completeness condition. This was done by Corson im [1]. The
immediate generalization of his weakly Cauchy filters works

for ¢ -paracompact spaces.

Definition 1.3. A filter ¥ of subsets ef a space I is
weakly ¥ ~Ceuchy if for any cover U'e ¥y there is Va U sueh
that {V3I UF is a centered system.

Theorem 1.4. A space is smc- € ~paracompact iff any week-
1y ¢-~Cauchy filter with a baae of cardinality at most 44 .has
a limit point.

Corollary. A space is ‘-paracompact iff any weskly €¢-
Cauchy filter has a limit point,

Proof of the theorem: &) Let ¥ be & base of weakly ¥ -
Cauchy filter, | %| £ m ., Let the filtew have ho limit point.

- 375 -



Then, for any x£X there are an open neighborhood Ux of x and
¥, & ¥ such that UynP =@, For P e 4 define

Up = U{le o= F3.
Then the cover W = {Up| P € 3<% belongs to €y. But obvi-
ously §W3 u ¥ 1ip centered for no W ¢ W . Tontradiction.

b) Let A be an open cover of X, |U|l< m ., Let
U ¢ ‘fx. It means that for any W € ¢y there is W € % such
that W cannot be covered by finitely many sets from U . There-
fore, the filter generated by the base

fXT-vW Il WelUI<PY
is a weakly ¥-Cauchy filter without a limit point. Contradic-
tion.

The classical theorem of Tameno can be easily modified to

Theorem 1.5. Let K be a compactification of a space X.
Then, X is ‘-paracompact iff for any compact CCK - X there ex-
ists a cover V € ‘fx such thet for any Ve ¥ VENC = g,

Proofs a) Let CcK - X be a compact set. Then for any xeX
there is an open neighborhood Vx of x such that le{nc = #. The
desired cover is, of course,

w
v\ xex}y<~,

b) Let W be an open cover of X, Take for any W € W a
set v open in K such that W = ¥NX. Take the compact set C = K -~
- Uiflw e Wi, Let Ve €x be such a cover that for any
VeV VENC =f@. Since ¥ is a compact subset of K -~ C, it
can be covered by finitely many W 's. Hence, ¥V < W=<%,

Remark, < -paracompact spaces need not have paracompact
topology. In fact, teking for ‘?x all open covers of a space X,

we have all spaces € -paracompact.
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Lemma 1.6. ¢ -paracompact space X has a paracompact topo-
logy iff any cover belonging to ‘fx admits & locally finite open
refinement.

Proof: a) ‘“only if" is trivial.

b) Let U be an open cover of X. Let %/~ be an open local-
1y finite refinement of U <% . Take for any W ¢ W a family

’If' e [V1<% guch that Wc U’U". Thus,

iWaVIWe W , Ve Vgl is the desired refinement of V.

The case that ¢ ~paracompact spaces are always topological-
ly paracompact is the most important. The lemma 1.6 says that we
must restrict ourselves to mappinge ¢ with the additional pro-
perty: .

for any space X all covers from ‘fx have locally finite open
refinement.,

We will call such a mepping good.

Definition 1,7. A collection A of subsets of a space X is
€ -locally finite if there exists Ve ‘fx such that for each
VeV the set

V(A) =fAlA e A , AnV4p} is finite,

Proposition 1.8, Let € be good. Then the following proper-
ties of a space X are equivalent:

(1) X is <€ -paracompact,

(11) X has a paracompact topology and locally finite col-
lections coincide with € ~locally finite collections,

(iii) any open cover of X admits a €-locally finite open
refinement.

Proof is straightforward.

- 377 -



I+ is alse possible to give a characterization of m- € -
paracompaciness by means of some properties of products with
oompaet spaces. The characterization is not very nice in the
general case, but useful for applications.

We call the subsets of the form Xx{k} of the produet Xx K

ln° 8.

Propositiom 1,9. Let X be an s~ € -paracompact space. Let
K be a ocompact space, let CCK be & closed set, 7,(0) & 4 .
Then for any closed Fc Xx K disjoint to Xx C there exists an
open cover W of XxK of the form

(+) WaiUxViUEC€U ,Ve vu}.

U belonging to ‘fx, each 1"“ being sn open cover of K, such
that
S$(Xx C, W )P = 4.

Proofs let ¥ ={H, |l <m3be a basis of open neighbor-
hoods of C. Let P be a closed subset of X< K disjoint to XxC.
Then for any x¢ X there exist an open neighborhood Vx of x and
B, ¢ % such that V. =xH OF = §. Define Vo = ULV | K = B3,
Take U = &V, lac<m}I“?, Then U6 ¢y and for eny U 6 U
there is an Hj; € % such that U~E;NP = . From the normelity

of K there exists an open cover {L?,I.g} such that Cc L?, anIZI -

- 8, Ljc By, 139K - &
The desired cover is
W w{U=L] 10U €U , ted1,2}]-

If the statement of the proposition holds, for any slice,
we say for the‘brovity that slices can be separated from closed
sets., The symbol I denotes the unit interval.

Theorem 1.10. The following properties of a space X are
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equivalent:

(1) X is s~ <€ -paracompact,

(ii) slices in Xx I can be separated from closed sets,

(111) slices in X=x$0,13™" can be separated from oclosed
sets.

Proof: (i)—> (ii) Proposition 1.9.

(11) —>(11i) it is obvious, since I** contains £0,13* .

(111) — (1). Let V= 1V, |l x <} be sn open cover of X.
Denote I, the oc-th projection 0,13 —» $0,1}. Denote U, =
=V, x :nr;'(o). Then P = Xx£0,13* - / U, is & closed set,
disjoint to the slice X = {0} ( O denotes here & point with all
coordinates equal to zero). Let W={UxVIU & U ,V e YUy} e
a separating cover of the form (+). Take for any U € U some
VU € 'U'U such that O éVy. Then there is a finite set Z,C M such
that

Ay = o Qu. RO Yo

Take t< Ay such that o (t) = 0 iff o< 6 Zy. Since Ux4t} c
c UV, x o '(0), clearly

-1
Uxitd c‘\‘Jzuvx x o ~'(0) end U <. LeJZuV& .

Thus, U 2 V=<
Analogously, one can give a characterization of € -paracom-

pact spaces.

Theorem 1.11. The following properties of a space X are o=
quivalent:

(1) X is ¥-paracompact,

(1ii) for some (and then any) compactification K of X it is
possible to separate any set of the form X< C, C being a compact
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gubset of K - X, from the diagonal Ay = §<x,x> | xeXx?.
Proof: (i)—» (ii). Proposition 1.9 ( AX is closed).
(ii)—> (i). Let Cc K - X be compact, let U be a separa-
ting cover of the form (+), W ={UxVIU e U ,V s VU}. Let
for some U € U there is ye UFNC. Take V e Vy such that yeV.
Thus, Ux VnXx C@+UxV N Ax, which is impossible. X is, the-

refore, ¥ -paracompact according to Theorem 1.5.

The last remark in this section concerns the case of local-

ly compact spaces.

Observation 1.12, Let X be a locally compact space. Then,

X is €-paracompact iff there exists ¥ s ‘fx such that V is com-

pact for any Ve UV .

Proof: routine.

2., Examples. We give here a short list of some concepts of

paracompactness and of corresponding mappings <.

concept ‘fx = covers with refinement
paracompact uniform spaces open 6-uniformly discrete
{21,051
uniformly paracompact spaces open uniform
11
uniformly para-Lindelof spaces open uniformly locally
[n countable
uniformly hypocompact [7]spaces open star-finite uniform
supercomplete spéces [8] open, uniform in locally fine

coreflection of X

compact spaces {x3}
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spaces with uniformly paracompact open,uniform in metric-fine

metric-fine coreflection [61] coreflection

It is not very difficult to find < for these examples. In
fact, any combinatorial property, preserved by uniform preima-

ges, generates in an obvious way some mapping .

3. Uniformly m -paracompact spaces. It is not surprising

that inner properties of ¢ cen provide us more interesting the-
orems (see e.g. [5],(6]). We turn our attention to 4t -~ ‘C—par&:
compact spaces for one special € . In this asection ‘fx is always
formed by open uniform covers. # - € -paracompact spaces are cal-
led uniformly s -paracompact. We shall prove theorems analogous
to the famous theorems of Morita [10] and Temano [12].

We ghall use the gemi-uniform product X of J.R. Isbell [8].
The important role of x in this context was pointed out by Z.
Prolfk [ 6] . We recall briefly the basic properties of the
product *x .

The product X &Y of the spaces X and Y is fully desoribed
by the natural equivalence

U(X % Y,-) =2 U(X,U(Y,=));

* 1s the tensor product of the category of uniform spaces.
(U(X,Y) is, of course, the set of uniform maps frcm X to Y en-
dowed with the uniformity of uniform convergence,)

We shall need the following properties (see [81): Let Y be
a compact space. Then
1) XxY is topologically equivalent to X x Y,
2) any uniform cover of X x Y has a refinement of the form (+)

(see section 1),
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3) 4if X has a basis consisting of point-finite uniform covers,
then all covers of the form (+) are uniform in X x Y,
4) Xx Y is a fine space, providéd X is fime,

We need the following

Lemma 3,1. Let X be uniformly s -paracompact. Them

a) uniform covers of X of cardinality < s form a unifor-
mity,

b) this uniformity has a point-finite basis.

Remark. The part a) is due to Jan Pelant, the part b) is
a slight modification of one observation of A. Hohti [ 7).

Proof: a) 1t is enough to show that any uniform cover
U= LU, | & <m3 has & uniform refinement ¥V , 1V}l < m ,such
that {St(x, V)| xeX}3 U .

Take U, an uniform cover such that U, X U ., Take for
any Ve U, such Uy € U that St(V, Uy)c Uy. Define for ac<mi
Ugo= VULV IVe U, Up =0, 3. Thus, \{U 3 | & 4 ana
{st(u'.ﬂ.,) 10U €« W33 U . Let W be an open refinement of
{U.3 , uniformly locally finite with respect to the cover
{st(wv, W) 1ve ‘llfﬁ, W, being a uniform cover refiming U,.
Ve may and shall suppose that W= {W loc<mi, W _c U, . De-
fine for W ¢ W, the set L(W) = {o | St(W, Wy)N Y+ §}. Define
the equivalence nv on Wy: W~ W™ iff L(W) = L(W'). Teke the

cover

Vai{ULlwl Ve W3. Then (VI &« 4 .
Take x€ X. Then x belongs exactly to the sets '“1,...,I°‘ «W,
n

Let x € ULW], ., Then L(W) > {etg,c.., 00 }. Since any W'~ W

intersects W oy

UiNl, e sur, , W) St(U;‘,'u..‘)c Ue,®
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Hence, {St(x, V)| xeX¥ =3 U .
b) Let ¥V ,U be uniform covers of X, | U|l-1V| &« M,

A % U . Teke en open refinement ¥ of 7 , uniformly locel-
ly finite with respect to the unifoxm cover {St(W,W) | We w3,
W being a uniform cover, W < v . We may and shall suppose
that |3 |4 m .Then {St(H,W) | E ¢ ¥ % is the desired point-
finite uniform refinement of U .

Theorem 3.2. The following properties of a space X are e-
quivalent:

(1) X is uniformly s -paracompact,

(1i) slices in XxI” can be separated by means of unitoz:m-
ly continuous functions,

(111) slices in X x £0,11* can be separated by means of
uniformly continuous functions .
(Separation means that for any closed set P disjoint to a slice
X xC there is a uniformly continuous function f such that £ MF =
=0and £MPXxC = 1,)

Proof: it follows immediately from the preceding lemma,
Theorem 1.10 and properties 2 and 3 of the product X

Analogously, one gets from the theorem 1,11:

Theorem 3.3([41). The following properties of a space X are
equivalent:

(1) X is uniformly paracompact,

(ii) for some (and then any) compactification K of X it is
possible to separate any set Xx C, C being a compact subset of
K - X, from Ax by meeans of uniformly continuous function.

Remark. For locally fine spaces uniform s -paracompact-

ness is equivalent to the condition:
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(iv) slices in X x T(m + 1) can be separated by meens of
uniformly continuous functions ( T(4# + 1) is the set of ordi-
nals less or equal to 44 with the order topology).

The proof uses a simple induction. In general, (iv) is not

equivalent to (1):

Exemple: Take a set X, |X| = 55, . Let the uniformity
on X be generated by all partitions of X into less than 5,
pieces, Then, slices in X x T(x,, + 1) can be separated (Propo-
sition 1.9), but X is not uniformly «,,-paracompact - the co-
ver consisting of singletons has no uniformly locally finite o-

pen refinement.

J.E. Mack studied [9] topological spaces whose countable direc-
ted open covers are normel - so called cb-spaces (topological
spaces are supposed to be '.E1-completoly regular)., Generalizing

this concept in an obvious way to m -cb-spaces we can state

Theorem 3.4. The following properties of a T1-comp1etely
regular topological space are equivalent:

(i) X is an m-cb-space,

(ii) slices in Xx I can be separated by means of conti-
nuous functions,

(111) slices in X = {0,1t™ can be separated by means of
continuous functions,

(iv) slices in X< T(mt + 1) can be separated by means of
continuous functions.

Proof: follows easily from the theorems of this section and

the property 4 of the semi-uniform product.

Concluding remark. Most of the material of this note is
contained in the thesis [31].
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