Commentationes Mathematicae Universitatis Carolinae

Miroslav Krbec
On anisotropic imbeddings

Commentationes Mathematicae Universitatis Carolinae, Vol. 25 (1984), No. 3, 473--481

Persistent URL: http://dml.cz/dmlcz/106321

Terms of use:

© Charles University in Prague, Faculty of Mathematics and Physics, 1984

Institute of Mathematics of the Academy of Sciences of the Czech Republic provides access to
digitized documents strictly for personal use. Each copy of any part of this document must
contain these Terms of use.

This paper has been digitized, optimized for electronic delivery and
stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://project.dml.cz


http://dml.cz/dmlcz/106321
http://project.dml.cz

COMMENTATIONES MATHEMATICAE UNIVERSITATIS CAROLINAE
25(3) 1984

ON ANISOTROPIC IMBEDDINGS
Miroslav KRBEC

Dedicated to the y of Svatopluk FUCIK

Abstract: We consider anisotropic Sobolev and Besov spaces
and prove imbeddings theorems of Sobolev and Trudinger type.
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0. Introduction. Let I = (0,1)x(0,1) ¢ R® , and P =

= (pgspqsPp) Wwith 12 p 2, i=0,1,2. We set

1
W= =W

5 5(I) = {feLpo(I) ; DifeLpi(I) ,i=12%,

and, for 0<© <1, 1§s§w,1§pi,qi§m, Vr; =
= (1-08)/p; + &q; , 1i=0,1,2,

By o = BY (1) = (w%(n,w%(x))e’”x
(interpolation by the K-method (see, e.g. [3],[9])). The spaces
W% and B%’s are called anisotropic Sobolev and Besov spaces,

resp. (of first order).

Let us fix another notation. By Li,mix = Li,nix(l) ,y qQ =
= (q“qz) , 12 9 H © , We denote the usual mixed norm space,
and, for 0<0<1, 135 o , 1§pi,qi-5-oo y Wry =
= (1 - e)/pi + B/qi , i=12,
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Lx o,mix = U7,s,mix(D) = (L5 mix(D) 15 aix{1))e,8;k
will be the Lorentz mixsd norm space.
The plan of the paper is as follows. First, we obtain im-

P
spaces, resp. when

beddings of Wi and Bi:- s into Lebesgue and Lorentz mixed norm
’

1/p1 + p, > 1,
and then the limit case
1/p1 + p, = 1

will be considered.

Imbeddings of type W% G L 1/p1 + 1/p2 > 4, were the

’
subject of several papers (see, :.g. (8] under some additional
assumptions upon the indeces pi). As for the latter case let us
notice that the classical Sobolev theorem states that Wé [« Lq
for each q€<{2,0) and known counterexamples (see, e.g. [1])
show that there is n o imbedding of type WZ1 6L, - It is
the fundamental paper by Trudinger [11] where a better target
space was found, namely, an Orlicz space genserated by a Young
function asymptotically equivalent to the function t > exp t2
at o . Other extensions and refinements were given by Hedberg
[5], Moser [6], Strichartz [9], ... . An interpolation approach
was used in [7] by Peetre and anisotropic spaces (mixed norm eni-
sotropy) were considered by Besov, Il1’jin, and Nikolskii in [4].
Let us yet notice that higher order spaces on domains can be ta-
ken into consideration, as well, however, it is technically more

complicated, in particular, in the case of the Sobolev type im-

beddings.
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1. The case 1/p1 + Vpy > 1 .

We suppose that the reader is familiar with elements of the
interpolation theory. Basic concepts used here can be found e.g.
in [3],[10]. For brevity, we shall frequently use the following
standard terminology: If X , Xi ,i=1,2, XcX,+X , are

1
2
normed linear spaces and

ixly € c xl) =@ [xI®
1

X

for some ©¢€(0,1) , we shall say that X is of the clase
J(e) = J(8;X,,X;).

In the sequel, we shall make use of the following interpola-

tion result by Benedek and Panzone.

1.1. Theorem ([2]1). Let B(j) = (p(j)‘l""’p(j)n)’ i=12,
\ép(j)iém,i=1,.-.,n,,j=1,2, and 0<e<1, Let

C = (0,12 cR® and set P = (p1,...,pn) where
1/pi = (1 - 9)/p(1)i + 9/p(2)i y i= 1,...,n .

Then L.

p,mix(c) is of the class J(G;Lﬁu),mix(c)’Lﬁ(z),nix(c))‘

1.2, Lemma. Let 1¥p,< o0, i=0,1,2, Vo, + Vpy> 1,

w .

Py = max (p,,p,) , and & >1 ., Then

(1) L(oo,o(),mix is of the class

. 1
I/ 5 I';)1(0(-1)/(131—1) » ¥5)
(ii)

L(O\ ,®),mix is of the class

. A
I/ 5 Lpz(v\—1)/(p2—1) » W) .
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Proof . Using the Beppo-Levi definition of Sobolev (isotro-
pic) Sobolev spaces and the Holder inequality, we get, for
feCc®() ,

1

o
sup lf£(x N ax
é o fe 1 '

H

(«=-1)p,/(ps=1) (ps=1)/
[£(x)} P2/ iRm0 py P27 VP2

11,

(2]

—~
oL .
O

14 (& =1p,/(p,=1 (po-1)/p
v e ([ [l ARG RCRCI boyely, =
00 2

o llrug(" el , .

& =1py/(py- 1 Vs

Similarly,

1 o «-1
sup If(x,,x,)| ax
é Oéx‘g1 1272 2

fell

c “fﬂL
(% -1)p1/(p‘-1) '5

1.3. Corollary. let 1¥p; <o , i=0,1,2, and

A
Then Wi-) C>L(q1 ,mix where

Q)

1/q1 Q(D1P2 - P1 + Pz)/(p1 + Pz - P1P2) ’

1/QZ

"

(1 - e (pp; + Py = P2)/(py *+ Py = PyP2)
with 0<o@ <1,
Proof. If we set

0(1 = (P,Pz Py - Pz)/(p1 +py - p1P2) ’

Xy = (pypy = Py * P2)/(py + P2 = PyP2) »
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and choose 6 so that
qQ=q, =4 =2p,p/(py *+ Py - P,Pp)

we get from the preceding lemma

< - 1V, /=,
||fﬁL = c iy ien ,
(0, ¢,),mix q Wﬁ
(2.1) Y Y
- oA [ 4
el F ey e, 2
(ot y,00),mix q W=

P

According to the Benedek-Panzone theorem, interpolating with
@ = (pyp, + Py - P;)/2pp, We have
(2.2) e, E cleh, .
q W=
P
By density argument, (2.2) holds for each function from wg .

Now, let us return to (2.1). With «,, o, chosen as abo-

ve (2.1) yields

il S e ey
I‘(ot:, o(.l),nix 'l-: ’
£ 2 oclry
Y5, 0),mix v
8o that the estimate
“flL . = ¢ "f“ 4
(q1,q2),mx '1‘)

follows by interpolation with ©€(0,1) and 1/q1 = /Xy
Ve = (1-0)/ ety -

It py < mex (p, ,p2) we can iterate imbeddings with chan-
ged PysP in order to get the desired target space. Indeed, if
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a‘®) genotes the exponent in the n-th step it is

NEI Zpgn-npén-n/(psn-n v pfamt pgn-1)pén—1)) 2

- 2q<n—1)/(1 + q(n-ﬂ - q(ﬂ- 1)) = 2q(n—1)

and ¢V Z2 ae w% c,w;c>L2 .

An interpolation argument applied to the preceding corolla-
ry directly gives

< <

1.5. Corollary. Let 1 < p;j<ow ,1i=012,138% 0,

qj as in Corollary 1.4, § = 1,2 . Then

1
B- .G

p,8 L(Q,‘qu)ys’mix

Another suitable interpolation (cf. e.g. [3, Thm. 3.8.1])
leads to

1.6. Corgllary. Let p; end aj » i=01,2, J=1,2, be as
1
above, and 8;< 4y, J=1,2 . Then the imbedding of WE into

: . 1 .
and the imbedding of Bﬁ,s into L(a1

L(s,‘,sz),mix 18),8,mix ?

< <
12 8 = © are compact.

2. The case 1/p1 +1/p, = 1.

We shall present the basic estimate from which the imbedding
into an Orlicz space L¢ with ¢(t)~ exp 2 -1 follows easily

when considering the Taylor expansion of ¢ .

2.1. Theorem. Let 1% PgiPysPp < ® , and, say, D, H p, . Let
1/py + Vp, =1 and € > 0 be such that
P, =2(1+€)%/(1+2€) . Lot GCB® be a bounded domain
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having the extension property with respect to the anisotropic Be-

sov spaces. Then, for each re (1,00) there exists a constant

¢ > 0 such that

A

cq ek

el
L (G) A
a B,r

for each q Z2(1 + & ) .

Proof. Let £ be differentiable and suported in a cube
I>G : As L, is of the class J(1 - 2(1+£)/q Ly(4, 5y L)
and WZ A+€) is imbedded into LQ° we get

hely, £ e lel] - V(T v E) w270 ygyti(r E) - 2/
q 2(1+¢€) 21+ 8

. . . A
therefore, in accordance with the imbedding W(1+E 1,1+ €) S
2 '

c>L2(1+a) , it foll:wa that Lq is c:f the class
J(1/(1+&)-2/Q;W(1+£’1,1+E) yw2(1+£) ) . Set/7=

17(1 + €) ; then
1/p, =1-n + m2(1+€),
1Vpp = (1= 7m)/h+g)+ '7/2(1+£).

1 1 .
Let us interpolate between W(1+ £,1,1+ &) and W2(1+ €) with

parameters #  end re(l,m) . As W21(1+£)C7W(11+g,1,1+£)

it is known from the interpolation theory that there exists a re-
1
presentation g, : (0,1) — Wz(“ ) such that

1
£ = ng(t) dt/t , and
0

1 1
T80 iW g 1,14 6) 210 g) ) F

1 1
¢ K&, fiWusre 10460214y ) -

WA
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Set pmo= 1/(1 +¢€¢) - 2/q + Integrating and using the Hiélder ine-

quality,
]
< - 1 1 <
bel, = e (EERE Ve 1 1ee) Vo (1eg) ) A/E F
0
1
SRR A D e P I
0 p,T

cq el ‘ .
p,T
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