Commentationes Mathematicae Universitatis Carolinae

Dan PoliSevski

The evolution Darcy-Boussinesq system (a weak maximum principle and the
uniqueness)

Commentationes Mathematicae Universitatis Carolinae, Vol. 26 (1985), No. 1, 181--183

Persistent URL: http://dml.cz/dmlcz/106356

Terms of use:

© Charles University in Prague, Faculty of Mathematics and Physics, 1985

Institute of Mathematics of the Academy of Sciences of the Czech Republic provides access to
digitized documents strictly for personal use. Each copy of any part of this document must
contain these Terms of use.

This paper has been digitized, optimized for electronic delivery and
stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://project.dml.cz


http://dml.cz/dmlcz/106356
http://project.dml.cz

COMMENTATIONES MATHEMATICAE UNIVERSITATIS CAROLINAE

26,1 (1985)

THE EVOLUTION DARCY-BOUSSINESQ SYSTEM
(A WEAK MAXIMUM PRINCIPLE AND THE UNIQUENESS)
Dan POLISEVSKI

Abstract: An initial-boundary value problem for a Darcy~-
Boussinesq system is studied. A weak maximum principle and the
uniqueness are proved. .
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Find u,p,T satisfying:

(1) aiv u=0 in Q=Q0x(0,0),0aR%n=2 or 3),
8> o,
(2) Bu +Vp=[1-o((T-Tl)] g in Q, geHZ(Q).

(3) 3+ ubr = aiv VD) in g,
(4 u .V =0 on 3x (0,8), ¥y - outward normal,
(5) T=T on 2x (0,0), Tec(o,8; B2(A)),
(6) T(0) =T € HY(M), T,=7T(0) on 0,
where X > 0, T, > 0, }> 0 and A, B are positive symetric
tensors.
We pass to homogeneous boundary conditions introducing

S=T= (w, + Ty), where for any h> 0 w,é€ c(0, 8 ; 22(N))
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with:

(1 w, = T-T on x(0,8),

8 |s V'h\LZ(.Q.) £h \Vs\Lz(ﬂ), (Y se Hﬁ(ﬂ), a.e. on (0,8 ),
Denoting by PH the projection of L2(-Q) on H, where

H ={ve L2() | aiv v=0,v.y =0 onb.f).} we are lead to:
Find (u,8)€ L2(0,0; Hx H;(f1)) satistying

(9) Py(Bu - [1 - o(s+ wh)] g) =0 a.,e. on (0,8) ,

(10) (8" +w, T) + (u, TV (S + w)) +
r h 20 ’ 20

+ (AV(S + w), VT)Lz(‘Q) =0, (Y)1e D), a.e.

on (0,9) ’

(11) s(0) =S, inf, s =T - (w +T) .

Remark. H‘Lxgve Lz(ﬂ)\ (E)ge}il(ﬂ) such that v =Vq}.

Theorem 1« If (u,S) is a solution of (9)-(11), then

<
= C =

(12) S + W
\ h\If" Q) °

= mex{ suwp |T=-T| sup |T_- T ‘}
itelo,B] w20 T g )

- a.e. on (O,Q).
Proof. With the techniques of Lemma 3.1 [D. Poli&evski,
Steady Convection in Porous Media - I, Int. J. Engng. Sci.,
to appear 1984] it can(be proved that the corresponding
1 i <
pe HL satisfy |p| = ¢, |vsl|
H2(11) 1 2

L)
ue L2(0,9 H Hl(.ﬂ.)) and thus we can choose in (10) :

+ Cz; it follows

T = sgn (S + w,) max {‘S +wy, = C, o}e Hi(_Q.). It results

d <
(13) 7|2 + a, |V1|2 S 0 a.e. on (0,8)
E % | lxﬁm_) 1l 12(92) o

where a;> O 1is the first eigenvalue of A. Hence,
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T(t) % |20 =0 for s.e. t€(0,0), and
| 'LZ(SI) | 12(Q) o

WT!I..z(.Q) =0 a.e. on (0,8).

Theorem 2. The problem (9)-(11) has & unique solution,

Proof. (u;, ai) i=1,2, solutions of (9)=-(11) ;
U =uy - uy g §=5 -85,
(14) Py(Bu +XSg) =0 a.e. on (0,0),

2
(15) Jg%t—llez(m«, (0, V8, +w)) 5 o+ (ATS 0

vs) =
B SITeR
- T on (0, a )’

(16) a.e. on (0,0) ,

£
S ls
‘t"lﬁﬂé) 1| IL2(Q)2
an S Vs EX Us
5 atls] 120 o[V le(n) Z’lule"(ﬂ)l l13(.[2‘)

a.e. on (0,6) ,

2 < 2
(18) %lslrﬁ(ﬂ_) c3|le2(_Q) a.e. on (0,8) .

Hence |s(t)]?2 2 |smf? exp (C.t) for a.a.t€ (0,0)
| l L2(-Q-) l l LZ(-Q_) p 3 ’
and recalling (16) the proof is completed.
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