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ComMENTATIONES MATHEMATICAE UNIVERSITATIS CAROLINAE
24,2(1983)

GAME PROPERTIES OF BOCLEAN ALGEBRAS

PETER VOUTAS

Abstract: We deal with the transfinite game on Boolean
algebras introduced by T.Jech at the Logic Colloguium ‘77, We
prove that if the density of a Boolean algebra B is 2% and 2%
is smaller than the first weakly inaccessible cardinal number,
and if the player Black has a winning strategy, then B has a
6 -closed dense subset (this generalizes some results obtained
by M,Foreman). Moreover, we investigate properties of the sets
of ordinal numbers of the lengths of games for which Black,
respectively White, has a winning strategy. The results suggest
that the game is "cardinal-type" rather then "ordinal-type".

Key words: Games on Boolean algebras, 6°-closed dense
subset, cardinal charactsristics of Boolean algebras.

AMS(MOS) subject classification (1970): O4A20

§ 1. Introduction. Let B be a Boolean algebra and ol an

ordinal number. Consider the following transfinite game 91(8, o),
introduced by T.Jech in [6], between two players White and Black.
Let White and Black define a decreasing sequence

(1) Wo ¥Dp 3w, 2b.> ...;v;»bfz...

of nonzero elements of B of length <o by taking turns defining
its entries i.e, first White chooses a nonzero voeB. Then Black
chooses a nonzero by < Yoe Then White chooses nonzero wlsbo oo
The play is won by Black if the sequence (1) has nonzero lower

bound and length A ; else the White wins,
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IT
The game g (B, ot ) (see [5],[4]) is defined in exactly
the same way as the game gI(B,d ) except that the player Black
moves first at limit stages, i.e, the play of ..]J'I(ﬂ..L } locks

<

like .

b, W, ;...

WO’bO'wi’b1""'bﬁ) :ww ’bt.)&l'ww+1""’

T.Jech in [6] proved that if the algebra B has a § ~closed
dense subset, then the player Black has a winning strategy in
the game §(B,w) = gI(B,w) = gH(B,w) and formulated the
problem whether the inverse implication holds i.e., does the
existence of a winning strategy for the Black in the game
Cdl(B,w) imply that the algebra B has a G -closed dense subset?
The problem was investigated in [14],[-5],[10] and [11]. M.Fore-
mar ([-’J) provad that if the density of a Boolean algebra B is
@, and Black wins the game g(B,w) then algebra B has a 6 -
closed dense subset, We show in § 2 that the assumptions of
this Foreman’s theorem implies CH and we prove the same con-
clusion under the assumption that the density of B is 2“.
C.Gray in [5-1 (cited in Eh]) constructed a Borlean algebra E
such that Black wins gH(E, w,) but does not win gI(E, w,)
and hence E has no wz-closed dense subset, We show that such
a phenomenon cannot occur below wl. To be more precise, for a
Boolean algebra B denote

2%(8) = §d: Black wins gI(B,d)}

3%(B) = {d: Vhite wins 91(5,,«)}

AT(B) = §4: Black wins gII(B,oL) }

}II(B) = fob: White wins gn(B,ok)}.

1

We prove that sup QI and sup iII are regular cardinal
numbers and hence ( ’ﬂII- 'dl)ﬁ w, = g. In {47 1t is provea

that min ‘SII(B) is the minimal cardinal number d” such that
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the algebra B is not (ar,. , 2 J=distributive. We prove that
min ‘51(13) is a regular cardinal number, These results show
that, &s far we are intsrested in the existence of the winning
strategies for Black respeciively White, it suffices to con-
sider games the length of whichi is a curdinal number,
Furthermere, it follows that to break down the inverse
implication mentioned above we have to look for finer methcis,
e.4., the one introduced in [lO], based on the notion of a

simultaneous strategy.

Preliminariss, In this paper Boolean algebras are assumed
to be complete, without atoms, Let B be a complete Boolean
algebra, © a zero of B, Then B' = B - {©}, for x €B* B_ is
the partial algebra, We say that DSB' is a J-closed dense
subset of algebra B (we say sometimes base instead of dense
subset) if (VxeB')(Jy eD)(y€x) aud for every decreasing
saquence iad Ak <T }SD of the length 7 <A there is an Y€ D
such that y$ay for sach 4 <T ( 6-closed means w1-closed).
d(B) denotes the density of B, i.e,

min §IX| ; X €B* is a dense subset of B}. hsat(B)
denotes the hereditary saturatedness, whers'hsa.t(B) = K iff

(VxeB")( V) <X )(there is a partition P of B with
lp)32A ). By P,Q,W we usualy denote a maximal partition of B.
A system @ = {Pu‘ i k< K')] is called a matrix, P.L'g are
colums of ® and x€eP,y; is an element of the matrix ®@ . For
xes' put

XAAP = {yl\x; yeP}ﬂB". PL< Q denotes that P refines Q,
ie. (VxeP)(IxAAQ 1¢1). A matrix @ is said to be monotone
provided 44‘3 implies Pp (<P* . Note that if @ is monotone,

then ({J® , <) forms a tree, The algebra B is said to be

- 351 -



(%,.,A )-distributive (see [12],[6]) provided for any matrix
® ={P, | #<x7Y there is a maximal partition P of B such
that (¥xGP)(Va <k )(IxAn B 1<A ) and B is callea
(<% ,.,A )=distributive if for every d <¥ B is (J7,.,1 )-
distributive., Further B is said to be nowhere (IC ,., d )-distri-
butive if for each x& B' the algebra B_ is not (,.,A )-distri-
butive. Recall that B is nowhere (IC ,.,A )-distributive iff
there is a matrix ® = {P, ; 4 <x} such that for each x ¢B"
there is some 4<% with [x An Py {32 . In this case we say
that ® is a matrix witnessing to the nowhere (X ,,,d )-distri-
butivity of the algebra Bx'

Recall that (/X,,, 2 )-distributivity of B is equivalent
to the following condition on the algebra B: For each matrix
{Pd 3 d<‘¢} of B we have

/\\/p‘ = \/SAr(d): rej:l;p‘ }

den
Symbol R’ stands for any of '&I and xn; similarly for 3'

and 9. « The winning strategy for the player Black in the game
91(3,.() is a function f:éz{ Ps —>B such that Black wins every
play in which he follows f i.e., each play

\ro,f(wo),w1 ,f(wo,w1),... ,wp ,f(wo,w1 reee ,wP )seee
is won by Black i.e. /\wp # O. Ve admit that f can be defined
possibly on a grnterpc(i:min, e.8. if o <($ and 6 is a winning
strategy for Black in 9'(5, P) then € is also a winning stra-
togy for Black in g'(n,gl ). Sometimes it is more convenient
to write the infinite sequence fbf : f( 4} more explicitly,
., 8.,

gbo’bi""’bn’bnﬂ"”’bu ’buﬂ""'b} 1ot f‘-‘-}

and an element of this sequence with double indexes c‘;“-ﬂ
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1+1

we compromisely write as b( d M+1) instead of b o
J*
The course of a play Wo2 Do v 2 b2 ...}\:‘ E ) L 2 ...

we often ilustrate by a picture like this

White Black
Yo
L)
w4
b,
"
. b'l

For unexplained notation and terminology we refer to [7].

§ 2, Partial affirmative results

Corollary 1. Assume that B is a complete Boolean algebra
without atoms and Black has a winning strategy in the game
g(n,w). Then hsat(B)> 2%,

Proof, Let us pick an arbitrary x €B* and 6 a winning
strategy for the Black and construct a binary tree

T = {xp: £€(J™ 2 JSB] such that

néw
(1) fss -> xc‘. c(foO'xfr‘l 1eee txf)' and
(14) Xeag NXpny =0

Easily for any f e“’z the intersection Yp = /\ Xetn is dis-
n<w

tinct from © , and for £ ¥ & we have yfAyB::D and y. & X.

Hence sat(B_)> 2“.
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Remark 1. As already mentioned in the introduction, M.
soveman ([%#]) proved that if Black wins g(B,w) and d(B) = @,
tliion B has a 6'--closed dense subset, From our Corollary we get
2 < hsat(B)<d(B)* = w, and therefore 2% = @, must hold.

A natural question arises: what happens if d(B) = 29> w, . In

what follows we provide the answer.

Remark 2, Every Souslin algebra B is not determined, This
follows from the fact that B is (... 2 )-distvibutive (i.e.
White does not win Q(B,w) (see [6]) and hsat(B) = w, (i.e.

according to our Corollaxy, Black does not win g(B,w)).

Definition. A matrix ® = {2, ; &<} of algebra B is

called a base matrix of B of length K irU® - Uie, ; dex}
is a base of the algebra B {(i.o. a dense subset of B).
The notion of a base matrix was introduced in [1] and for

"strategic" constructions used in CIOJ ,[11] and Cy].

Lemma 2., Assume B is nowhere (¥ ,.,A; )-distributive and
(<X,.,2)-distributive Boolean algebra such that d(B) = Q&
and Black has a winning strategy in the game g(B, w). Then B
has a monotone base matrix of the length K and K 3 w,-

Proof, The proof can be obtained by a slight modification
of the proofs of Lemma 6 and Theorem 7 in [1 1]. Hint: Take a
monotone matrix ® witnessing to the nowhere (R ,,,d )~distri-
butivity., Using thq strategy for Black one can construct a
A -ary tree of the length 2?0 analogously as in Corollary 1,
Now, each nonzero element of the dense subset of B of size A&
intersects )&different elements of the matrix, Take a one-to-
one embedding of the dense subset of B into the elements of the

matrix @ and "close" the matrix under intersections and com-

plements, This way we get the desired base matrix,
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Foreman s conatruciion of a GJ-rzlosed denss subset has
two steps, First he constructs a base matirix of nonlimit length.
Seun:iid, from this base matrix he constructs a &'-closed dense
sudset, Generalizing tiane flrst step and using the second Fore-

man’'s step unchanged, we get the fcllowing.

Theorem 3. Assume that algebra B is ( X,.,2)-distributive
Y
and nowhere (K *,.,A )-distributive, d(B) = ;\?(" and Black wins

%(B,U ). Then B has a 6 ~closed dense sbset.

To reach the continuum we use the technique of the parti-
tioning algebra into factors homogeneous in some cardinai

characteristics (cf. Pierce [8], Bukovsky [2]).

Lemma 4, For x €B* put 7 (x) = K whenever the algebra B_
is (4K ,.,2)~distributive and nowhere (W ,,,2)-distributive
(undefined otherwise). Then

(a) D= {x: T(x) is aefined } is a dense subset of B,

(b) (Vx &D)(W(x) is a regular cardinal number smaller
or equal to the density of B).

Proof, (a) Pick some xg B'., Put

€= min§d": B_ is not (J,. ,2)-distributivelf.
Then there is a matrix {Pd :oL<<} such that /\ Vl:l =x

aew

and z = \/{/\ £(d): £ eﬂ?l}_fx.
d< der

The algebra Bx-z is (<X ,.,2)-distributive and nowhere

(R,.,2)-distributive, i.e, x-z4x and (] (x-z) = € . )
(b) The proof that D1 (x) is regular is straightforward,

Assume that d(B,)€d(B)< W (x) and {u, : L<d(B )} is a base

of Bx. Put P

o«
{P* sk < d(Bx)} is smaller than O] (x) and, by the distribu-

= {ud » =u,}. The size of matrix

tivity of B, there is a common refinement P, Take x &P and
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e yeB", y<x (B is atomless). But, there is an element of the

base uy such that u < yg x{uy ., Contradiction,

Theorem 5. Assume that B is a Boolean algebra such that
Black wins the game g(n,w) and d(B) = 2*° and 2 < 1®% yeak1y
inaccessible cardinal number, Then B has a 6 -closed dense sub-
set,

Proof, Take « = dom(7), the dense set from Lemma 4, and
take a maximal disjoint partition P of B consisting of elements
of @ , Since T (x) is regular and 77'(::)52""< 1%% w.i, T(x)
is a successor cardinal number, So, far every X¢ P there is a K
such that the algebra B - is

(1) (R,.,2)-distributive,

(41) nowhere (®*,,,2)-distributive,

(111) a(B.)¢ 2%,

(iv) Black wins Q(Bx,w).

From Theorem 3 we get a 6 -closed dense subset of algebra Bx

for all x €P and, henceforth, also for the algebra B,

§ 3. Some game properties of Boolean algebras

Investigations carried out in this final part are motivated
by a result of C.Gray ([5]). Consider the games gI and gII
as defined in § 1, Gray proved that there is a Boolean algebra
E such that Black wins %n(E' w,) but does not win %I(E, @,)
and therefore algebra E does not have an wz-closed dense sub-
set. For sets %%, R, -61, 311 defined in the introduction
we easily get ttI c 'uII and ‘bng_ 31. To ilustrate the game

properties of an algebra let us draw the following pictures
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3

I
§ 3+ e
0 w, w, .
.ﬂl_ & | )
9 b : ! + Y — — 4 = — |——r— e o s

;If

¢
nondeterministic jump

The dis.gram of the (ray’s algebra E looks as follows

wy
; 5 S
"l —
721 24
J
I N II
Since the games g (B,w ; and 9 (B, w) are the same, the

following situation

does not occur, Our next result shows that even for & such

that w <d < w, the Gray’s trick cannot be used, i.e.

1 1
qx | — % I N b } ee s
I 1 , i |
0 Wo o wy
€T .
9 — - ———— .-

?21[

also cannot occur.,

51
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Theorem 6, Assume that B is a complete Boolean algebra.
Then sup( ‘&I(B)) and sup( iII(B)) are regular cardinal num-
bers.,

Proof, In both cases it suffices to prove that if
i‘lf : } < \(} < ’ﬂ' is a sequence of limit ordinal numbery and

KeW¥ is a limit ordinal number, then J. oLj (3 ai (here 2.

f<\<

(a) Let 6 be a winning strategy for Black in gI(B, ic)

denotes the ordinal sum).

and 5} , §<W , are the winning strategies for Black in games

%I(B, .L} ). The desired strategy for the game gI(B, Z,[f) we

construct "interweaving 6 with 67 ", (See also picture).
For }S <, puf: J} =~l§i,[,( (e.8. J; = 0, J;.—. %:1 ).

We define H, the Black’s strategy case by case: for f< K and
0 < K < p‘} put (remember our convention about double indexes)

b( d?-ff ) = H(wopva.pw(d; ),V(d;-t‘l),-..,"(d}’ + f )) =

= G‘HJI+ W + yese W +
§((}1) (df‘z) (J; £))

and b(J‘) = H("O,w,swzvoo' ,W(J’ )) =

f
= G(wo,w( J:);w( J;)ro'- ,V(J; ))
White Black
Yo
w, .
go(w‘)
Y2
G;)(w1 "Wy) .

continued on the
next page
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White Black

continued
w( olo)
6 (gl 4g))
wi JO-H)
C;(w( do+1))
w( ,L0+2)
G’,(v( do+l),w( clo+2))
w( ’{0* a(‘)
§ (g dg) o { otgr o))
w( Lyt 4 +1)
c’z(w( oot pl1+1))

For every <R the sequence

w( & +1),b( d;’u), .,w(er-;) b(J S RITTTE 5<a
is a play of % (B ol¢) in which Black follows G'f and hence
/\iw,{ < }+43;£D and so White can choose the w( o

j+1)’

Moreover, the sequence

V09b01"( J:)vb( J;):.--."(J; );b(a} Yieoe: ;‘W
is a play of I(B," ) in which Black uses & and therefore
/\fw‘* H J~<J‘lc\' # O . Hence, the defined strategy H is

winning for the player Black in the game 9’(3, zdgo),
(3.3

(b) The proof for the game II 44 similar but we have
to be more carefull on limit stages. Let "f , ‘-’,9.5} .J; be
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the same as in (a) but for %H. Define the strategy H case
by case:

bo = H(wo) = G'(wo)
for O <j<w and 1 <§<¢l§, respectively for w<§ <K, }»

nonlimit and 1 % I < ‘,L; , put

b(d} ) = H(wo,w’,...,v‘ teent pL(JE ) is arbitrary

up to the conditions of the game
b(JE +1) = H(wo,w1,..-,w(d; )) =
(worw( 7)) w( dp)senn wld]

w +1

),...,w(J; )) =

(wgw( a",),...,w(J','l),...:vlsf& y nonlimit)
b(é}a.f) = “("o»"w----"(c" +D), ... 1)‘<f) =
= G’,(w(J;+1),...,w(J;+->),...: Hef )

for w$§<!( and flimit and 0 <f<g.s , put

-4

= G(Won"'( J:)'."'V(J;l)““:'l‘f& i nonlimit)
*f) = H(Voywv---.w(o'; +D) 000 \}cf ) =

6}("(‘4} )lw(J +1),...,W(d~+ l})y.-.il)(j ).

} 5

(J;) = H(wo,w‘,...,w ,...:aL<J} ) =
de
f

White Black
Yo
C(wo)
Y1
Bolw)
Y2
c'o(w1 ,wz)

continued on the
next page

~ 360 -



White Black
continued
v(d. |) arbitrary
w( J7)
By w( 7)) = v( Ji+1)
w( dJ +1)
6, (w( d+1)) = b( I +2)
w( d]+2)
6 (e ( Iie1) Wl I +2))
b(d, ) = 6 lwgw( d7) e w(JY),eenim <o)
w(Jy, )
6,(w( d;, ) = b +1)
W(J;n)
6 (w(dy ),w(dy +1)) = (] +2)
b(J;“) arbitrary
wid, 1) .
§ (gl ) reee () e (I Dbl 41)
w(d, 41*1)
8 iU y#1)) = b +2)

It is easy to see that for §<w or g nonlimit the sequence
W(ar}”),b( cr}-l-l),...,b(d;+w),w(o‘;+w),...

,..,b(d} +\9‘),w(d; ) eent 7.9‘<el§

- 361 -



respectively for §>Q and § limit the sequence
v(J; )bl gy +1),w( +1),0(9} +2),...,m(dy o) (g vw)ens
eeeyb(d; +O),V(J;+0'),...: ()<0Li

is a play of the game gn(s, 45 ) in which Black follows 5} .
Moreover, the sequence

Woibow( 97),b( I +1),0un,w( J7) (I H1),.

RN D R R TSI I E o0 YOO

'.’..,b(J} ),v(d}H),b(fHH),w(J}+2),...= f<v<' is a

play of %H(B,() and AS'J.‘ ok < g }:/\{w(J}' ):;<\C$ FO.

Hence H is a winning strategy for the Black in gII(B, s oli ).
f(vt
Remark 3, As a corollary of the previous theorem we get

ke T — rtec pf
ke 8l —> w*c 1
If the algebra B has a 6 ~closed dense subset, then

o, ¢ #E(B) N ATE(B). But from Theorem 6 we get that

( 'ﬂII(B) - ‘)lI(B))h w, = # for every Boolean algebra B,
So the nonexistence of a 9'-elosod dense subset cannot be proved

using differences between ‘iI and )zII.

Now let us recall the notion of a simultaneous strategy
introduced in [_-10].- It is our feeling, that the existence of
the simultaneous strategy can be a loophole for breaking down

the Jech’s problem,

Definition, We say that the player Black has a simultaneous

winning strategy in the game %I on algebra B ( %II, respec-

tively) if there is one strategy

C:UiPeipcw,y—>s

such that G is winning for Black in each game gI(B, 4 ) for
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o< a)1( %II(B,gL ) forol < U1 , respectively).

Note that if B has a 6 -closed dense subset, then there
is a simultaneous strategy for gl and gII' and if Black has
simultaneous winning strategy in the game QI then he has
simultaneous winning strategy also in the game gII. Hence the

following problems arise:

Problem 1, Does "Black has a winning strategy in g(B,u)"
imply "There is a simultaneous winning strategy for Black in
the game 311 on B" ?

2, Does the existence of simultaneous winning
strategy in the game QI imply the existence of simultaneous

winning strategy in the game gI‘I ?

tn [4] is proved that min( én(s)) is the smallest car-
dinal number J for which the algebra B is not (cr,.,z)-dietri-
butive. For the Gray’s algebra E we have min( éI(E))< min ( ‘bII(E))
Our last theorem answers the remaining question. It shows (to-
gether with the previous rasults) that 91 is realy a "cardinal-

type" game.

Theorem Z. For every Boolean algebra B,

min ( ‘éI(B)) is a regular cardinal number.

Proof. Assume that f-lj: f< x} is a sequence of limit
ordinal numbers disjoint with ‘bI(B) and let IT ¢ 5I(B) is a

limit ordinal number, We show that J ,,(f ¢ bI(B).
13,4

Assume on the contrary that 6 is a winning strategy for
the White in the game gI(B, Zols ). First we introduce some
notation., Put ors = %U’-"\_. For a sequence b = (bo,b‘,...,b,l ,

,...:'lz <J.) define G'[g_]a strategy for the White in the game
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I(B,.l ) as follows
5'[7;](YO.Y,,...,Y‘.«,.‘.:#<19'<6L ) =

}
= 6’(b0,b1,....b‘2 Ve Y YT, ““’Y(*“”:Y,‘J; 5(;«01)
Assume that ? is some strategy for ths White in the game
gI(B, .l}). As J; é bI(B), there is a seguence fbo,b'.,,.,b,l .

1eeet M <J}}of entries of Black such that the following sequanca

?(;b),bo. f(bo).b,.f(bo.b,),bz,..., P oG Dyraeesba ez mcny ),
,b-7 reeet <d-j

is a play of gI(B, .;(’) which White does not win. Using AC, for

each f) fix one such a sequence and denote it GEF] . That is,

for every ? there is a sequence ;[r] of Black’s entries such

that y fails against this play, To show that G fails in

gI(B, 2 o¢ ), we shall iterate these two cperations (e.g.

§>[’6 [53]). For two (or more) sequences bO'bI"" the conca-

tenation is denoted b~ b, (respectively bo’\b

o
Construction, There is a strategy H such that for every

e,

descending sequence § xu: A < \C}of nonzero elements of the

algebra B there are sequences {;f : f(vc} and {6} : f< V\‘.isuch

that

(1) _l;f = Sbf :-?_ < J.f} is a descending sequence of nonzero
elementz of algebra B,

(2) Gf is a strategy for White in the game gI(B,o{ ) and H

is a strategy for White in the game QI(B,K‘)

(3) 6'0 = G'E{xo}]

() By = BL6,] =BL6 [ixy}]]
(5) G'f = gf{xo}n'—’oh{xﬁns(\ "‘r\i’.’q_nixq +l}h ce ’\{x f}nl(j]
(6) B¢ =

f 5{6¢) depends only on & and {x,li m £ f}
(7) 1) = 6(¢)

H(xotx'vo-vavl,oo.:G'l(}(( ) =

= S Y B, 1%, 37, L T T BT L e

ot ™y
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White Black

H¢p) = 6(p)

x,
6;(¢) = 6(x,)

vg

6 $Tixo3] Y 6o(x0) = E(xgenQ) 5, = 506, 7.

21
!!(xo) = G({xo ~ ;0)

%4
6,(P) = E({x3" v, "ixy)

v

Cj\ 6, (b:)) = 6 (x5, "=} n{"c‘)}) ®,

v
H(x noo-r‘nyono: ndw ) =
=6 ({xo}“ '50"' ves ”{xn}"'l';n.h..: ndw )

Xw
G'u(¢)

w

clo bo -
by

The construction is straightforward, Note that H is a

strategy for White in QI(B,Q). The value of B(;x,(: n< y < R})
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depends only on the sequence {xe‘ : A<RY. But Lol - 51(8).
Then ¥ = b[H] = {y, : f<t} is a sequence such that
H(‘P):YO:H(YO),Y,,....E(Yo,...,Y7 reeel "l < f )!Yf 1ol f <K
is a play of %I(B,(‘)and Ay, #0 .
e’

From the construction (for this particular ¥) there is a
sequence {; s ;<)C} such that the sequence

fyo}"Taoh {Y,}”B"‘ oo "fyf}" '5’6 oot F(‘C is a sequence

of Black’s entries in the game %I(B, b ,(f ) in which White

f<ﬂ

uses 6 . Contradiction,

Remark 4, If B is a Souslin algebra or the nondetermined
algebra constructed by T.Jech in [6], then

sup 'ﬂI(B) = sup )iII(B) = w and

min ‘bI(B) = min }II(B) = @,

The diagram of B lernks like

I # 3

§ —— — .
0 w, w,

QIT ______ p____g_ﬂ:__.tv

Remark 5 (Problems). We dont know whether for each algebra

B is
I (™ - 2%(B))Acara ) &1 and
[ (3%m) - fwnncam ] &1,
A.Hajnal asked whether

1(51(3),\ 2 (8))Acara | 1

is true,

Is there an algebra B such that min( 511(8)) =& .,
min (‘bI(B))<mm( 511(3)) (and hence min( 51(3)) = @ for

some n {w ?
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Doeas for any four regular cardinal numbers \71, \?2, ?l , ‘?2

such that
=3 121 N
Y1
» L .11
Vl

exist an Boolean algebra such that sup( %I(B)) = \71,
sup( RT(B)) = ¥, min( 'bI(B)) = %, and min{ én(s)) = 7,7
The last couple of problems concerns the algebra
B, = ‘,(“’)/fi.n' We define
K _ = min§lF] ; FCB} is centered and AF =©}
Ky = win{lT] ; TQB; is a tower and AT = O}
K = min {J”; B, is not (J7,. ,2)~distributive }
I
v, = sup( BT(8,)) v, = sun( % (8))
1 (4] 2 0
Y, = min( }I(Bo)).
IT
Easily '22 = min( é (BO)) =1 .
Parameters K‘c, K't and K were investigated by B.Balcar, J,Pe-
lant end P.Simon in [1]. P.L.Dordal ([3]) proved Con(ZFC + IC_< K).
A.Szymanski and H.X.Zhou proved in [9] that K.'c = @, implies
\’\"t = wt. This result together with Dordal’ s metatheorem gives
Con( thut + ZFC), The following diagram shows the relations

between these characteristics of the algebra (f(cu)/fm.

e Tip

We ask: Which inequalities can be consistently sharp?
Prove or disprove Con(ZFC + 'vb <& 92).
Is there a simultaneous winning strategy for Black in the

game gI on e(w)/fi.n of the length \?1 (%II and \?2 respec-
tively)?
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