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REPRESENTING CHORDAL GRAPHS ON Ky n
F. R. McMORRIS, D. R. SHIER '

Abgtract: Chordal graphs are precisely those graphs
that can be obtained as intersection graphs of subtrees of
some tree T, It is shown that when T is K1,n the subclaas

of chordal graphs so obtained is precisely the split graphs.

Key words: Chordal graphs, split graphs, intersection
graphs.

Classification: 05CT7S

1. Introduction. We will restrict our attention to fi-
nite connected simple graphs and will, in general, use the
graph theoretic terminology of [1]l. A graph G is chordal if
and only if G contains no induced cycles Cn for n>3. G is
said to be represented on a tree T if and only if G is iso-
morphic to the intersection graph of a set of distinct sub-

trees of T. An elegant theorem characterizing chordal graphs
is the following.

Theorem 1 (Bunemen [2), Gavril [3], Walter [6,7]). G

can be represented on a tree if and only if G is chordal.

This theorem only requires that there exists some repre-
senting tree, so it is natural to ask, for a gpecified type
of tree T, what kinds of chordal graphs can be represented

on T, To date, only two such types of trees have been consi-
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dered. Walter L6,7] characterized those chordsl graphs that
can be represented on a tree homeomorphic to Ky ,3° Kabell [5]
characterized the chordal graphs that can be represented as
intersection graphs of infinite subgraphs of S‘,,K1 ,n where
S K.‘ ,n’ the infinite n-star, is the graph obtained by taking

n one-way infinite paths with a common end vertex, Here we al-

low the representing tree to be K, ,n and show that the graphs

represented on K1 o 8re precisely the split graphs. An exten-
’

sion to somewhat more general trees than K, is also conside-
]
red,

2, Results. The neighborhood N(x) of vertex x in graph
G consists of those vertices adjacent in G to x. A graph G =
= (V,E) is split if and only if there is a partition of the
vertex set as V = TUK, where I is an independent set and K
is complete. Furthermore, the partition V = IUK can always be
chosen so that K is a maximum clique [4]. Henceforth we shall

assume that K has been chosen in this manner.

Theorem 2. A graph G = (V,E) is split if and only if G

can be represented on K, ,n for some n.

Proof., Suppose G = (V,E) can be represented by the inter-

section of subtrees of K, ,n° Let K be the set of vertices in
V that correspond to gubtrees containing the "central" vertex
(of degree n) in K, ,n° Let I be the set of vertices in V that
correspond to subtrees not containing the central vertex.
Clearly K is complete, I is independent and V is partitioned
into ITUK.

Now suppose G = (V,E) is split, where V =« IUK and I =

= {Xq,0.0,xt. We shall construct the required K, ,nand a
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representation simultaneously by adding vertices (as required)
%o Ky po First, label the end vertices (of degree 1) in T =
= K1,r by the integers 1,...,r and the vertex of degree r by
O. Define the subtree T(xi). corresponding to vertex Xy by
- T(xy) = {1%, for 1 = 1,...,r. Next, let L, initially empty, de-
note a collection of subsets, For each ye K, we consult L to
see if KI(y) = N(y)NI is & member of the list L. If not, we
edd Ny(y) to L and define T(y) = Ny(y) U{0}. If Ny(y)¢ L then
we add a new end vertex o to the current T (joining it to ver-
tex 0) end define T(y) = Np(y) V{0,c}. This procedure is repe-
ated for all vertices y& K. Upon completion, the process yields
a K1,n and a set of distinct subtrees that represent G. 1

The method of construction in the proof above actually
provides a representation of G on K1,n using the smallest pos-
sible n. In this regard, it is important that K be chosen as
a maximum clique. Pigure 1 shows a split graph G with two ver-
tex partitions IUK., In the first case, K is not a maximum

Figure 1. Two partitions of a split graph
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clique and the construction above gives a representation of

G on K1.5. However, in the second case, K is a meximum clique

and the construction gives a (minimel) representation on K1'4.
Because the construction above is minimal (as is easily

demonstrated), we have the following result.

Proposition. If G = (V,E) is a split graph with V = IUK
énd K = {¥450+4,¥,t @ maximum clique, then the smallest n such
that G can be represented on K1 a is given by

1]

n o= Il + (IK] = 1{Nz(yy),0.0,Np (3 )2 D).

In the expression for n above, the last indicated cardinality
Just counts the number of distinct sets NI(yj), so the quan-
tity in parentheses is the number of vertices ¢ added in the
construction process.

We now turn our attention to representing graphs on a so-
mewhat more general type of tree, namely a diameter three ca-
terpillar T, That is, T is obtained from a single edge xy by
Joining a number of vertices to x and a number of vertices to
y. For obvious reasons, such a tree is called a dumbbell,

A graph G is 3-split if and only if G is constructed by
taking two split graphs G, = (V1,E1) and G, = (VZ’EZ) with
Vv, = I'WK' and v, = T2UK?, and then adjoining e complete
graph K as follows:

V(G) = V1U72UV(K), E(G) = E1UE2UE(K)UE,

1U K2 together

where E consists of all edges between K and K
with any arbitrary collection of edges between K and I1U Iz-,
see Figure 2, Observe that if G is 3-split, then the graph

G - X where X is K1 ,K2 or K is either split or the disjoint

union of two split graphs.
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Figure 2, A schematic diegram of a 3-split graph

Theorem 3. A graph G = (V,E) is 3-split if and only if

G can be represented on a dumbbell.

Proof., The proof is a straightiforward modification of
the previous theorem. In this case, the appropriate identifi-
cation is made between (a) vertices in K1 and subtrees cont-
aining x but not y in the dumbbell, (b) vertices in K2 and
subtrees containing y but not x, and (¢) vertices in K and
subtrees containing both x and y. Also, vertices in I‘| and I2
correspond respectively to end vertices Joined to x and y in
the dumbbell., The remeining argument parallels that given in
the proof of Theorem 2., [

Acknowiegggent. The work of the second author was sup-

ported in part by National Science Foundation Grant # ISP~
8011451 (EPSCOR). '

- 493 -



)

2]

(33

|03}

(53

)]

n

References

J.A. BOKDY and U,S,R. MURTY: Graph Theory with Applicati-
ors, American Elsevier, New York (1977).

P, BUNEMAN: A characterization of rigid circuit grephs,
Discrete Math. 9(1974), 205-212.

7. GAVRIL: The intersection graphs of subtrees in trees
are exactly the chordal graphs, J. Combinatorial
Theory Ser. B 16(1974), 47-56.

M.C. GOLUMBIC: Algorithmic Graph Theory and Perfect
Graphs,' Academic Press, New York (1980).

Jo KABELL: Interseotion graphs: structure and invariants,
Ph.D. thesis, University of Michigan (1980).

JoR. WALTER: Representations of rigid cycle graphs, Ph.D,
thesis, Wayne State University (1972).

J.R. WALTER: Representations of chordal graphs as subtrees
of s tree, J. Graph Theory 2(1978), 265-267.

Department of Mathematics, Bowling Green State University,
Bowling Green, OH 43403, U.S.A.

Department of Mathematical Sciences, Clemson University,
Clemson, SC 29631, U.S.A.

(Oble.tum 5¢5 1983)

- 494 -




		webmaster@dml.cz
	2012-04-28T09:26:21+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




