Commentationes Mathematicae Universitatis Carolinae

Heinz-Jiirgen Voss
Note on a paper of McMorris and Shier

Commentationes Mathematicae Universitatis Carolinae, Vol. 26 (1985), No. 2, 319--322

Persistent URL: http://dml.cz/dmlcz/106372

Terms of use:

© Charles University in Prague, Faculty of Mathematics and Physics, 1985

Institute of Mathematics of the Academy of Sciences of the Czech Republic provides access to
digitized documents strictly for personal use. Each copy of any part of this document must
contain these Terms of use.

This paper has been digitized, optimized for electronic delivery and
stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://project.dml.cz


http://dml.cz/dmlcz/106372
http://project.dml.cz

COMMENTATIONES MATHEMATICAE UNVERSITATIS CAROLINAE
26,2 (1985)

NOTE ON A PAPER OF McMORRIS AND SHIER
Heinz-Jiirgen VOSS

Abstract: F, R, MoMORRIS and D. R, SHIER [3] proved:
A graph @ is split iff G oan be represented as an intersectiop
graph of a set of distinot subtrees of K, , . Thog give a
method for comstructing this interseotion ‘graph, Here an im-
proved oconstruotion with minimum n is desoxibded.

Keywords: Chordal graphs, split graphs, intersection graphs.
Classification: 05C75

Only finite connected simple graphs are to be comsidered.
For the terminology see [1] and [3] .

A graph G i1s said to be represented on a tree T if and only
if G is isomorphic to the interseotion graph of a set of
distinot subtrees of T .

A graph G = (V,E) is split if and only if there is a par-
tition of the vertex set as V = IUK , where I is an indepen-
dent set and K is oomplete, Furthermore, the partition V = IUK
can be chosen so that K is a maximum oclique (2] , Henceforth we
shall assume that K has been chosen in this manner,

Investigating chordal graphs F, R, MOMORRIS and D, R SHIER
proved [3] :

Theorem 1, A graph & = (V,BE) 1s split if and only if G

oan be represented on K1,n for some n .
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In their proof ¥, R. MOMORRIS and D, R. SHIER [3] construeted
a representation on K.,’n for a given split graph. They claim
that their method of conatruotion provides a representation
of G on K1,n using the smallest possidle n . This 1s not true
and I shall give the oorreoted method.

Before descriding it we defime: if A , B are sets then
P(A) ywzp IM/McA}, vhere PcP(A) and
BUP(A) ggp {X/X = BUM , MEP(A)} . The subgraph of 6 in-
duced by H 1s denoted by G{H] , Let N(x) denote the set of
all neighdbours of the vertex xeV . If ISV then ll(x) e
N(X)NI . Por real q let lq] denote the smallest integer >4 .

Construetion, Suppose G = (V,E) 1is split, where
Va=TIUE and I = fX;, s0s , xr} o First, ladel the e=md

vertices (of degree 1) in T 33% Ky, by the integers
1, ees 9y * and the vertex of degree r dy O , Define the subtree
!‘(11) s oorresponding to vertex xy , by T(xi) ={1}, for all
161€r . Next, lot L , initially empty, denote a eollestion
of subsets and A , also initially empty, a set of additiemal
vertices of T , For each ¥y ¢K , we ocomsult L to see if all
wembers of lx(y) UP(A) are in the list L , If mot,choose oams
of the members M not in L , define sudtree 7(y) g3y T[N vie}]
and add X to the 1list L . If all members of II(J)UP(I) are
in the 1list L we add a nev end vertex o to the surremt ?
(Joining 1t to vertex O) and define 2(y) = ![iny)u{o,.c}].
We add o/ to the list A and II(y)U{eL} to the list L.
This procedure is repeated for all vertices ye¢X . Upon
ocompletion, the process yields a x1’n and a set of distinot
subtrees that represent G . O

Applying my oonstruction to K, and Kg (obtained frem K

- 320 -




by omitting an edge) I have in doth vases a l‘,n with an n

which is smaller than the ons of F. R. MoMORRIS and D, R, SHIER,
Theorem 2., For every split graph & = (V,B) , V= IUK ,
the Construction provides a representation of G on K, ,n
with minimal n . If m denotes the maximum number of vertices
of K having the same neighbourhood NI(J) in I then the
minimal n = |Il+ [log, m7] .

For the s:uhple proof we need the following odbvious lemma,
Lemma 3. Let 8y , eee , S, and Ty, oeo 5, Ty Dbe the
subtrees of Ll,n containing precisely 1 vertex or >2

vertices, reapeotively. Then

.

1) in the interseotion graph G'the subtrees S,, .. , S.
form a X, and the subgraph of G¢"induoced by
T1’.'.’TS is a Ka;

11) 1f S; (141 £r) oonsists of the "oentral" vertex
(of degree n ) of K1,n then S; 1s Joined to all
Ty (1£34s) by edges; 1. e, the subgraph of G in-

cduced by Si ’ T1 9 oco TB is a KS+1 .

Proof of Theorem 2. Iet G = (V,E) be split with partition

¥ = JIUK such that K is of maximum possible order, Let
I=fxy 5y X5y oo » X, } and K={y, , To 3 ees y Yg¥ o
Lat Xy 4 eee Xr ? Y4 9 ees 9 Yo be a representation of G
on K‘\,n such that xiaxi and 73"!3 « By Lemma 3
and the maximality of X each subtree xi consists of an end
vertex of K‘!,n o Let the vertices of K‘i,n be denoted by
0y 1y eoe y n 80 that O 1s the "central® vertex of K.“n and
X, = {1} for 14£1i<r.

The subtree YJ contains the vertex i of K1’n (M€i<r)
iff (xi,yJ)GE + Thus the subtree Y, [{0,1,...,r}] of 1y
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indueed by {0, 1, .ee , ¥} 1is uniquely determined.

Iet m de an integer defined as follows: there are m vertices
11 y see 5 ¥ € K Dhaving the same neighbourhood in I and there
are no m+!1 such vertices in K . let 11 9 see o Y® denote
the corresponding subtrees. Then !1[50,...,1'}] = see
ces ® Y'[{O,...,r}] .

Since Y' , ... , T® are pairwise distinot subtrees they
oontain some of the vertices r+!1 , ¢e. y n o With these verti-
oces a set NI(y.l)UP({r-r‘l y eee 5 m}) of 27T gubtrees of
K1,n with fixed NI(y1) can be formed., Consequently, the
minimal n has to be chosen n = r + [log, ] .0

In a further paper I shall investigate intersection graphs
of a set S of distinot subtrees of a tree T , where no element

of S 18 contained in an other element of S .
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