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COMMENTATIONES MATHEMATICAE UNIVERSITATIS CAROLINAE

23,3 (1982)

MODEL-THEORETIC PROPERTIES OF CAUSE-AND-EFFECT
STRUCTURES
Kurt HAUSCHILD

Abstract: Some questions of axiomatizability and decida-
bility connected with the study of so-called cause-and-effect
structures (as introduced by me under the influence of von
¥right) are treated.

Key words: Causality relation, axiomatizability, decida-
hility.

Classification: 03A05, 03B25, 03C20

Let & cause-and-effect structure be defined as follows,

The domain consists of a set T of moments and a set S of sta-

tes; the elements of TS are called events. As relations and
functions we have a chronological order << T»T, a time ad-
dition +:T» T—> T, a possibility of events ¢  TxS, an
actuality of events O < T»xS, and a cause-and-effect relation

—> ¢ TxS»TxS (we write t,s —>t ,s  instead of
—>(t,s,t",8")). The axioms we assume to be fulfilled by cau-
se-and-effect structures are

(1) {T,<,+> is an ordered abelian group

(2) VvVt3Is O (t,s)

(3) Yt31r d(e,s)

(4) Vi,8( 0(t,8) —> O (t,s))

(5) th,-l,ta.la((tl.llH "2""2)" Odty,sy)) —> O(tg,s,))
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(6) th,sl,ta,sz((tl,nlr—é tz,sz) —>t,< tz)
(7) Vt},"l'ta'sz’“(“’l'sl'"‘)t'ﬂ's?-) «>

el STRR IR TY s gl PN ¢ t,s))

2
(8) Vt,s( O (t,s) —>3t,8° (Ot ,8 )t 8" +>1,8))).

Let CES denote the class of all cause-and-effect structures.
Cause-and-effect structures differ from causality structu-

res as introduced (under inspiration of [1]) in [ 2] in that

the uxiom (5) of [ 2] constating, intuitively spoken, that "the

behaviour of the system in the past is uniquely determined”™ is

missing,

Given L =(TuS,< ,+, O , >, (De CES, there is a natu-
ral way of embedding (L into a causality structure (L’ by pro-
ceoding as follows. Let (L= {(TxT)u (Suis 3), <+, 07,

.

—>’, O°>, where

< = S((tl.t27. Ctaut 2> st < tyvit) = taaty<t )}

+7 =L trotg?e Ctant, Stg,ted> sty + tg = tyaty »

3 5 2
= tsl
Q’ ={<<tl,ta>,.>:(tl =0 A0(ty,8))v (L £0A8 = 8 )

> = i((tl.ti>.-l.<t2.t;>.sa7:(tl =ty = 0At’,s —>

+t

P> ) v (R 0AtF0At < t,)3
o’ ={<<e1.c27,.>:u1 =0 AD (ty,8)) v it ;+0As = & ),
0° is obtained from O by adding a one-state (and, hence,
uniquely determined) "past™ which precedes the whole "world"
(Ut and (in order to secure (1)) a one-state "futuro" (the sa-
me state as in the past) which follows the whole "world™ (7 .

0f course, the "metatheoretical complicatedness” of (£’ is not

exceeding that of (Ul although the technical treatment of (I’

- 542 -



may be more labourious than that of ¢ . This gives motivati-
on to investigate the model-theoretic properties of causality
structures by investigating the model-theoretic properties of

cause-and-effact structures.

Let (L = {Tu$,< ,+, &, >, O0>€CES be called proper,
if, for every {t,s > ¢ O , there is [1°S IxSxTxS such that
{t,8> € 37 and, likewise, (L’ =<{Tus,<,+, & ,+—> , "> cCES.
The class of proper cause-and-effect structures will be denot-

ed by PCES.

Theorem 1: With respect to the signature < .*,O, >,
1>, PCES is not EC.
Froof. We demonstrate CES\ PCES not to be closed under the
operation of taking ultraproducts,
Let U ={(w* +@)uS ,<,+, Op, >, O > ew)
be defined as follows:
1, {w¥+ w,<,+? is isomorphic to the additive group of in-
tegers
2, s, =10,1,2,3) < (¥ + @)
3. O, =«Kx,<0,x>> :x=0(2)Ax£2n}
uil{x, {1,x> :1x=1(2)A x£2n + 1}
vidx, 2,x>>:x40v(x=0(2)Ax<2n + 2)3
vidx, (3,x>> :x>1A(x=1(2)vxZ2n + 1)}
o > = Oﬁ N, Ly, xYox <y " x D>
t (y=y =8Ax" = x+23 A0<xZ3n+l)
Viy=y =34 x"=x+1 Ax > 2n+1)
viy=y =2Ax =x+1A x<0)

viy=y =2 Ax =x+210 £x)
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Viy=sy =1A x =x+2)

viy=y =0 x =x+2

VKX, §7=€ 0,27 A ,5> = (1,37
VK, =< 3n+1,12n<x ",y D= <2n+2,2>)
vI<x,y>= <2n+2,2>~< x",y > = (2n+3,3))
viKx,y>=<2n,00A<x",y D= {(2n+3,3>)}

5. o, = ()nr\(§<x.<0,x>:x<2n§u
1 x, <1, x> 1x< 2n+1} v

£x,{2,x>> :x = 2n+2% Vv
{{x,43,x>> :x> 2n+2%).
(/La is illustrated by fig. 1 ( D3 cannot be taken from the

figure itself, but this does not matter).

y=0
I e L A A i)
B o SNV V S o »* 3 /
> ¥ * - %
€ ¥ »* »x - — X =

Fig. 1

In this figure, the event <x,<y,x>>

at the point {x,y>, and two crosses are connected by an arc if

is marked by a cross

and only 1f the corresponding events are in cause-and-effect re-

lation (Note that —> is nct transitive!). It is easy to check
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that each ULn is CES (the validity of (5) is based on the fact
that states belonging to differenct events are different - a
tact which cannot be taken from fig. 1 because <x,<y,x>> is
simply coded by <{x,y); the validity of the remaining axioms can
immediately be seen). On the other hand, no Oln is PCES. For

instance, there is no (/L;l ={w*s wivs, <, ,+, ¢ —>

n’ n’

Cl;) € CES such that <2,{0,2>> ¢ C];. For, assuming

{0,{2,0>> € D;, we have, by (5): <1,<3,1>> ,{3,<3,3>>,...
eep$30+1,¢3,2n+1>> , <2n+2,{3,2n+2 ) € D;‘, and, again by (5),
(2,42,2>> , €4,(2,4>> ,...,{2n+2,{2,2n+2>> & O, but
(2n+2,{3,3n+1>> ¢ D;, <2n»2,<2,2n+2>§eC1r; 18 1n contradiction
with (3).

Next we show that me Utn/”UL € PCES, where UL is a
non-principal ultrafilter over « .

Let us investigate the structure ,TT,, (/2 . The or-
der is of type (w* + w ):(z* + 7 ), 8o that the moments can
be coded by couples < * o ,n>, where o« € T , n € * + @ . The
substructure induced by all events possible in moments of type

{0,n” is illustrated by fig. 2:

y="0
A
> H— X % K——>
LF—H— A i3 2 v ¢
Sy 5 % % % =
¥ ¥ ¢ o V) e K20
Fig. 2
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The substructure induced by all events possible in moments
<g(,°,n> where <aco.no7 is the moment attached to the event
pof TT, Ut /% represented by the sequence

{< 2n,<2,2n>>¢ is illustrated by fig. 3:

new

2, = <<(>C°,n°>, 3, (dzo,n()))

<X < %
%
P X 1 %
> %
X —¥—— V3 N X=0

Fig. 3
For moments resting, the corresponding substructures are
illustrated by fig. 4 (<ot ,0> < 0), fig. 5 (0 << o ,0><<,07)
and fig. 6 (<e ,0 >><oco,0>):

B s S S S ) S S M Mo K N = X e X D
<< e e — - ¢ * >
«— e R R N — % x>
X =0

Fig. 4
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R S e A

R i R S v S
e e - - ad B A
D i s . ¥* - - % e T
e e e — e 23 i K>
x =0
Fige 5
B A S » S VI VR S s
X =3
Fig. 6

For perspacuity: the difference between the (/ln ‘s and

T, W /%  consists in that the "distance" of the "criti-
m € n

cal points" in C‘Ln -<0,{2,0>> on one side and
<2n+1,43,2n+1>> , <3n+2,¢3,2n+2>> , {2n+3,<3,2n+3>> ,
<{2n+2,<2,2n+2>” on the other side - has become infinite in

%T;T » (/Ln/’UL .
1f <y 4= Xgs then the substiructures induced by the mo-
ments of type <°Cl.'“> and <o<42,n> ., respectively, are, with
respect to +—> , "not in contact" with one another. This enab-
les us to solve the problem of finding an alternative actuali-
ty relation for an arbitrarily given event <t,s> by restric-

ting ourselves to the substructure to which <t,s> belongs.

In case <{t,s” belongs to a substructure as described in
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frig. 2, fig. 4, fig. 5, fig. 6, the problem is trivial. For
the substructure described in fig. 3, we find the folliowing
possible alternative actuality relations ( ('Ji coincides with
that of the original actuality relation in W b/ O

m e
is the possibility of events in the very same C’Ln/ VLA

o
D; = O A ( $<Lagyn2,40, <ot n>>> inen -1l U
(et o, 1, <ecgon>>> tn<n ~15
{<<=x yn ~17,{2, <& _,n =1>>>iu
[+ [+] [+ [+

WL o3, oL yn?>> inz no)i

D; = O~ (1K cco.n>,<0. (e gon 227 in<n ~33

1<K .;co,n>,<3, <fcc°.n>.>5 inZn -2})

D; = O n ({4 o€ oe017,<1, <oc°.n>>> in<n ¥
1< o0 om%,{2, ot gon 2> >> tn<n 3

'(((;)co,n),('Q, < nco,n> >3 nz n s Y.

Each event in fig. 3 betongs to either Di, D; or H;; thus,

T . . /N is proved to belong to PCES. N
m 6 w n

Let UL;‘ be the causality structure cbhtained from cz‘n by
the method described above. Clearly, the OZ;‘ are not PCS in
the sense of [2]. By using the same arguments as in the proof
of Theorem 1 it can be shown that _ 1T, L,/ is PCS. Thus,

we have: PCS is not EC, as already announced in [2].

A structure <Tu$S,< ,+, O ,~>> may be called actualizable

law structure whenever there is O & ¢ such that
(TuS,<,+, ¢ ,+—>, O> is CES. The class of actualizable cau-
se-and-effect structures is denoted by ALS, <Tu S,< ,+, O ,+—> 7

may be called universally actualizable law structure whenever,
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for every {t,8>¢ T=S, there is a [J & { containing <t,s>
such that <{TusS,< ,+, 0 ,+—>, 0> is CES (the latter-menti-
oned structure is, then, automatically PCES). The class of all
universally actualizzble law structures may be denoted by UALS.
It may be rewmarked here that the terminus "law structure” is
motivated by the imagination that (TuS,< ,+, 0 , > descri-
bes the "physical laws" of our "world" {TuS,< ,+, ¢ ,t> ,07,

compare [21,

By "forgetting" the Dn in the proof of Theorem 1, we

get at once

Theorem 2: The class UALS is, with respect to the signa-
ture << ,+, O ,+>> , not relatively finitizable to ALS (i.e.

there is no ¢ such that UALS = ALSn Nod({¢?t )).

Theorem 3: With respect to the signature (< ,+, & ,—>>,

ALS is not EC.

Proof. We demonstrate that Mod({8%)\ ALS is not closed
under the operation of taking ultraproducts. In order to do
that we construct a sequence {%’n}neo
Mod ({Q%)\ ALS such that METQ /%  is ALS ( U being non-

of structures of

principal),

Since the explicit definition of the intended '&n would
be very clumsy I think it better to restrict myself to a sort
of the geometrical description. Let the geometrical descripti-
on of the graph representing Utn (without Dn) in fig. 1 be
simplified by a box with three inputs 11,12,13 and an output
0 like in fig. 7:
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Past

Fig. 7

imagine the points <{x,y> with 0% x£2n+3 lie within the
interior of the box while the points of £ x,y?:x<0Ay = 2},
{{x,¥7:x<0Ay€e{0,13, {{x,y>:x>2n+3 Ay = 3% belong to 1,
13.13,0. respectively. Then, by definition of cmn. we can say
that "the interior of the box causes the impossibility of actu-

alizing the points of I;".

Let ﬁ?n be represented by the following collection of
boxes Bl'Bz"" connected as described in fig. 8 (B1 being the

"earliest” box; a "lateet” box does not exist):

‘e s Tk

Fig. 8
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The construction is not quite uniquely determined since the
length of the connections between the boxes are not determi-
ned, but every such construction satisfying the following as-

sumption will do.

Assume that the connections between Bn and B are so

n+l
"long” that, if <x,y> and <x’,y"> belong to different boxes,

Ix - x’|>n. This assumption may be abbreviated by (> ).

Now let us regard the ultraproduct m/EJ;J & /U . The
moments of T, & /U can be coded by couples <ot ,n) in
the same way as in M,ZTa,cmn/Qn + The substructure belonging
to {K,n> is defined analogously. Every such substructure is
representable by a combination of graphs like in fig. 2,3,4,5,
6; because of (X ), any such representation contains at most one
of the subgraphs represented by fig. 2,3. By same argumentis as
in the proof of Theorem 1, we conclude that T /U is

m e w n
ALS (even UALS). W

Seen from an intuitive point of view, the use of the ter-
minus "possible event” is justified only when dealing with pro-
per cause-and-effect structures (respectively, with universal-
ly actualizable law structures). Therefore, the theorems given
here may be interpreted as an argument for that the intuitive
contents of the notion of possibility cannot be reascnably cha-
racterized by a finite number of axioms in a first order langu-

82O o

Let us regard some decidability questions. Of course, ALS
cannot be expected to be decidable. Even subclasses of ALS the

structure of which seems rather simple turn out undecidable, in
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view of the following

Theorem 4: ALSA Nod({V t 3 !ls O (t,8)}) is undecidable,

Proof. Let R & W>x @ be the QUINE relation (see [(3]);
then, full arithmetics is interpretable in {«w,R> , hence, it
remains to show that {® ,R> is interpretable in some model of

ALS~ Mod({V t 3 11s O (t,8)}).

Let £ =<(0* +@)uiis 3xw),<,+, o, > g7 where
(w* +w ,< ,+> 1is isomorphic to the additive group of inte-
gers, and:

O = {x,{s,,x>> :x € o* el

—p ={< x.(so.x>,y,<s°,y>> :(2>0A y>0ARXYA X< Y)V

(x<0Ay>0)3,

Clearly, oL is a structure belonging to
ALSn Mod(§Yt F 1ts O (t,8)%) in which {w ,R> 18 interpretab-
le (the interpretability of <w ,R> is based on the symmetry
cf R), B

Let S ¢ w? be an arbitrary infinite relation which is

2.ther symmetric, or antisymmetric such that V x,y(Sxy —> x<y).
Then, <@ ,S? can be shown to be interpretable in some model of
ALSH Mod({W¥t 3! O (t,s8)}) by the method just used in the
proof of Theorem 4. In regard of thais,

ALS Mod{-V t I tte O (t,8)3) can be shown to be universal
V"k-universal” 1in the sense of [4]) with respect to interpre-

tability,

Finally, decidability of speciai causality structures is
discussed. The causality structures given by examples 1,2 of

{2) are interpretable within the real plane and hence decidable.
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In case these examples are variated in such a way that there
are infinitely many "forking points", interpretability within
the real plane will be lost. Therefore, it seems that there
sre very "few" causality structures the theory of whicbh can be

expected to be decidable.

Theorem 5: There is an undecidable &2 = {Tus,< ,+, <,
+—>, 0> & PCES such that P  =<{Tus,<,+, O, > is deci-

dable.

Proof. Let T = R (the real numbers), S = R<R, {R,< ,+>
the additive group of reals, and: )
Q = {<x,40,x>> :x< BRYU {x,{1, x>} :xe RAXx>1%
> = $<x,€0,x?, %<0, y>> :xcy<£1fuy
{%x,30,x?,y,0,y>? :14xAy = x33 v

WU x,<1,x%,9,{1,y>> 1€ XAy = xavy = x4)

{TuS,< ,+,< ,—> 1s interpretable in the real plane and,

hence, decidable.

Let KSR (regarded not as domains but as fields) a sub-
field such that

a, K is undecidable

be For every ack, \/mé | %
Note that such a field exists by [5]; another construction was
already given in (6], but, as pointed out in {7], needs some
modification which will be given in [8&].

By b. and the property of being a field we have

1) 1f €€ 5£0,1%,<x,<¢e ,x>>+><y,<eg,y> ,x>1 and x€K,
then ye Kk

11) if €€ £0,18,<{x,<e , x> +><y,<e,y>> ,x>1 and x¢K,
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then y& K.
Hence, by i) and ii), for all x>1, € € 10,15 we have:
{x,€€ ,x7>Fr><y,<e,y>> if and only if
either x6 K, ycK or x¢Kk, y4§ K.
Hence, +—> works, for elements > 1, separately on K and RN K,
Therefore,
D= {x,0,x”:x41% v
{¢x,40,x>> :x>1Axec kiU
{(x,1,2>7 x> 1A x k3
represents an actuality relation for Tu §,{<,+, O , > ,i.e.
D = {Tus,<,+, O ,—>,0>cC CES (it can easily be seen that
De PCES).

It makes no difficulty to prove that the field K is inter=-
pretable in <% . The events of shape < x,<0,x>> ,x>1 can be
characterized by 3 !! <t1.81) (Kt,s>+—=>< tl.sl)). Let the ele-
monts of K greater than 1 correspond to the events of shape
{x,{0,x>> € O, x>1, The addition in K is that of T, and the
multiplication in K is definable by using the definability of
the relation f(x) = xz (this definability is based on the choi-

coof&-—-))andeyz(x*y)z-xa-ya.

By interpretability of K in & and a., & is undecidable. ®

Analyzing the last proof and the proofs referred to in it
every structure of cardinality <% < can be shown to be inter-
pretable in some actualization of &’ . Thus, PCESn Mod(Th(J’))

is even universal with respect to interpretability.
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