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CONVERGENCE OF SOLUTIONS OF GENERALIZED
KORTEWEG-DE VRIES-BURGERS EQUATIONS TO THOSE
OF FIRST ORDER EQUATIONS
Piotr BILER

Abstract: We indicate the proof of the convergence of
solutions of generalized Korteweg-de Vries-Burgers equations
to the solutions of the limit first order equation when the
parameters of the equations tend to zero.
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This note deals with the convergence of solutions of one-
dimensional equations describing propagation of the nonlinear
waves of the type

(1) uy + I(u)x + d"(Hu)x + €Bu =0

as J » €& approach zero. These equations - generalizing the
Kdv-B equation - have been studied in [1] where, under some
agsumptions on the pseudodifferential operators H, B characte-
rizing dispersive and dissipative properties of the medium and
on the nonlinear flux function f, several theorems on existen-
ce, uniqueness and regularity of solutions of the Cauchy pro-

blem for (1) were proved.

This paper was presented in written form on the International
Spring School on Evolution Equations, Dob¥ichovice by Prague,
May 21-25, 1984,

-173 -



We shall show that if the parsmeter J° is small compared
to e then there exists a subsequence of the solutions of (1)

converging to a solution of the limit conaervgtion law
() uy + 2(u), =0,

More precisely: we consider (1) where (£ (u)l<e(1 + [ul),
u€IR, Bu = -u_ (the simplest dissipative temm) and Hu(x) =
= ~au (x) + f p(§ )ﬁ({g)eixf df , 820 and the symbol p satis-
fies 04 p(f) = p(-§)&C(1 + lg()"" for some @ < 2, Thus (1)
is the KdV-B equation with perturbed dispersion operator (a = %)
and also (1) includes a class of the model wave equations with
low order (< 3) dispersion operator (a = 0).

Below |« Ip denotes the LP( |R) norm, |- i, the Sobolev
space H"( |R) norm and C denotes different inessential positive

cons tants.

Theorem, Let Q = IRx[0,T]), T>0, and ug. 1 O —> IR Ve
a sequence of solutions of (1) with the initial conditions ung
3 € 3
satisfying lluod. ‘2 + [“os' | 4£C.
If d= 0(33), € —> 0%, then there exists a subsequence {uk} =

8 4 k
= {ud,k’( converging weakly in L¥(Q.) to u, £(u®) — f£(u) (as

distributions) and u is a solution of (2).

If in addition £° "> 0 then u¥—» u strongly in LP(Q1),1<p<4.

The proof repeats the main ar_ uments in [2], where simi-
lar facts have been proved for the classical KdV-B equation
(Th. 4.1, Th. 5.1 ) using Tartar s compensated compactness the-
Orye

Similarly as in [2] it suffices to show that
(3) {ub} 1s boundea in L¥(0),

(4 Te(ug)de
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(5) {6Hu§'.§ are compact in 12(Q.),
6)  {e®?y,
n {d'(u;)xﬁuj:} are bounded in L'(Q).

The conditions (6) and (4) follow from the energy inequa=
lity
(8 lumI2 +2¢ [T 1u |20

2 0 “x =

obtained by taking the inner produot of (1) with u and integra-
ting in t.

Applying the multiplier w - 2g2 c'zun to (1) after some
integrations by parts we arrive at the inequality .

(9) zfu\4+ec"21ul +efluux12+ec f

é—3ad"_]:) f uxuxxu2 + d‘_f; If 1f o(§ )-‘Y(—g_‘—)uB(g )dﬂ.
The second integral on the right hand side of (9) is estimated
by C - flu l\g using Schwarz inequality and some properties of mul-
tiplication in Sobolev spaces like Lemma 10 in [1].
If a = O then the assumption d’= o(e°>) immediately imp-
lies (3). If a>0 then a supplementary estimate is needed. Mul-
tiplying (1) by dHu + f£{u) after rearrangements of terms and

gimple estimates we obtain
g51u 3 « [ p(g18CEIN2 ag + ade [T lu 12 4
4C + E.LTflf'(u)luz + [ IFWI£c(1 + luly)

x
from (8) and assumptions on £, P, F’'= f, and next lul,o £
éC-5'1/3. This allows to estimate the first term on the right
hand side of (9) by expressions like

2 T T
'?5" c"zf;) 1 un\g, Efa luux\g. Finally (3) in the case a> 0

is also a consequence of (9) as

(100 Flul}+ er lu 12 4 c.
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(5) and then (7) follow from (10) end d'= o(&°>) -
observing that IHulzéc ellu n,.

Remark. A similar result on convergence of Solutions of
(1) in 2B+ e special nonlinearity uzxux, K € IN, holds
1t d'= 0(e2), To see this, it suffices to multiply (1) by
J'Hu + u2x+1/(2K + 1), integrate and recall (8).
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