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A NOTE ABOUT M,-SPACES AND STRATIFIABLE SPACES
Ju. H. BREGMAN

Abstract: M,-spaces and stratifiable spaces are characte-
rized as proImugeL of metriszable spaces under one-to-one map-
pings, satisfying special conditions.

K% words: M,-space, stratifiable, paracompact, closure-
pr'.' { ] (- G. ! ' '

Classification: 54E20

In our paper, we deal with bijections (= one-to-one map-
pings) ot ll-spacoa and stratifiable spaces onto metrizable
ones, .1" and stratifiable or lj-upacu were defined in 1961
by J.G. Ceder [3). It was also shown there that every M,-space
is stratifiable, but whether the converse is true is still un-
known,

Since every stratifiable space is paracompact and has a
Gy ~diagonal, it can be bijected onto a metrizable one [61,[2
But 1t was not studied before, as far as we know, with what
special properties can the bijections of stratifiabdle and ll-
spaces onto metrizable ones be chosen, Furthermore, it would
be interesting to find characterizations of these two classes
in terms of preimages of metrizable spaces under bijections,
Recall that not long ago has A.V. Archengel “skii characteriz:
the topology of a paracompact & -space L7] as that one which
has a metrizable 4 ~approach [1), but this is obviously equi.
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valent to the existence of a speeial hijection ovte a atrie
apace, Quite recently A.P. S~stak [9]) has studled smpecisl ‘vo~
perties of bijections which hold for some ~lasses ol parscra-
pacta with Gy ~diagonals. The aim o? the prssent paper .3 %o
obtein characterizations o7 Mla end stratifiable mpaces as pre-
lmages of metrizable spaces ur\.’\er bijectlons which satisfy =syuv..
cial oonditions.

Let us recall the basic delinitions from [2],(3],[8] which
we use in our -paper., A regular space 1ls called an Mloapaoa it
1{ has & 6'-closure-~preserving base, A family of pairs of avbh-
sets P= {(p, ,p" )t € A} of & spsce X, satisfying 5 C Py
for every o € A is c¢alled a palr-aetwork in X if for every
xeX und reery 1ta npgen nelghbourhood 7 there exigta «w e A
such that xep . c U. If, moreover, every p. is open, then P
is called a pair-base in X. A femily = {(p 4" )s oc & A}
is called cushioned if [U{ p;: e A3l € Ufp ¢t L € A3
for every A ,c A, A family P= -{(p‘;' 2DP"% )t < & A% is called
&~-cushioned if it is a countable union of cushioned families

Pp =y P ): ¢ € Agle A T -space which has a &'-cushi-
oned pair-bese 1s called stratifiadble. A topological space
which has a &=-discrete network is called a 6-space. Every “1"
space is stratifiable [3] and every siratifiable space is a pa~
racompact & -space [ 5], For the definitions of other concepti-
ons used in the paper see, e.g. [4].

We denote the closure of a set A in a topological space X by
[A) -

Proposition 1., For every closure-preserving family JX of
subsets of a paracompact &-space X there exists a bijection ¢
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of X outo a metrizadic svpace Y such that ?([KJX) = [g;(K)JY
holds for every K € 3 .

Proof. Let ®= UL P s e Nt be a &-discrete network
in X whera every 3°n is a discrete family of closed sets. For
a set Pc X and a closure-preserving family J3 of subsets of X
we define an open set U(P, ) = X\ usmx:v e ® , [VanP =
= P%. We ghall construct recursively a sequence {%kxﬁ e N3
of disorete families <€k of open sets of a space X such that
for every k e N the following three properties hold:

(1) ‘Ck = {V (P):P & :'Pk, Pcvk(P)}¢

(2) it P e :Pk and PcV e U{‘Z’lx1<k'i then [Vk(P)]ch;

(3) v (P)c(?, 55k) where 53, = U{ ‘lel<k§UIfC.
Assume that the femilies ¢, are already defined for all k<n
in such a way that they satisfy the properties (1) - (3). In
order to define the family ?_’n consider the discrete family of
closed sets @n and applying the peracompactness of the space
X find a discrete family U= {V(P):P e S’n} of open neighbour-
hoods of the sets P e S)n. It is easy to notice that the fami-
ly %, = Ui c€k=1:< njUX 4is closure-preserving and there-
fore U(P, ﬁn) is an open neighbourhood of P, Consider now for
every P s an the neighbourhood V°(P) = V(P)NU(P, Jjn) then
the family U'= {V'(P):P e ®,% is discrete,

For every P & (Pn and every k<n there exists at most one
open set V & @k containing P. If there is such a set V then
take Wk(P) satisfying Pc wk(P)c'['k(P)]x V. It there is no
such a set V ¢ ‘Bk then let wk(p) = X, Define now for every
Pe £Pn a neighbourhood V" (P) = N {'k(P):k<n§ and let
V,(P) = V(P)NV" (P), It is easy to verify that the family
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€Cp = {V,(P)P & & } satisfies the conditions (1) - (3).
Let now €= U { € meN}

It is easy to notice that the &-diserete family € is
a base of a new Hausdorff topology on the set X, We denote
the corresponding topological space by Y. It is obvious that
€ is a 6-disorete base of its topology.

Let ¢ denote the natural bijection of X onto Y, We shall
prove now the equality 9([VJI) - [9(\!)]Y for every
Ve ULB me N3% . The inclusion @(LVly) c g (V)Jy is
obvious since the mapping ¢ is continmous.
Let x ¢ ¢ (LVly) for some V € 53 ., The femily P 4is a network
in X and therefore there exists P € rf-‘m, mzn such that xs Pc
C X\[V] . Then V (P) e €, and V (P)NV = #; hence
x ¢ [¢(V)ly. Thus the equality ¢ (LVly) = [@(V)ly holdd for
every V € U{Qnmeli and, in partieular, for every Ve ¥ .
This property together with the condition (2) readily implies
the regularity of the space Y. Therefore it is metrizable as

a regular space with a &' -discrete base.

Remark, It is eesy to notice that the topology Ty of
the space Y is an A -approach in the sense of A,V. Archangel -
skii [1] to the initial topology a‘x of an M;-spece X, In
. texms of bijections this means that the image of the family
" @ under the bijection @ is a 6-disorete network in Y,

Logma 1, Let {X m e N} be a sequence of families of
subsets of a topological space X, Suppose that for every ne N
there exists a bijection Pn of X onto a metrizable space .n
such that Qn([xlx) = [g’n(x)]l‘l holds for all K e ‘JCn. Then

the diagonal mapping @= Ao . X—>¥ = o(X)cl{M;me N3



satisfies the equality ¢ ([Kly) = l:g(l()Jl for every K6 X =
= U4 'Jf.n:n € N; .

Proof. Let g,(x) = x'€ M; (thus we shall not distingu-
ish in notations the corresponding points in speces X, for dif-
ferent n); therefore @ (x) = y = (Xx',ec0px’cus). Take a set
K e %E. Since the diagonal mapping ¢ is continuous, the in-
clusion cy([K]x) c Lo (k) u 12 true. Let y € [g:(l()]xg to com-
plete the proof we must show that y € ¢ ([le). It Uy is a
neighbourhood of a point y = (X yeeepx e..) in M then U, n
N ¢ (K)+@. Take Uy = My oo x My 1 xTpx M o x ee)NM, whe-
re U, 1s an arbitrary neighbourhood of the point x° in the spa-
ce M. Denoting by R, the projection of the produot LIRS S
ine N§ onto the m-th coordinate space 'n we may conclude that
U N (p(@(K))+ P, Since p o ¢ = @, , this means that U, N

N @ p(K)#$ ¢ and hence x'sl QM(K)J% = ¢,([Klz). Therefore
xe(Kly and y € @ ([Kly).

Proposition 1 and Lemma 1 easily imply the following re-
sult.

Proposition 2. Let X be & paracompact &-space and X a
6 =closure-preserving family of its subset. Then there exists
a bijection @ of X onto a metrigable spacc Y such that
@ ([Klx) = [9(K)]y for every K ¢ X .

This proposition allows us to establish the following

characteristic property of ll-lpecos.

Theorem 1, Let X be an M,-space and 33 a € -closure-pre-
serving base of it. Then there exists a bijection ¢ of X on-
to a metrizable space Y such that ¢ ([Vly) = [ ¢ (V)ly for
every Ve 3 «
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The next characterization of Ml-apaces eazily follows from

Proposition 2, toc.

Theorem 2. A reguler space X is an Ml-space 1£f there
exists a bijection @ of it onto a metrizable space Y and a
€ -glosure-preserving network X in Y such that B={@ -1k):

tK € X § is a 6 =-closure-preserving base in X.

We proceed now to the study of the bijections of strati-
fiable spaces onto metric ones.

Proposition 3. Let X be a paracompact € -space and K =
= {(K°,K")} a cushioned family of .pairs of ite subsets. Then
there exists a bijection ¢ of X onto a metrizable ipac. Y
such that [@ (K" )]y C @ (E") holds for every (K',K") & ¥’

Proof. Consider a €-discrete network P= U -(,(Pn:ne N}

in which every (Pn is a discrete family of closed subsets of
X, Por a set Pc X and a cushioned family 53 of pairs of sub-
sets of X let W(P,B) = X\ [UL{V i(V,V") e B , V"NP = gil,.
Quite anelogously as in the proof of Proposition 1 we recursi-
vely construct a sequence {‘L’ksksx} of digorete families €,
of open sets of the space X such that for every k€ N the tol-.
lowing three properties hold: 3

(1) €y =1V (P)sP & Py, PcV (P)};

(2) 1 Pe ®, and PcV e U{‘€1:1<k§ then [V, (P)]yCV;

(3) V(P)cT(P, B) where B = UL(V,LV1;)Ve By, 1<
<ktUX. .
As in the proof of Proposiion 1 one can milly verify that the
6 -disorete family }e of subsets of X is a base of a new me-
‘trigable topology on the set X. The corresponding metriszable
space will be denoted ™ Y and let @ :X—> Y be the natural
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bijection, There is no difficulty to show also that the inclue
sion [cy(K')JY c @(E") holds for every pair (K',E") ¢ ¥ -

Furthermore, patterned after the proof of Lemma 1 one can

easily prove the following,

Lemme 2. Let X be a topological spece and { ¥, :n e N§ e
caquence of cushioned families of pairs of its subsets. Suppo-
~@ that for every n e IN there exists a bijection Pn of X on-
to a metrizable space M, such that Eg:n(K )JMn C Pu(K") for

8ll (K*,K") € X . Then the diagonal mapping P= AfyntX'—> M=
= Q ()T {Mn:n € N} satisfies the inclusion [ g (K')JM c
c @ (K") for all pajrs (K ,E")e X = U{X me IN§.

Proposition 3 and Lemma 2 immediately imply the following.

Proposition 4. Let X be a paracompact &~-space and X a
6 -cushioned femily of pairs of its subsets. Then there exists
e metrizable space Y and a bijection ¢ :X—> Y such that

[g;(K')JY c @(K") for every pair (K',K")e X .
Next theorem which establishes & characteristic property of

stratifiable spaces is a direct corollary of the previous re-
sult.

Theorem 3, Let X be a stratifiable space and M a 6-cu-
shioned pair-base of it. Then there exists a bijection ¢ of X
onto a metrizable space Y such that [¢ (V')JY C @ (V") for e-
very peir (V°,V") e . ’

Next characterization of stratifiable spaces in terms of
bijections onto metrizable spaces also follows from Propositi-

on 4,

Theorem 4. A I -space X is stratifiable iff there exists
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a bijection ¢ of X onto a metrisadle space Y ana a ¢ ~cushio-
ned pair-network ¥ in Y such that the family B = { (g ~XK"),
q"’(K"))x(K,’ K") € 3} is a 6 -cushioned pair-base in X.

We express our sincere gratitude to A.P. Sostak for his

advice and ensouragement,
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