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ULTRAFILTERS WITHOUT IMMEDIATE PREDECESSORS
IN RUDIN-FROLIK ORDER
M. BUTKOVICOVA

Abstract: We desoribe a construction of an ultrafilter on
the set of natural numbers not belonging into the oclosure of any
countable disorete set of minimal ultrafilters in Rudin-Frolik
order of AN-N. We use the technique of independent linked family
developed by K.Kunen.

Key words: Ultrafilter, Rudin-Frolik order, independent
linked Y, stratified set.
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§ 0. Introduction. Petr Simon has raised the following
question known as Simon’s problem [1] : Does there exist a non-
minimal ultrafilter in Rudin-Frolik order of AN-N (shortly written
RF) without an immediate predecessor ?

Let us ocall svoh an ultrafilter Simon point.

Two simple lemmas translate the property "being a Simon
point" into the topological terminology.

Lemma O0.1: An ultrafilter p ENN-N is nonminimal in RF iff
there exists a countable disocrete set X S(AN-N of ultrafilters
such that p eX-X .

Lemma 0.2: An ultrafilter p € AN-N has an immediate prede-
cessor in RF iff there exists a countable disorete set X of
minimal ultrafilters in RF such that p € X -X .

Therefore, Simon point p is an ultrafilter in OAN-N for

which there exists a countable disoretp set X such that pe—X_—X
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and if Y is a countable disorete set of minimal ultrafilters
in RF then p ¢ Y .

The main result we want to present is the following

THEOREM., There exists a Simon point in BN -N .,

One can easily see that a Simon point p has to be in the
closure of a countable discrete set of Simon points X, . Since
each point of X, 1s a Simon point, there exists a countable
discrete set X, of Simon points such that X, 97(;—)(2, and so on.
Therefore, we shall construoct countably many countable discrete
sets X. , meco of Simon points such that X € X, = Xover -

The original proof of Theorem needed the assumption thgt
every set of functions from “eo of cardinality smaller than Zﬁ’
is bounded modulo fin. We are grateful to Petr Simon who has
suggested us to use Kunen technique of independent linked family
[3] to avoid this assumption.

We would like also to thank Lev Bukovsky for his manifold

help and enocouragement.

§ 1. Preliminaries. We shall use the standard notation and
terminology to be found e.g. in [4],[1]. If ¥ is a filter then
Z"is the dual ideal, If G 1is a centered system of sets then (G)
denotes a filter generated by this system, F refers to the

Fréchet filter,

Definition 1.1: due to K.Kunen [3]. Let ¥ be a filter on N

and ¥2F, A, €N .,

m €
a) Let 1smw<co, An indexed family {A, ; 7¢J} is precisely
m-linked with respect to (w.r.t.) ¥ 4iff for alloe[J ]W,_ln;l,m ¢ F*,
<

but for all cel[J1™" N An  1s finite.
b) An indexed family {Aqm , 1€J,mew} is a linked
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system w.r.t. ¥ Aff for each v, {A?,r.,' 7 €7} is precisely

m-linked w.r.t. ¥ , and for each ,w and 7 + Ay QA,?,‘M.
o) An indexed family {Aqu,; €7, gel, mew) 1s 2 J

independent linked family (ILF) w.r.t, ¥ 4iff for cach {el ,

547‘,, i 1€, mew}ils a linked system w,r.t. F » and

nin Af,,., ) ¢ g whenever TE[]]‘w , and for each

;ei‘qetf
[ 1sﬂvf <w and ¢ € [J]7¢ .

Remark 1,2: If {A’L""‘ el 1ed,n €l is indepondent

linked family w.r.t. ¥2F, Ce ¥, Te[11%, ¢ e[71%™
and B2/ (N An )N C , then (4] f€1-T, 1T meci

is independent linked family w.r.t. (¥ u {B1})

K.Kunen [3] has also proved the following

Proposition 1.3: There exists a << by << independent
linked family w.r.t., Fréochet filter.

'ﬂveco} of filters

Definition 1.4: A countable set {7,
on co is discrete iff there exists a partition of co (into
disjoint sets) {An  +vew} such that A, €%, for each .~ € .

Definition 1,5: A filter F is in a closure of a discrete
set of filters (%, ; mwe€cw} iff for each A€ ¥ tho set
{mwecw ;A€ T} 1is infinite.

Definition 1,6: A set of filters {¥. ,, ; », mecwl} is
stratified iff
(1) the set {7, ; mv€co} is discrete for each »v €co |
(2) the filter %, ,on 18 in the closure of the set

{%.se ; £e o} for each =~ ,meco ,

Definition 1.7: Let {%, . ; w,m€w} be a atratified
set of filters and C be its subset, We define
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Cto)=C

c(.c)=6({‘(:(/b) , if £ is limit,

Cler)=CL)viy,,, i IB€E, ,, such that
{Fnese | BE Ty e3 SCl)}

and = UC(«),

<<co,
Ve shall need the following result proved by M.E.Rudin [4],

Lemma 1,8: If X,Y are countable disorete sets of ultra-

filters and pe€ X NY then peXnY uXn(Y-Y) u YN(X=X).

§ 2. Construotion of a stratified set. The proof of
Theorem will be done via a construction of a stratified set
of ultrafilters wi.th properties described in the following
proposition,

Proposition 2,1: There exists a stratified set of
ultrafilters ffi_w‘m ; v, ECO} on co satisfying for each
partition {D. ; ¢ew} of ¢o the following property (P):
Lot C={Qum ;(F46€0)D; €@anll. If ¢4u,¢ T then there
exists a family {U, ;<€ 2%“}Sq,, such that for each
< €c> and for emch «, <L, <,.. L, u‘,nu{ln...nﬂ.a, N D¢
is finite,

For to prove the proposition we need some auxiliary
results.

Lemma 2.2: If {%, _ .~ méw} is a stratified set
of filters,of = {Af, | £ €1 II1>e, 7</Vhe} 18 ILF w.r.t.
¥ for every m~ ,mv€co and BSco then there exists

v

a stratified set of filters {%, ., ; #v,mecw} and
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of= {A‘;‘,i fe?, 7<2%, k6ol an ILF wor.te %
for each v, v€c> such that £, ,n 2%,.,. , B or co-B

belongs into %, .. . Tl anal-1 is countadle.

Proof. Let us consider the set
C={% ;i of 1a not ILF wor.t. (%, 5 v {BD}.
s 5,’- belongs to the set C then there exist sets ‘7,',;1. € [11°®

-, £ o=
and E€ %, suoh that _bnEnfn‘t‘:'jQ" A,,“bf P, t.e.
w=-B2En N §

Feti; Teq; A"'; :

Evidently M"M ifel-Tey, e 2%, keco} is ILEF wer.t.
(%7 vico-B).

Ve denote I=1-U (Ta 7:.4€C} . Tneretors,
oF = [A,f"' P FET, 1<2% , k<o) 1 XLF wer.t.
(%julw=B}) for £.€C .1x 7, ¢ tnen ot
is ILF w.r.t. (%, , v {B}).

It remains to show that of is ILF w,r.t, (§5 , U (co-B})
12 %, € € -C . suppose the opposite in order to got a
contradiotion, Let  ©be the least oxrdiual ruch that
Fae € C(B)  ana of is mot ILF wur.t. (7, , v ics-b}.
Hence there exist sets E € ,, ena Te [I]1 Y satisfying
Entw Binf O Ahag =P . Take %, contatning &
and %, € C(5-1) « There exists such a filter. Than f
is not ILF wer.t, (% ,, U {co-B}) . This is a comtradiction
with the minimality of > ,
Accoreirg to the foregoing discussion we denote

IR VEYA)) for %, ¢ C

vy

(. v o1} otherwisa.
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Lemma 2,3: If {%,, ; »mew} is a stratified set

§e I, 7<2% #<c} 4is ILF w,r.t,

of filters, oA = {Ag& )

-7;,‘,,.‘, for each »v , » €co and 9D = {D,;;i/fw} is a partition
of ¢ such that D, orcw -D; belongs into #..,m then there

; m/,/»vGLv} and

PN
exists a stratified set of filters {%., .
- - -~ P
of = U«of‘, i §el, 7<2%, 4<o} en ILF w.r.t. %, ,, for each
Py o ey
m, v € suoch that .(f:,,,m, =2 ‘/:,,‘M , ?,;‘,,,,,, possesses the
) o
property (P) for the partition ® , ] €I ana I -1 is

finite,

Proof: Let us consider the set
C= [?‘;v‘f i (Bi/ew)(D‘;ig;.'c)} X
Ir ¢, € T we put e =T, 0.
Lot %, #C . Take fel and define (similarly
as K.Kunen does)
Uy = U (4fy "D 4., T=1-1m}
and ?,’m =(%.v {U,,L ;1<%
U.z EAfll /'\‘:CL(OJ -D¢), thorex‘oretll\\ is ILF w,r.t. ?/:,t .
To verify the property (P), let A, < 3,<...<fy <R,
The set U,34 N 'U@zf). ..NnUg. ND, is a subset of
A,i,m n Agzd-aﬂ».. n Ag‘, i-1 which is in fact finite.
The set {a,m ; m,mew} is stratified by the
definition of C .

q.0.d.

Proof of Proposition 2,1, We comstruct ultrafilters
G, m | #meco by the transfinite induction in 2% stages.

<
At each stage £ < 2% we will construot filters Z,.,,,,.,
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and G . =‘gu ?;f,m, . At the even stages we ensure that

9""-"'33 beocome ultrafilters and at the odd stages we

ensure that Qmm S will not belong into the olosure of any
countable discrete set of minimal ultrafilters. Simultaneously,
at each stage we ensure that 7"’" m will belong into the
closure of the set {‘lmﬂ,c ; £eco} .

Let {B,; €<2%, £ even} emumerate all subsets of c
and {9,; £<2% £ odd} emummerate all partitions of cv ,
2.=21{Deg; 4 €co} , in such a way that each partition
ooours 2°° many times in this emmeration.

Let {A€~;§<2“,‘2<z°’,&<w} be independent
linked family w,.r.t. Fréchet filter F .
Por each { , the system (Af, ; 1<2%} 1s almost
disjoint, Put B, .. =A,1,,,-‘L(/“A"«, . Lot {Cp;mew} be
a fixed partition of ¢ on infinite sets. Suppose B, ,,.
is Qefined for each ~w<co . Put -3m4,m=3,..,¢”“:.31f‘.}/m/1;';‘>
Aff »v €C, , For each meco, the system {B,, ,.  mEW} is
pairwise disjoint,

Let % ,, be a filter generated by FU {3, ,.}u
U te-B,,4¢;60) Tor each m,mwec> and 1,=2%-co.

The set nggb i §€ls, 1<R¥, A<} is ILF w,.r.t.
?,;fm for all » ,-,mex according to Remark 1,2. (For

each B € §° ~  there exist 6 €F and A;,4 y [

{ °
satisfying D26 r;_“gj,“.,, ). The rystem {?,;.,,m ;o el
is evidently stratified.
By the induotion on £ <2 we construct filters

Z . and an indexed set I, with following properties:
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1) If £ 4is even, we put 7,,::,:, ’%,.f_,m, and I,‘M;I_‘

(using Lemma 2,2 where B =B, ).

2) If £ is odd, D ={D . ;4€c>} 1is a partition of co
and assume that:

(A) for each .W€co there exists << , /3 even such that
Dsio =By, £ being the first odd ordinal with this
property, Hence for each < €co we have D, € Z,:fm
or co~-D . € 7;,‘,,,,,

~ -~

Then we define %, 7 =% I, ,=1, (using Lemsa 2.3

where 9. =D ),

If the ocondition (A) does not hold true, we simply set

o = Fiom @08 Toq =1
3) If £ is a limit ordinal we set K,‘M-UZ,:M

‘ nek
and I‘ =BQID .

o
Finally we put g, ., = U o -
[ 2% 2

It remains to show that the set (7,01-,4:\,,’ v, v € ool
satisfies the property required in Proposition 2,1,

Clearly, this set is stratified.

Assume that & 1is a partition of < , Since each
partition of co ocours 2% many times in the emumeration
{9,;4€2% £ 0dd} there exists a sufficiently large odd £
such that =9, and the condition (A) is fulfilled. Now,
we demnote C‘=(<}", 1 (3o€co) D, €<}‘"¢)} . If Q. wioms ¢ C
ena £, ¢ 0. where C = (%7, (1iecoNDys €54, }
then the family {U,; 7<Z%} wused in the construction of
g, according to the proof of Lemma 2.3 is the family

desired by the proposition., Thus i+ -—~<°* g to show that
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for 47‘,,\,,,,,‘,‘ ¢ also -g.,,‘,,,, ¢ 2:: .

In order to get a contradiction we suppose that there
exists G, ., ¢ C and %5, € C.(B) where 3 is the
first ordinal with this property. Clearly, B #0 ., By the
definition of C/(B) , there exists Be Y, Sg.

such that B={%,7%, ,; Bc £, ,}<C (B-1) . By the minima-

~ed,

lity of A , each 7,,‘,“[!2.?:“ €8 is an element of ( .

This is a contradiction with the assumption of g ., . ¢C.

qe.0.d.

§ 3. Proof of the THEOREM. Now, we are ready to prove
the main result., Theorem follows immediatelly from Proposition
2.1 and Lemma 3.1.

Lemmua 3.1: If {ﬁﬂv,m ;ml,mvéco} is a stratified
set of ultrafilters with the property (P) (of Proposition 2,1)
then each ?-»v.m ;i Y, v ECD is a Simon point,

Proof: Since the set {7,,,‘,» jwvmew)  is stratified,
each G is a nonminimal ultrafilter,

It remains to show that ., $D  whenever
b= fjé ; ¥€w} is a countable disorete set of minimal ultra-
filters in RF, #v.mec> , Let {D:; ¥€w}! be a partition
of ¢ such that Dy € (. for each 4 €CJ , Let C be as
in Proposition 2.1. We show that CnD=@ , Clearly,C(OnD=0.
We proceed by induction, Suppose that C (L) nE= ¢ and
there exist <, f€co suoh that 9. €Cc+1)nD . By Defi-
nition 1,7 there exists a set B € 9,4:,4' with property
{7.,;,4,¢ ; Be Gt }€C) . This means that 9.4;,1‘5 m .

_Hence C(<)nX;,,,nD#@ . But, this is imposible by Leuma 0.1
and Lemma 1.8,
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Thus, 1f G4, €C then Qg #D.

Assume mow g, , ¢ €  and {Ui4€2”}S 4, be
such that for each < €CO and for each «,<«; <...< L, ,
Uy nU,0...0 U, ND; 1s finite (the existence of U,
follows from the property (P)). Then for each « there exist
at most £ -7 values of £ for which %, € j{ . Thus there

exists an ordinal . such that 2, ¢j4, for each <~ €co ,

This yields Q. ¢D.
qe.e.d.
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