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COMMENTATIONES MATHEMATICAE UNIVERSITATIS CAROLINAE
25,2 (1984)

ISOMORPHISMS OF PRODUCTS OF INFINITE
CONNECTED GRAPHS
Véra TRNKOVA

Abstract: We construct a connected countable simple graph
G isomorphic to G>GxG but not to Gx G, for » being the Carte-
sian product or the normal product.

Key words:s Products of graphs, connected grapha.
Classification: 05C40

Por simple graphs G = (V,E), G' = (V',E”), the following
three types of products are examined in the literature (see e.g.
[11):

6xG = (VxV',E),

¢ +G = (VxV',E,),

GeG" = (VxV’, Ey),
where Ey, E,, E; are defined so that a pair £ = (x,x), ¢ =
= (2,2 ) of distinct elements of Vx V  belongs to

E, if¢ fx,ztc B and {x",z %e¢E’

E, 1ff either x = z and {x",z3€E" or {x,23€¢E and x" = z°~

E3 = E.‘ UEZ.

To be able to spesk about all the three types of products simul-
taneously, let us denote x by >4< , + by 32 and e+ Dby )i .

In the present paper, we investigate the following impli-
cation (called the Tarski cube property):
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GdG;;' G;;’G==>G£G>‘.2 G.

Its validity depends on the class of investigated graphs. It is
fulfilled trivially in the class of finite graphs. On the other
hand, it is fulfilled for none of the products >4< » >92 ’ 3( in
the class of all countable simple graphs, see [7]. In the pres-
ent peper, we investigate this implication within the class of
all connected countable simple graphs. The connectedness has
been chosen because 1t changes arithmetic properties of products
of gome close structures (see e.g. [4] for cardinal products of
relational structures, [2) for products of partial orders), so
it could influence also the validity of the above implication.
Let us state shortly that this is not the case for 2 ana X .
The proof of it igs just the aim of the present paper, Let us de-
note by ‘[’i, 1 =1,2,3, the clags of all countable simple graphs
G isomorphic to G fé G>-12 G but not isomorphic to G ;’< G, In the
parts I and IT of the present paper, we construct a connected
graph in “6’3 and & connected graph in ?71. In the paxrt IIT, we
present gome related results which either can be seen directly
from the congtructions in I and II or obteined from them by some
modificationn (we also present here a corrected proof of the the-
orem in [6] characterizing the chromatic number and the set of
degrees of the graphs in ‘(’1). Finally, let ug state explicitly

that we do not know whether ‘62 also contming a connected graph.

I, Conslruction of & connected graph in C€3

1. In this part, we investigate only the product % , 80
we denote it only by x (or 1T for infinite systems).
Let U be the set of all non-negative integers. Let us de-

o0
note by T an infinitary tree, i.e. a graph (ir} UkL__/4 Nk,E),
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where E consists of all {r,n% with neXN = l!1 and of all 1,93
with peNk, qe€ NkH such that p is the initial segment of q (r
is called the root of T).

Let {pnlne N% be an increasing sequence of primes with
Z2, For each neN, denote by H, = (Vn,En) the following graph:
we start with vertices
{c,8y1,000,p) = 1} and edges
{{a,cVjuiic,1dli = Tyee05p, = 1}
and glue &a copy Ti of the infinitary

tree T on the vertex i such that we

identify it with the root ry of Ti'
for all i = 1,...,p, - 1 (where we suppose that all the Tyseee

eoe,T are disjoint; H3 is visualized on the picture). For

Py
eny mep feNN which is not the constant zero O , we investiga~
te the product

P(f) - TT Ht(n) ,
meN,fm)+0 -

where Hfl(n) = H X.oox H) f(n)-times. Let us denote by H(f) its
full subgreph consisting of all vertices x with all its coordi-

nates equal to a except possibly a finite number. Since

(T H,fl(n))x (17 }%(n)) = TT H)i;(n)+g(n)’ H(£)»> H(g) is isomorphioc
to H(f+g).

2, In the next constructions, we use coproducts of graphs.
If iM |1 eI} is & system of grephs with pairwise disjoint sets
of vertices, then their coproduct, denoted by 4'«%1 Mi' is the
graph with the set of vertices being the union of the sets of
vertices of all the Mi 's, ell the Mi ‘s are full subgraphs of
it and it contains no other edge. If the sets of vertices of
{Mit ie I} are not pairwise disjoint, we replace them by isomo-
rphic graphs {ﬁi\ie Tt which already have this property and then
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we form the coproduct as before (hence "LLI M, is defined up %o
i€
isomorphism).

3. Por f,ge N‘N, we already used in I.1 the addition f + g
defined by (£ + g)(n) = £(n) + g(n). Now, for any B,GENN, we de-
fine B + C by

B+C =4t + glteB,gecy.
By [ 5], there exists a countable set AS NN such that O & A and
A+ A+ A =Abut A+ A¥A, We define a graph H as a coproduct
of &‘Zo copies of the graph
;‘L'LA H(L).

It can be meen easily that H is isomorphic to HxHxH. Since A =
= A+ A+ A and H(£1)x H(fz)xH(tB) is isomorphic to H(r1 + 1, +
+ t;), each component of H is isomorphic to @ component of HxHxH
and vice verse. Since H contains each of its components in

copies, it must be isomorphic to Hx HxH,

4, We show that H is not isomorphic to Hx H., Clearly, HxH
is isomorphic to a coproduct of ¥  copies of the graph e_!_/‘k*_‘\H(s).
H(f), e A, are just the components of H and H(g), g€ A + A, are
just the components of HxH (each contained in the graph in $o
copies) and A%A + A, it is sufficient to prove the following im-
plication:

H(f) ~ H(g) = £ = g.

5. For an arbitrary countable graph M snd its arbitrary
vertex x, we denote by c(M,x) the supremum of the sets C of ver-
tices of M such that

a) each element of C is joined by an edge with x and

b) no two distinct elements of C are joined by an edge.
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If we inspect the graphs H(f), we can see the following:
e¢(H(2),x) = 1 1ff x has all its coordinates equal to a;
c(H(f) x) = p, 1ff x hes all 1ts coordinates equal to a

except precisely one, which ia equal to ¢ and
this coordinate is on a place corresponding to H,.

Hence f(n) is precisely the number of the vertices x of H(f)

with o(H(2),x) = Pye This is valid for each n€&N, hence f can be

recognized from H(f), the above implication follows.

6. The constructed graph H is not connected. Now, we embed
it in a connected graph. First, we choose a fix isomorphism @
of H onto Hx H< H., Let us denote by Go a graph obtained from H
by adding one new vertex, say § , and this new vertex is joined
by an edge with every vertex of H, We extend the isomorphism @
to @, 16— @< G < G, by putting 9°(§ ) = (E,§,E), so that

D, is an embedding of Go onto a full subgraph of G1 = Gox GOK
r.Go. We investigate the sequence

G205 Gy 2> GZLGBL...

with G, , = Gy 6= Gy and @y 4 = P x P, x @, for all ke¥.
Let G = (V,E) be its colimit, i.e.

-] 00
Ve s Vi) B o= o (e wid (B,
where (wk,rk) = G and <y, :0, —> G are maps such that v, =
* ¥y4q © Py for all keN,

It can be verified easily that G is a connected countable
greph such that G~ GxGx G.

T« It remains to prove that G is not isomorphic to GxG.
If x is & vertex of Gy = G X c0oX G, (3%-times) such that at le-

ast one coordinate of x is equal to E then o(Gk,x) = .Ko

- 307 -



(because H has infinitely many components). Hence, for any ver-

tex x of G\ y, (H), we have c(G,x) = K . If x is & vertex of

Gk such that none of its coordinates is equal to § , 1.0, x =

= ?k,o(y) for some vertex y of H (where Pr,0 = Py Ooee

eee 09y 2 @), we can see that c(G,,x) = c(H,y). (In fact, sin-

ce ? is joined by en edge with any vertex of H, any vertex z =

= (z, ,...,sz) of G\ g, o(H) is joined by an edge with any ver-
?

tex z° = (z{,...,z’k) obtained from z by replecing each its _g -
3

coordinate by any vertex of H (all the other coordinates remain-
ing unchanged). Hence such vertices cannot influence the value
of c.) We conclude that for any vertex x of ¥ (H), the eqation
c(G,x) = c(y (H),x) is fulfilled. If we proceed analogously with
Gx G, we gee that

e(GxG,x) = c( 'qfo(G) xyro((}),x) for any vertex x of

o (Go) = wo(G),
e(G=G,x) = £, otherwige.

8, Now, we "recognize" the set A from G and the get A + A
from G» G by the following procedure.

For a graph M, let us denote by F(M) the set of all verti-
ces x of M such that ¢c(M,x) = 1 and for any x & J(M) and each
neN, by £,(n) the number of ell the vertices y which are joined
by ean edge with x and c(M,y) = p,e Finally, let us denote by
IF (M) the set of all f, with x € J(M). If we use the conclusion
of I.7 and repeat the reasoning of I.5, we see that

F(G) = A, T(GXG) = A+ 4,

hence G and Gx G cannot be isomorphic.

II. Construction of a connected graph in ¥,

1. In this part, we investigate only the product >4< » S0
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we denote it only by > or TT.

Let N and T be as in I.1. Let K be the graph (N u{p,q},E),
where

E ={{p,1i}, 11,93 | 1€ NJ.
For every ne N, n2z2, we denote by (Vn,En) the following graph:

v, = {a,b,c,d jud1,2,...,n}3

E, =i{a,b}, iv,0}y v ife,1%, 41,4311 = 1,1,...,nk
Denote by ﬁ; a countable simple graph satisfying all the condi-
tions ) - §) below.

oc) (Vn,En) is its full subgraph;

p) a, b, ¢ is the unique path of the length 2 from a to

c in'§£;

¥) ¢, i, d,, where i = 1,...,n, are the only paths of the

length 2 from ¢ to dn in ﬁg;

d’) H, is bipartite;

g) for every pair x, y of vertices of'ﬁg with d(x,y) = 2
(where d(x,y) denotes the length of the shortest path from x to
y) such that {x,y¥t +{a,c} and {x,y}:}:{c,dn} there are infini-
tely many paths of the length 2 from x to y in ’n’n;

§) the degree of each vertex of ﬁh is equal to ..

The graph<§; can be constructed so that we start from (Vn’En)
and glue a copy of the infinitary tree T on each its vertex (i-
dentifying it with the root of the copy of T) and then glue a
copy of K on each path Yor Y90 Y2 with y°4=y2, which is distinct
trom the paths &, b, ¢ and ¢, 1, d; for all 1 = 1,...,n (by the
identification of the path Yor Y1 V2 with the path p, 0, q of

the copy of K); we repeat this procedure over all natural numbers.

2, Let {pnhaeN} be an increasing sequence of primes, Pz 2
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We denote Kn = -ﬁpn and we construct H e ‘€1 by means of the sys-
tem {Hn(nel!} rather analogously to I. If feX5, £4 @ , we de-
note

B 'm,sN‘,,T-FW*O Hi(n)‘
Let ACNP\{0®} be as in I.3, 1.6, A = A + A + A and A%A + A.
Let us denote by P(A) & coproduct of %, copies of each P(2)
with fe A, say,

P(A) = Ly (RO,

It can be seen eaaily that P(A)= P(A)>< P(A) is isomorphie to
P(A), but for the next reasoning we need an isomorphism with so-
me special properties. Since A is countable and A = A + A + A,
the set B(f) = {(11,12,:3)1 f,6 4 for 1 = 1,2,3 and £, + 2, +
1, - £% is non-empty and countable for each f& A. Thus the
sets B(f)x NxN»N and {2jx N have the same cardinality so that
we can find a bijection
P (AxH)x (AxF)x (AxN)—> AxK

with the following properties:

(a) for every k, »kp k3 €N and £, ,fz,IBGA there exists me
€N such that ©((f9,k1),(f5,kp),(fq,k3)) = (29 + £, + £3,m)4

(b) for every fec A there exists (11,I2,13)GB(£) such that
@U(21,1),(2,1),(£5,1)) = (£,1) and @ ((£7,2),(2,,2),(25,2)) =
= (1£,2).

The bijection @ determines an isomorphism
@& :P(A)x P(A) xP(A) —> P(A)
such that (P(f,))k1x (P(fz))kzx (P(ra))k3 is sent to (P(f, + f, +
+ 13))m by the collecting of coordinates only.

3. For each fe A, let us denote by P,(f) the full subgraph
of P(f) consisting of all the verticea x with all the coordina~
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tes equal to the same vertex z €{a,b,c} except possibly for a

finite number of coordinates and put

B, () -(-F,ksl;LAx N (o (D)3

so that PO(A) is a full subgraph of P(A). Let H be the smallest
full subgraph of P(A) such that

(1) Ha= 11 (H(£)),, where H(f) is & countable full
f,le AxN

subgraph of P(f) containing Po(f);

(2) the domain- range-restriction of 6 :P(A)x P(A)x P(A)—>
—> P(A) is an isomorphism of HxHxH onto H.

(The greph H can be constructed by the following enlarging
procedure: P, (A) is the smallest full subgraph of P(A) of the
c+,d'éAxN(P1(’))k containing P_(A) v 6 (R (4) =P (A) <
xPo(A))qu, where Q  is the smallest full subgraph of P(A)
such that Q x Q* Q2 6'1 (PO(A)); we repeat this orer all natuml
numbers and H "'1;-30 PJ(A). In [6] and [ 7], this enlarging pro-

form

cedure is described more in detail,)

4. To prove that H € €,, it is sufficient to show that
H is not isomorphic to HxH.

For an arbitrary graph M, let us denote by }(M) the set
of all vertices x of M for which there exists & vertex X such
that

(1) d4(x,X) = 2 and there is a unique path of the length 2
from x to T and

(ii) if y is a vertex of M with d(x,y) = 2 and y+X, then
there are infinitely many paths of the length 2 from x to y.

For each x € J{M) and each ne N, let us denote by £ (n)
the number of all vertices z of M which fulfil the following:
(11i) da(x,z) = 23
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(iv) there exists & vertex T such that
a) d(z,z) = 2 and there are precisely P, Peths of
the length 2 from z to Zj
b) if y is & vertex of M such that d(z,y) = 2 and
y#*7Z then there are either one or infinitely many
paths of the length 2 from z to y.
Let us denote by (M) the set {f lxe FJ(M}. We show thet
T(H) = A end F(HxEH) = 4 + A,
If fe AU (A + A) and we inspect the graph H(f), we can see that
a vertex x of H(f) fulfils (i) and (ii) iff all its coordinates
are equel to a. And a vertex z of H(f) fulfils (iii) anmd (iv)
with respect to this x iff all the coordinates of z are equal to
a except precisely one which is equal to o3 and this coordinate
is on a place corresponding to the graph lln. Thus, there are pre-
cisely f£(n) such vertices in H(f). Since this is true for each
x ¢ J(H) and each x ¢ J(HxH) and each neN, we conclude that
W(H) = A and W(HxH) = A+A,

5. Now, we embed H in a connected graph by a procedure ana-
logous to I.6. We denote by Go a graph obtained from H by adding
a new vertex § and this new vertex is joined by an edge with
each vertex of H. We extend the isomorphism 6 ' to FPotGg> G <G <

%G, by putting g:o(g ) = (g v §€ ) and investigate the sequence

Go——->9° G1———>g" G2~—>9" 63-——-;93

with G 4 = G =< G <G and Py 4 = P, x P >xp,. We denote its

0 0

colimit by G = (V,E), i.e. V = oJ v, (W) and E =0 (@a)
(Fk) as in I.6, Then G is a connected countable simple graph and
G is isomorphic to Gx Gx< G,

6, It remains to prove that G is not isomorphic to Gx<G.
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Both G and GxG have the following property:
eny two distinct vertices can be Joined
by a path of the length 2.
Por en arbitrary graph M, let us denote by D(M) the set of all

(x)

vertices x such that M\{x} fails to have the property (k). It
can be seen that
D(G) = im} and D(G=G) = {(7,7)},

where 7 = ¥, (§). (In fact, if a, is chosen in (H(f)), and &,
in (H(f)), for some f& A, then, by II.2(b), ?k.o(a.') cannot be
joined with ?k'o(az) by a path of the length 2 im G, \ gak’o(g)
[where Pr,0 = Pl oo e o] 80 that ¥ () cannot be joined
with ¥ (a,) by a path of the length 2 in G \£%}{ ; and analo-
gously for GxG.)

Now, the full subgraph of G (or Gx G) consisting of all the
vertices joined by an edge with the unique element of D(G) (or
D(G=G)) is isomorphic to H (or Hx H, respectively). Since H is
not isomorphic to H» H, G is not isomorphic to GxG.

III. Concluding remarks

1, Let (S,+) be a commutative semigroup., We say that a sys-
tem {G(8)| s€ 8% of counteble simple graphs is its representation
by the product ;'< (L =1,2,3), if

(a) G(s + s”) is always isomorphic to G(s)i G(s") and

(b) 1if s#*s’, then G(s) is not isomorphic to G(s”).

(I£ G & €., then £G6(0),6(1)} with G(1) = G and G(0) = G> G form

il
8 representation of the cycklic group cy = 10,1} of order 2 by
the product % W) Every counteble commutative semigroup has a

representation by each of the products >4< N >1< N & , see [ 7],
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Moreover, it can be required that each of the representing graphs
has a given countable simple graph as its full subgraph. The
techniques developed in ([3],151,[6],[7] admit to strengthen al-
80 the previous comstructions and to obtain e.g. the following
resultss
- every countable simple graph cean be embedded as a full
subgraph in 2K° non-isomorphic connected graphs from ‘t’.‘
(or ‘2’3, respectively);
every semigroup embeddable in a countable direect product
of finite cyclic groups (partisularly each finitely gene-~
rated Abelian group) has a representation by the products
>‘< and ; by connected graphs (there are 2$° non-igomor-
phic such representations, all the representing graphs
contain a given graph ap a full subgraph, they have the
prescribed chromatic number Z 3 and some other proper-
ties).
On the other hand, a characterization of the semigroups which can

2
be represented by )1 or > or >3< by connected graphs is not known

(for any of these products).

2, Let us denote by % (G) the chromatic number of a graph
G and by & (G) the set of the degrees of all its vertices. In
{61, the following theorem is presented.

Theorem: Let c&€N u{.ﬁoi and DQKU{J{O} be given. Then
there exists G & €, such that x(G) = c and D(G) = D iff cZ2
and D fulfils the following condition (+).

%€ D3 if D\{o,xoi*a, then 1€ Dy

+)
¢ 1 4),d,€DnN, then 4, - d, e N,

V. Pus found a mistake in the proof of this Theorem given
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in [6]. However, the Theorem is correct, let us present here a
correction of the proof. If G & ¥€,, then necessarily 7 (G)Z2
(this is evident) and D(G) fulfils the condition (+) - this is
proved correctly in [6] and we do not repeat it here. Converse-
ly, let ¢ and D with the above properties be given. We have to
ocmstrwot @ ¢« €, with (G) = c and $(G) = D. Let us mention
that 1f c = 2 and D = {xo'&, then the graph H constructed in
II.3 has the required properties. All the next cases will be mo-
difications of this construction (thorefore_the constructed graph
with the required properties) will be dencted by H). Bbr an arbitrery

6z 2, we proceed as follows: we choose a countable simple graph
H such that x(ﬁ’) = c, the degree of each its vertex is equal to
¥, and for each pair x, y of vertices of H such that da(x,y) = 2
there is an infinite number of paths of the length 2 from x to y
i FH (1t can be constructed so that we start from an arbitrary
graph with the chromatic number ¢ and glue a copy of K on each
path of the length 2 of it and repeat this procedure infinitely
many times).

(a) Let us suppose that D = {.\Ao} . Por every neN, nz 2,
let H be as in II.1. Let {p |ne N} be an increasing sequence

of primes, pOZ 0. We denote
~ —
= Hil
By B
and for each f.el', £t+0 , we put

£(n)
B = Wm0 .

Let LEI‘ be as in I.3. Por each fc A, let us denote by Po(t)
the full subgraph of P(f) consisting of all vertices x with all
the coordinates equal to the same vertex z e{a,b,clu ﬁ' except
possibly for a finite number of coordinates and put
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P (A) = P (2
ORI XN

Proceeding as in II.3, we obtaln a graph H isomorphic to HxHx H
~

with y(H) = y (H) and D (H) = {« j. The proof that H is not i-

somorphic to HxH is the same as in II.4.

(v) Let us suppose D< (N uiw }¥)\{0} and 1€D. Let H be
as above. Por every teD' = D\ {1, :«o’& denote by M, the graph ob-
tained from the graph ({0,1,...,t}, {{0,1¥ 141 = 1,...,%3) by the
glueing of a copy of the infinitary tree T on each vertex i =

= 1,.,.,t. We denote

~e
H = H J.J.*..l_%“ut.

Let Hx; be a countable simple graph satisfying all the oconditions
<) - &) in II.1 and § ) 1is replaced by
{l’) deg(a) = 1 and deg(x) = ¥ for each vertex x+a.
(To obtein Hz:' an evident modification of the construction of
II.1 can be used.) Let -ipn\ne!ﬂ be an increasing sequence of pri-
mes, p,Z 2, For each n€eN, put
~, =,

% = H 11 Hpn-
The construction of H € €, is now quite analogous to (a). (The
proof that H is not isomorphic to Hx H is easier, we can use the
vertices with the degree equal to 1. These are precisely the ver-
tices with all coordinates equal to a.)

c¢) If D contains zero, we use the case (a) or (b) for the
set D\L{0% and then add an infinite number of isolated vertices

to the constructed graph.
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