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COMMENTATIONES MATHEMATICAE UNIVERSITATIS CAROLINAE
25,1 (1984)

TWO NOTES ON LOCALLY FINITE CYLINDRIC ALGEBRAS
P. ZLATOS

Abstract: Locally finite cylindric algebras of any dim-
ension are shown to be equivalent as a cate ori to a variet
of heterogeneous slgebras. The notion of relative homomorphisx
of eylindric alfebras generalizing the notions of homomorphisn
and relativizetion map is introduced. Based on some metalogic-
al considerations uniform reletivizations und unifora relative
homomorphisms of locally finite cylindric algebras are studied.

Key words: Cylindric algebrae, locally finite, neat reduct
heterogeneous algebra, relatfviza%ion, homonorphi‘n. ’

Classification: Primary 03Gi15

Cylindric algebras provide an algebreization of the pre-
dicate calculus. But from the metalogical point of view, the
locally finite (dimensionel) ones corresponding to finitary
first order theories are of main interest. For any infinite
ordinal « the e¢lass Lf, of locally finite cylindric algebras
of dimension o 1is a proper subclass of the variety CA, of
all o -dimensional cylindric algebras, closed under subalgeb-
ras, homomorphic images end finite direct products. However,
for oo infinite Lf, suffers from a defect - it is not a var-
iety, being not closed under infinite direct products; it is
not even an axiomatic class - the closeness under ultraproducts

feils. One eim of this note is to show that Lf, considered
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as a category with ordinary homomorphisms is equivalent to a
variety of heterogensous algebras, providing so with a supple-
ment the results of Andréka, Németi [2] describing the first
order t;.ory of Lf, .

The second part starts from the definition of the notion
of relative homomorphism generalising both the notions of ho-
momerphism and relativizatiorn map. As ecommunicated to the au-
thor by Németi [10], this question was raised by Henkin. As
expected, cylindric algebras with relative homomorphisas form
sgain a category.

After it, the results will be applied to obtain the defi-
nitions of uniform relativization snd uniform relative homo-
morphism of loeally finite cylindric algebras which are more
sound with the concepts of relativisation of formulas and rel-
ative interpretation between first order theories known from
the first order logie, contributing to the solution of Henkin’s
question and providing the paper of Zlatod [14] with some nec-
essary background.

The author would like to express his gratitude to Istvén

Németi for valuable discussions and improving remarks.

1. The equivalence of Lf. and HCAg

For fundamentals on heterogeneous algebras and category
theory the reader is referred to Birkhoff, Lipson (3] end to
Mac Lane [8], respectively. Concerning cylindric algebras we
accept the terminology and notation of Henkin, Monk, Tarski

{6], with some minor modifications to be just introduced.
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For typographical reasons algebras are denoted by under-
lined capital Latin letters instead of (nomunderlined) German
ones. Their universes are denoted by the same letters without
underlining.

In the definition of o -dimensional cylindric slgebras, o
is allowed to be an arbitrary set, not just an ordinal. Per
A€CA, and psa , BQPA denctes the reduct of A obtained
by deleting the cylindrifications ¢; for i€ «*~ p and
diegonal elements dij for (1,3 € L ~2p . Clearly, ggpge
CAj . Let us recall that for @ CA, A and x € A the dim-

ension set of x i
Ax = {19&: eix#x} ,

eand A 1is locally finite (A ¢ Lf,) iff Ax is finite for eae¢h
x € A, Since Lf, =CA, for o finite, we assume timt o is

a fixed infinite set containing a distinquished element ¢ ,

from now. Nevertheless, all the results bellow trivially remsin
true for finite o , as well. Fin o« denotes the set of all

finite subsets of o .

A heterogeneous cylindric algebra G of dimensiem «
consists of the following data:
~ a nonempty set Gp
erstions +, -, -, 0, I, ¢y, dij (1,j € p) of usual arities

converting Gp into a cylindric algebra gp € CAP ;

for each p ¢ FMin « , together with op~

- unary operations ﬁ'ﬁ: Gp-——y Gq ’ ﬁ: Gq——-> Gp for all
PE q€ Fin ¢ , subject to conditions

(1) ﬁb-IdPGp , (2) qrepa=pr (pcqer),
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(3) pa: g—> R4 G is a homomorphism of ﬂp': (p €q),
(4) ciiﬁx-fﬁx (psaq 1€q~p,xer).
(5) pacpa=Iala, (p<a),

(6) palpax) = ¢(q~p)* (pcq, xe Gq) ,

x ift r =g,
(where ¢ .)x = )e
ci‘...eikx for r = &i',...,ik}éﬁnw

All the conditions above can be easily reformuleted into
identities, hence, heterogensous algebras of dimension « form
a variety HCA4 .

Any @ € HCA, raises to a direct system of finite dim-
ensional eylindric algebras ( (5 PA; P ¢ q € Fin o) over the
directed poset (Fin« , <D . We put

DL g = lin{G, PA) -

The last formula needs an explanation since the algebras Qp
are not of the same type. Nevertheless, the standard direct
limit (colimit) construction, as desecribed e.g. in Grétzer (4],
still works since the types of the gp’s form a direct system,
too, and ell the necessary preservation properties are guarant-
ed by the identities (1) -~ (6) of HCA, . In thisway Dl G
naturally beéomu an algebra from Lf 6 . Details are left to
the reader.

From the metalogiecal point of view the transition from @
to D1 G presents the effect of reconstrueting the cylindrie
algebra of a theory in variables v; (i€ o) from its parts
formed by formulas devending only on finitely many variables
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vi (1 € p) where p runs over Fino . Similarly, if ¥V is
a set and gp is the cylindric algebra of all subsets of the
cartesian space PV , D1 ¢ can be identified with the cylin-
dric algebra of all subsets of “V depending only on finitely
many coordinates (i.e. @ relation r ¢ “V belongs to D1 g
iff there is a finite subset pc oo such that for all a,b¢
“Y holds: if alp = blp then aec r iff be r - consult
(e1, (711.

Given a homomorphism h: G —>H in HCA, the direct
limit construction yieldes a homomorphism

DLh=limh:DlG—DLH.

We have obtained a functor D1l: HCA, —> Lf, .

On the contrary, to each A ¢ Lf, one can assigne a het-
erogsneous cylindric algebra Nr A <« the neat reduct complex
of A - in the following way: For p &€ Finol (dr A)p - gng
is the p-th neat reduct of A (hlrpg = {x eA: Ax ¢ p} and
NrA € CA, is a subalgebra of R_dp_A. - see [6]), for pcC q
Pa: NrpA —>Nrd is simply the inclusion msp and $q: Br A
— Hrpg is the generalized cylindrification C(q~p) ° Ob-
viously, an algebra from HCA, was obtained. The intuitive
metalogical or geometricel meaning of this construetion is
selfexplanating.

If f: A— B is a homomorphism in Lf, then the zystem
of restrictions L= ferpg: !gpg ——-»N_rpg defines a homomor-
phism Nr f =<rp: PE Fina ): NL A —> Nr B in HCAy . In
this way a functor Nr: Lf, —>HCA, was obtained.
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Theorem 1. The functors D1 and Nr are pairwise inverse
equivalences between the categories HCA, sand Lf,

Proof. One has to show that there are natural isomorphisms
3: IQMCA,—~—> NroDl aend ©: DloNr =, Id]Lf , i.e. that
for all h: @ —H in HCA, and f: A——>B in Lf, the
following two disgrems commute:

h DLNp ¢
a > B DLEfA —— > pL¥r B
'91 l'! °.A.l Lo
1) § Nr D1 H A > B
B_QW_JT A . B

The verification based on (1) - (6) is straightforward.

The functor D1 can be regarded via the composition with
the embedding J: Lf, —> CA, us & fumetor D)’ = JopPl: HCA,
—> CAy. « On the other hamd, the neat reduet complex construc-
tion applies to arbitrary cylindric algebras not just to local-
ly finite ones, giving en extension Nr': CA, —* HCA, of JNr .

Corollary 1. The functors D1’ and RKr’ are adjeimt,
(of course, D1’ is the left and JNp' the right adjoint).

Proof. Both possible ways, either to constitute the natu-
ral isomorphism of hom-sets CL,,,(E\’Q, A) T HCA,(G, Nr’A) er
via the unit & : IAMACA,—> Nr'o D1’ end counit ©°:

Dl’c Nr®—» Id}CA, extending & and @ , respectively, are
straightforward. (Note that %' is still an isomorphism.)

Corollery 2. Lf, is a full coreflective subcategory of
CAy .
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Proof. D1 oNr’ 1is the right adjoint to the ineclusion
functor J . The naturel embedding Dl Nr’A —=> A 1is the co-

reflection of the object A € CA, im Lf, . (Of course, this
result can be established also diroctly; Namely, in every A
€ CA, the finite dimensional elements form a subalgebra of

A which is isomorphic to D1 Nr’A , and the inclusion map has

the desired universal property.)

From Theorem | follows the fact proved by Andréka, Ger-
gely, Németi, Sain [1] that the category Lf, is both com-
?lote and cocomplete. The proof of existence of products in
Lf, aad their descriytion is due already to Preller [11].
¥s can give on mlternative description of Lf -products:

To compute ‘P (A,: t € T) in Lf, one has first to compute
P (Mr Ayt t € T) ecomponsmtwise, meaning

(P(Br A,: t € M, P A te

the right side product being already direct, and pass to the
direct limit
(DAt €T =DLP (Nr Ayt te™,

Remark. In the special case o =w (the set of all natural
numbers 0, !, ...) the type of algebras in HCA, can be done
less cumbersome. Any algebra @G & HCA, is completely deter-

—>
mined by its components g, and unary operations ,jn 2 n ntl:
1——-—
Gn —>Gpyy » €, =m0t G,
that n= {0, 1, ..., r~1} €& Fnw for new , so that

—> G, (new). (Lot us recall

w C Finw .) Finally, we give the description of the variety
(equivalent to) HCA,, in this presentation: An algebre G in

- 187 =



HCA,, consists of a system (G : néew) of algebras G ¢ Ca ,
homomorphisms j : G —> Bd G ., and mappings e,: G, —>
G, satisfying

°njnx = Jnx ’

=
o Jpx = x,

jn‘n"cn’
for all new, x eGn y Y€ GM1 .

The reader can compare the heterogeneous eylindric algeb-
ras of dimension w with the heterogeneous clones of Taylor
[13]. The snalogy is transparent. The former provide an algeb-
raization of the first order logic while the latter de the same
for the equeational logic.

2. Uniform relativizations and relative homomerphisms

Let A e CA,, a € A, The relativization of A with respeet
to & is an algebra of the same type type as A denoted by
Rl A with carrier Rl A = {xeh: x<¢al . Te Boolean oper-
ations and diagonal elements in RlL A are defined in such a
(unique possible) way that they are preserved by the canonical
map rla = (a-x: x €A A — Rl A . The cylindrifications c:
on Rl.A are defined by c?x = a.cyx for a>xe€A (see [6]).

In general Rl A needsnot to be a CA, , and even if this
is the case, the relativization map rl: A —>RL A need not
to be a homomorphism unless Aa = @ - otherwise it doee not
preserve the cylindrifications (see Németi [9]). So it seems

meaningful to try to define a minimal class of maps between
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CA,’s closed under identity and composition containing beth ho-
momorphisms and relativigzaetion maps. Let us regard the relativ-
ization meps in form rl = {a+x: x € A): A—> A for this
purpose.

Let A

BeCA,. Amap f: A—>B 1is called a relative
homomorphisms from A to B if there is a homomorphism h:
A —>B such that for each x € 4 holds fx = fI.hx , i.e. iff

£ decomposes into a homomorphism and a relativization map

h

_A_-——-—-—-—-—~—>

rlfI

H
I «—|w

Obviously, every relative homomorphism f: A——>B preserves
joins end meets (regarding f as a map f: A -—-»_;Rlﬂg , it
preserves all the Boolean opérations and diagonal elements, as
well).

We subsume all the basic facts about relative homomorph-

isms in the theorem bellow.

Theorem 2. (i) Every homomorphisms of cylindric algebras
is a relative homomorphism. A relative homomorphism f is a

homomorphism iff fI =1 .

(ii) TFor every A € CA, , @ € A the relativization map rlg
is a relative endomorphism of A.

(iii) If f£: A—B, g: B —C are relative homomorphisms of
«~dimensional cylindric algebras then gof: A —C is a rel-

ative homomorphism, as well.
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(iv) Every class of mappings between CA 's containing all the
homomorphisms and relativization maps closed under cempositien

has to oontain all relative homomomorphisms betwsen them.

Proof. (i) and (ii) are trivial, (iv) was slready preved
(see the last disgrem). As for (1ii), let h: A—>B , k: B—»
C be the homemorphisms inducing £, g, respectively. Them
gof is induced by koh . Let us cempute for x € A :

(gof)x = g(fI+hx) = gfl.gl-khx = (gef)I.(keh)x .

A deepper study of the category CA, with relative home-
morphisms is postponed, as usual, into some future works. Let
us turn our attention to another but related problem concerning

locally finite cylindric algebras.

The following type of relativization can be found quite
often (if not exclusively) in the first order logie: Given @
unary predicate (or a formule with a single free variable) P
such that 3x P(x) holds, the value of any variable oecuring
in e formula ¢ is bounded by P (e.g.

@¥(z) = (P(z) = Ix(P(x) AVy(P(y) => x # 2 A R(x,7,5))))

corresponds in thie way to ¢ (z)=3x¥y(x #y A R(x,y,s))).
In the cylindric set algebra of all subsets of the Cartesian
space “V this presents the effect of relativizetion with re-
spect to an element “U where U is a nonempty subset ef V.
However, for A € Lf, , a € A4, Aac {0}, cot = I, the ele-

ment W sga corresponding to “U needs not to exist, so
[T

that the procedure of relativization by meeting with a single

element as described in [6] does not apply. Nevertheless, work
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ing locally one can still obtain a reasonable constructien fol-
lowing the relativization from the predicate calculus. The pre-
vious results previde us with the necessary tools.

Let us recall from 16) that '.ii (i,j e &) denotes the sub-
stitution operator of the j-th coordinate in plase of the i-th
one, i.e. ‘for 14 s§x = °i(di"x) and lix = x ., The resder
should keep in mind that every 85 is an endomorphisa of the
Boolean part of a CA, A and that the substitutions are pre-
served by homomerphisms of cylindric algebras (see 161).

Let A€Lf L, ae A, and Dag (0}, Por each p ¢ Finwx

we put

in perticular, ”a = I . Obviously, Pa e Nrpg for aech finite
p. Let AMPa denote the relativization 'R—lP.EPA of the neat
reduct !g?g with respect to Pa . According to [6, Theorem
2.2.13] AMPa ¢ CA, for each p & Fin« . We would like to con-
vert the system (Af‘pl ;i pé PMinw) of finite dimensional cyl-
indric algebras into an o -dimensionsl heterogeneous cylindrie

algebra. For p < q 6 Fine we put

pax = da.x (x € AMPa),

Py = Pacoco 5w (e At
(In the sequel the signs of cylindric algebra operations always
denote the operations from the original algebra 4 so that the

operations in the APpl'c have to be expressed according to
their definition.)

The just desecribed construction gives the following result:
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Theorem 3. Let A& Lf, , ac A, Aac{0}. Then
(Afpa, 571, ;;1: PSS qé Fina) is a heterogensous algebra of
the same type as the neat reduct complex Nr A satisfying con-
ditions (1), (2), (3), (4) and (6). It satisfies condition (5),

i.e. it is @ HCA, iff c,a =1 .

0

Proof. The verification of conditions (1) - (4) is easy.
As for the condition (6) we eszsume that the set q ~ p eontains
exactly two elements i and j. The general case follows then
by induction. Let y & AlMa . Then

pa(pay) = qa-pa-cicjy = qaocicj(sgl-y)
q, . a~iY,_, (N .c, (da-.
= 9a.9 accy(sja cy) = a c;(%a c5¥)
which is the generalized cylindrification C(qrp)Y in Al‘qu .

If cya = I, observe that for any r € Finu c(r)ru =1,
Let us compute for x & AlPa , pc q € Fina

Palpax) = pa.c<q~p)(qa-x) = pn-x-e(Q~p)q~pn = x
which proves (5). To show the necessity, it suffices to realize

that
gLo} (B{0}I) =cpa .

Passing to the direct limit

D1 ( AtPa, p3, Ba) = lim{AM e, §)

an algebra of the seme type as A called the uniform relativ-

ization of A with respect to a and denoted by Al*a is ob-
tained. Theorems | and 3 yield immediately

Corollary. Al™a € Lf, or, which is the same, A'“a € CA, iff

coa=I.
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A slight modification of the direct limit construetion
gives the following direct descriptiom of AMa (ef. [4]):
We start with the set {x e 4: x < Pa for some pe Pnw« ,
Ax ¢ p} = { x €A: x& A"a} and introduce the following equi-

valence on it:
x=_y iff Pa.x = Pa.y for some pe Fna ,
Axsp, By<p
ire Axutly..x _Aquy.q .

Let (x] e = (x] denote the block of equivalence of the element
x in =g e We introduce the cylindrie algebra operations on

the set {x e A: x¢ Axsx'k/‘Ea as follows:
1+ Iol= (A ax + 1, [x1e5] = (x5,
-[x] =[{%%% -x)], o0=(01, Ia=[I),
ci[xl =[_Axa.cix] , di;j = [{i'j}n.dij] .
Now, we would like to have a result on transitivity ef
uniform relativizations. Let us start with a lemma.

Lemma 1. Let Ae¢ Lf, ,8,bc 4, a>b, Aag {0},
Ab< 0] . Then in Al*a holds
alvle {o} and Plb] = (Pb] .
Moreover, if cob = I (hence, also coe = I), then cO[b] =1

in AlMe , as well.

Proof. The first and the last conditions can be verified
immediately. To prove the second one it is enough to show that
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for i€ o ~ {0} holds s:[b] = {-gb] . A simple computation

gives
ag[b] = co[{o’i}u-doi.b] = [‘*o’i}a-eo(agaodoi.b)l
= ({o’i}.'lfb} = ‘.ng} R
Zheorem 4. Let A, a, b be as in Lemma 1. Then there is

a natural isomorphism
(AT*a)M [D)¥ AMD .

Moreover, AMD € Lf, iff cob =1 iff cpa =1 and a4 cpd .

Proof. The isomorphism is given by

(3 ppy > [y -
The completion of the proof on the base of Lemme | eand the tran-
sitivity result for relativizations of cylindric algebras [6,
Theorem 2.2.15) applied to the ArA’s, Parg and Po’s is
left to the reader.

Now, we are able to express the notion of relative inter-
pretation between two first order theories (see e.g. Shoenfield
{12)) on the languege of locally finite cylindric algebrae.

Let A, Be Lf, . A pair (£,b) where be B, Ab¢ {0}
end f -(fp: p € Finow ) is a system of mappings f_: Nrpé—»

p
Nr B is called a uniform relative homomorphism from A to B

P
if there is a system h = (hp: p € Fin« ) of homomorphisms
of p-dimensionel cylindric algebras hp: ggpé — Nr B such

that for a1l p S q € Fina and each x € Nrpg_ holds

q.
£x = 9behox .
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It fellows immedietely that given any uniform relative homomor-
phism (f,b): A —>» B 1induced by a system of homomorphisms h,
every fp: Nr A —»Nr B (pe Fins) becomes a relative homo-
morphiem induced by the homomorphism h, and f T = Py (par-

ticularly, b = f{o}I) and for all p ¢ q € Fina the following

disgram commutes:

-

Nr A P Nr A
—_—Y

Nr A Nr A

BMD ————~::—-~*-§tqb

Pq
As easily seen, these conditions could be used to obtain an
equivalent definition of the notion of uniform relative homo-

lorphian-
Some useful and interesting preservational properties are

the following:

Lemma 2. Let (f,b): A—>B be a uniform relative homo-
morphism of Lf,’s.
(i) If p,q « Fina , X,y€ A, Ax ¢ p, Ay €q then
fpuq(x-y) = fpx-fqy .
(i1) If ae A, Aac {0}, i€« and pe Fino then
o _ 0
(a) f{i} Siﬂ = Bif{o}‘ ’
P P
(b) fp( a) = (f{o}ﬂ) .

Proof. (i) Let us compute



. PVGy.p x.
5 0q(x V) = L, tud " thpxhqy

v QXO

P 9y, .
= bohpx. b hqy = fpx fqy

where h is the system of homomorphisms inducing <.
(ii) To prove (a), it is enough to snow that both sides of
the equality give the same result under the one-one map (it has
i {i} {0,1}
left inverse) {i} {0,i} : BN 'b —» BM"''b . We suppose
that i # 0 ; the case i = 0 being trivial. Let us compute

0,1 0, . 0. . (0,i 0
{ }b.f‘i}'j.. f{O,i}'i‘ { }b'h(o.i}.i.

= (o’i} b. 'i {0,1}‘

= {O)i}b..g( {o’i}b.h{ol.)

{o’i}b.sio(b'h{o}.) = {O,ilb,.gf{ol. .

(b) is a direct conasequence of (i) amd (a).

If (£,b): A—> B, (g,c): B —> C are two uniform rela-
tive homomorphisms of Lf,’s, their composition is defined com-

ponentwise
{8ye)o{L,b) = ((gpofp :p e Pinu), g{o}b) .
Now, we can state an analogue of Theorem 2.

Theorem 5. (i) For every homomorphism h: A —» B of
Lf,’s ((hrﬂrpg : pe Fina), I) is a uniform relative homo-
morphism. A uniform relstive homomorphism {f,b): A —» B

has the above form for some homomorphism h iff b =1 .

(i) Let A€ Lf , s €A ,Aa ¢ {0} . Then the pair {rl, a)
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= ((rlp :pe Fina)d, o) is a uniform relative emdomorphism
a

of A .
(iii) Ir (f£,b): A — B, {g,c>: B —> C are unifora rela-
tive homomorphisms of Lf 's then (g,c)o{(f,b): A —>C is a

uniform relative homomorphism, as well.

Proof. (i) The first assertion is trivial. The second one
reduces to ite following corollary eontributing to the results
of §1.

Corollary. Let G, H be heterogensous cylindric algebras
of dimension « . A system of mappings h = (hp: pe Fnw)
where every hp: G —-»I_ip is a homomorphism of CAp’s. is a

-p
homomorphism of HCA ’s iff for all p € q € Fina holds

Saohp = hqo ]—)a .

Proof. The only if pert is trivial. We will show that the
preservation of the 1‘)71’5 is a consequence of the preservation
of the cylindrifications and the ;a’& Let us compute for
P& qé€ Finuw

e~ -

“ - T
hy° Ba = $qo PG oh e pq = Paehge PaePq

T

.
= pq °hq. c(q~p) = pqoc(qﬂp)o hq

-

opqo[‘;qohq = quhq .

3t

Continuation of the proof of Theorem 5. (ii) is a direct
consequence of the definition of uniform relstive homomorphisa.

(iii) The inclusion A,gmbs- {0} is trivial. Let h, k be
the systems of homomorphisms inducing f, g, respectively. A

simple computation using Lemma 2 gives for every p& q € Finwx,
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A
X € Nry_

= . = 9).9%.x h
= q . o .

Every uniform relative homomerphisa (f,b>: A —»B of

Lf,’s raises to a mapping [f£] : A —>BMDb given by

[f]bx = [fox]b = [fox] (xe A) .
Then {f,b) can be quite successfully identified with [."f]b .
Working with the relative interpretations between first order
theories this is really the case. In the particular case of (i)

of Theorem 5 [rl], works as follows
[r1)x = [*%a.x], = [%%a.x] (x €a) .

From the metalogical point of view only the uniform relas-
tive homomorphisms (f,b) with cod = I sere of importance.
According to Theorems 3 and 5 they seem to be the right subjeet
algebraizing tgiu nqtion.-o'r :di-tivo interpretation betweea first
)e;'d;u' _.t.h‘cor:lu. énrcriundtol}, this special class of mifora

relative homomorphisms is not closed under composition.

The translation of the results of §2 for the case o« = @
into the more elegant language of HCA , stated at the end of
§1 is left to the reader.
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