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A NOTE ON CHROMATIC NUMBER OF DIRECT PRODUCT
OF GRAPHS
Daniel TURZK

Abstract: The case when the chromatic number '§(G>‘H)
of direct product of graphs equals to min {4 (G), o (H)} is
discussed.
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The direct product Gx H of two (finite, simple) graphs
G, H is defined by

V(GxH) = V(G)> V(H)
and

(x,y) & V(G =H) is adjacent to (x',y") &« V(Gx H) if and
only if (x,x")e E(G) end (y,y )e E(H).

In [1]
(1) (GxH) = min {y(6), 1(H)}3
is conjectured ( g, denotes the chromatic number) or, equiva-
lently, if % (6) = x (H) = k, then 4 (GxH) = k., It is clear
that 4 holds in (1). It is proved in [1] that (1) holds if
qc(G) =y(H) =k and
(2) each vertex of H is contained in a complete k-1 graph,
It is not difficult to prove that (1) holds if
(3) there exists a homomorphism ¢ :G — H,
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(A mapping @:V(G) —> V(H) is a homomorphism if

(x,y) € E(6) =% (g (x), ¢ (y)) e E(I).)
In general, it is not even known whe1;1/1e::“rdl__:l;u}m7 f(k) = o0 where
£(k) = min {% (G=H) |x(G) = z(H) = ki. In[3] it is proved
that either £(k) £ 16 for every k orklimw (k) = 00.

In this note we give another sufficient condition for (1)
and show examples of graphs which satisfy this condition but
do not satisfy either (2) or (3).

Theorems Let o (G) = y (H) = k, If

(4) for every pair €y, e, of non-incident edges of G there
is an edge e, of G incident to both e, and €,

then o (GxH) = k.

Proof. Suppose that o (GxH)<k. Let c:V(GxH) —>
—> £1,...,k=1} be a coloration of Gx H. For each vertex xe€

€ V(H) choose an edge e, = (y,,z,)€ E(G) such that c(y,,x) =

x
= c(zx,x). Define T:V(H) — {1,...,k-1} by ©(x) = c(yyrx)e
As y (H) = k there is an edge (x,x") € E(H) such that ©(x) =
= 8(x").

There are three possibilities:
a) ey = €y (say Yx = Tgrs %y = zx,). Then c(yx,x) -

= c(zx, »x’) and (yx,x) is adjacent to (zx, »X') in Gx He
b) e ,e,, are incident (say z, = yg,). Then e(ygsx) =

= c(yx, ,x') and (yx,x) is adjacent to (yx, »x') in Gx H.
c) There is an edge incident to both e, and e, (say

(zx,yx,)e E(G)). Then c(z,,x) = c(¥y ,X') and (z4,x) 18

adjacent to (¥ yX ) in Gx H.

In all three cases We get a contradiction to g (GxH)< k.
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Remarks Let G, kZ 4 be a graph with the vertex set
v(G,) --¥x1“..,xk_1,y1,....yk_1,z} and the edge set
E(Gy) = i(xi,xj)[ 1,5 = 1,eee,k=1, 133 U

{(xi,yj) 11,3 = 1,000,k=1, 1hji o

{(yi,z) 1 =1,e00,k=1}.
Clearly, G, is the k-critical graph which satisfies (4), see
[2].

It is not very difficult to prove that every 4-chromatic
graph contains either 64 or a 4-chromatic subgraph which sa-
tisfies (2). Since there is a homomorphism q:H-—) G4 for any
4~chromatic graph H which does not satisfy (2), the Theorem
does not yield any new result for 4-chromatic graphs.

On the other hand, let kZ5 and let H be any k-chromatic
graph each vertex of which is contained in e triangle but
which does not contain the complete graph K4. Then X (ka H)=
= k by the Theorem but neither Gk nor H satisfy (2) and there
is neither a homomorphism ¢ :G —>» H nor @ :H — G.
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