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COMMENTATIONES MATHEMATICAE UNIVERSITATIS CAROLINAE
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ASYMPTOTIC PROPERTIES OF SOME TESTS UNDER ALMOST
REGULAR ASSUMPTIONS
M. HUSKOVA

Abstract: Under "pegular" assumptions (density absolu-
tely continuous, Fisher s information finite) the asymptotic
properties of tests based either on the loglikelihood statis-
tic or on simple linear rank statistics were studied by many
authors (e.g. [2]). The aim of this paper is to investigate
the ?roperties of such tests under "almost regular" assumpti-
ons dﬁnsity absolutely continuous, Fisher s information in-
finite).

Key words: Asymptotically optimal tests, nonregular ca-
se, rank tests.

Classification: 62Gl10, 62E20

1. Introduction. Let (an,...,xnn), n=1,2,...; be a ran-
dom vector with density TT'?=1 f(xi—eni) (with respect to Le-
besgue measure), where enl,...,enn are regression constants.

Consider the sequence of the testing problems {Hn,Aé°;=1,

R m
where H, = {(an,...,Xnn) has the é:nsity 10, f(xi)}, A =
= {(an,...,xnn) has the density ;qu(xi-Gni)S. It is known
that under the "regularity" conditions ( f absolutely conti-
cos . . . . 0 .
nuous, finite Fisher s information, {enl,...,e,n§n=l fulfils
Noether s condition) the asymptotically most powerful test

can be based on either of the following statistics

T

(1.1) L, =¢.:Z1 In(£(x3-6,.0/0(X5)),  n=1,2,...
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(1.2) Sn(f) = 2 8ns ap(Ryg,t)s  p=li2,ee
1 =
.

(1.3) Spie) = = e,

) Oni ap(R ;,0), n=l,2,... .

Here Rni denotes the rank of'Xni in the sequence an,...,Xnn,

(1.4) an(i,£) = -E £7(X(4))/£(X(4))  i=1,...,n,
O(. _ soo=le i -1, i s =
(1.5) apli,f) = £ (& (Z37))/£(F (7)) i=l,...,n,

where X(i) denotes the i-th order statistic from the sample
of size n from the distribution with the density f,F"1 deno-
tes the quantile function corresponding to f.

The critical regions corresponding to the asymptotic most po-

werful test (with leveleoC ) have the following form:
Lo+ 1/2 T(£) 2 & "1 —o0) (1(£)) /2,

s (02§ Tt -x)(1ent/Z,

Iv

s£) 2 ¢ THL —ec) (220112,

when I(f) is Fisher s information, ¢ is the distribution
function N(0,1) and the asymptotic maximum power equals to
1-¢ €97 —x)-1(e)).

In the present paper, analpgous results are established
under "almost regular" assumptions ( f absolutely continuous
and Fisher’'s information infinite). We show among others that
the asymptotic most powerful test can be based on the same
rank statistics as under "the regular" assumptions. The re-
sults concerning estimation theory under "almost regular®
assumptions are published in [4], L5].

In the following, the probability measures induced by
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v 44
iU’l f(xi) and i'l;r/' f(xi-eni) will be denoted by P, and Q
resp. for the expectations with respect to P, and Q, we shall

write E E, (similerly var var, etc.).
Py’ "Qp v P’ Q

2. Main resultg. We start this section by formulation
of "almost regulsr" agssumptions:

(AR) 1) f is absolutely continuous, there exist real
numbers FyseeosVy and d° > O such that £ is expressible as
f(x)=a:j Cyj-x)+ vjﬁx) for yd-d'< x£yjy J=1,..0,k

=bJ(-y1+x)+ vd(x) for ydé x yj-bd', J=l,c00,k,

85z o, bjz 0, ;;.Z:‘l (aj*bd)>0,vj(yj)= w"'j(yjho, 'qf:; is continu-
ous on (yj-a‘,yj‘#d’) and

~ . L (£7(x))2/28(x)dx < + 0o
J\*éL;jq(%;a s f}}wd )

m m a -1, _
2) n{)ig 153,’2,,.,‘6“1‘ =0, ag:,’ eniwé;%o o7, 1nlenil- 1.
s

First we state the assertions on the asymptotic proper-

ties of the loglikelihocd statistic Ln:

Theorem 2.1« If the assumptions AR are satisfied,
then
1) $Q,} is contiguous to Pk and conversely;

Z

2) Ly= ik 5%4 ani)yj—xi‘ - I'“xi'y;]‘<??'g
- 1/2 1TX(£) +'0pn(1) n—> 00«
where 0~ 4~ <o, I{A} denotes the indicator of a set 4,
I"(f)=_‘}§‘~,, (a)+0,);
D g ep—s, Mo 2 TET I,
£ 1) —> B 2 TN, TR,
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4) the asymptotic maximum power for {Hn"nyﬁzl is equaled
to 1-3 (D “1(1-o¢) - I¥(£)) and is reached by the test with
the critical region

L, + (2 T¥(e7hz B TH-co) (%)) 12,

Proof: Assertions 1,3,4, follow directly from Theorem
4.3 in [3.1.
As for 2, using Lemma 4.1 in [3] one can get similarly as in

the proof of Lemma VI.2.l.a and Lemma VI.2.l.b in [2] the

following relations:

Ve"pn{:»;é: 1n(f('xni-eni)/f(xni))I{xniek%g (y1- 3“,y3+3*)§ $=
(2.1) =0,% &), n—soo ,0=<7<,

Tp Z, Lnletx -0 )/e(x ) 8= -2, 2 [ (Velx=6,)- VER)Zaxs
(2.2)  + o(1)= -1/2:%.,, 62, 1n| o, "l IM£)eo(1), n—>eo.

Since the assumption AR we have
v
-1 . ,
;§4{1n(f(xni-eni)/f(xni)I- ! Xni-yj] snii.x{\xni-yjl< 353—>0
for n—> c0 . The last relation together with (2.1) and (2.2}

imply 2). Q.E.D.

0
n° n=1
depends only on Xni lying in the neighbeurhoods of Yyseee

Clearly, the asymptotically optimal test for {Hn,A

+++,Ye Consider general simple linear rank statistics
"

=. 5
(2.3) s, =;5,6, a@®,),

where scores a (1),...,a (n) satisfy:
1
2 -
(2.4) ﬂl})n‘av.ro (a ¢lunl +1) = @(w))€ du =0

o’
(2.5) o<['9 2(u)du< + < ,
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with Lun] denoting the largest integer not exceeding un .

It is well known that if an,...,xnn are i.i.d. random

variables with continuous distribution function and if

(2.6) .2, 6., =0, 1lim max. \6.12(% 60"l =0
. =1 %ni ' m>e0 144En ni’' 34 “nj -

then the asymptotic distribution of Sn is normal with para-
~ 1
meters (0,,;_;24 Oii j; ® 2(u)du).

Since the contiguity of 1Q,} to 4P,} and the proof of

Theorem V.1.5 g in [2} one can assert
Yy

2.7 s~.F, 6, ¢(F(X,))= an(l), as n —» 0O .
By Theorem in [ 6] we have
= a2.)-l/2¢ &
(2.8) L=y 6p;) 0=, 6., ¢(F(X))- a ))—>
Ml
—w N0, j, 9 Z(u)du) as n —> 20,
v

_ 2 \=1/2 X
where an=(. 2 6007 =) 0y [ @(F(x))elx-6,)ax.
With respect to the assumption AR 1 we can write for O<e<d”

(2.9)  bp=b () b (€],
bnl(e,>=<%:§1 eﬁj)‘l/?éﬂ 2, 0, 9 (R0 (£(x-0,4)-£(x)).
16,0 1M ) e i x-y < 67 ax,
bz (@)=GE, RO VEE o [ @(r(0)e(x-0,y) Hixmy, I3 .
Similarly as in the regular case we get

(2.10) bnz(s),=0((§4 eii)]‘/z) as n—> o0 uniformly ine ,

<=

o<a<o‘v.

Using Lemma 4.1 ir [5) and the Schwarz equality we obtain
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(2.11) by (3ed(Z 62,) AR 2, o S, g 2 (rx0)£xdax.

.S wEGEe - VEG) Zax 2,
l‘x—r%,l‘e

This relation together with (2.9 - 2,10) yields ( € can be

chosen small enough):

-

b,=0(l), as n — c0 .

The derived results can be summarized in the following
theorem:

Theorem 2.2. If (2.4)-(2.6) and AR are satisfied then
the asymptotic distribution of Sn given by (2.3) is normal

av

1
with parameters O and .=, s‘:‘;i I rgz(u)du both under {P 3 and
Q3.
From the assertion of this theorem one can see that no
simple linear rank statistic Sn generated by a square-integ-

rable function performs suitable test statistics for testing
o0
problems { H, A e
Now we shall formulate the assertion on the asymptotic
properties of S (f) and SO(£) given by (1.2) and (1.3), resp.

Theorem 2.3. If AR assumption is satisfied then

Mmoo ke R
1) Sn(f)=i§|?§‘ 6.3 an(Rni,f)I{F(yJ-qr)< el <F(y'j+3—)s#

+op (1), n—>cw ,0<y<d;
n
2) (s (P )—> N, T¥(£)), n-—>e0,
&Lis (eNq)—>  N(I¥£), IX£)), n-—co;

3) the asymptotic maximum power for {H ,A % =1 is reached
by the rank test with the critical region (with level oC )
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sp(8) z 3711- ) (1%2)M2,

If, moreover, the function '9f(u)=f'(F-l(u))/f(F’l(n)), ue
e (0,1) is expressible as a sum of monotone functions then

1,2,3 remain true if we replace Sn(f) by S:(f).

The proof is postponed to Section 3.

In other words, the assertion 1 of Theorem 2.3 gives
that the test statistics S (f) and S:(f) are asymptotically
equivalent to the statistics depending only on the ranks ly-
ing in the neighbourhoods of F(y;),...,F(y,).

As an application consider the two-sample case. Let
(XgpseeesXygy) and (mel""’me*n) be independent random
samples of size m and n, from the distribution F(x-(N 1n N~1/2)
and F(x), resp., N=n+m, i.e. 6N1=(N 1n N."l/z, 1=1,...,m;8y4=
=0, i=1l+m,...,N. Consequently, for min(m,n)—>ec0 and n/N —>
—~aA ,Ae(0,1): N'lﬂ.‘gN.‘,, ayli,£) — 0,

% (8,,- 8,2 A(1=-N)/2 6,= ‘1% 6.
129 Oy~ &y — v =N =, 6y

which together with Theorem 2.3 implies (under assumption AR 1)
= -1/2 _ =

,‘,:24 ag(Ryy,£)CN 1n N} =. = ag(Ryy,0) T{rlyy —7)

< Ry, ) e Ry 0003+ op (), n—>c0 , 0O<g<d
%,f,(fv',‘ ag(Ryy,£) (N 1n N~2) | B) —>,, N0,1/2A(1-A) *(£)),
n—» 00,
L[(;ztw (R )N 1n M)"Y2)q) —>  NVIZZA =) IXe)
A2y on'Bypof n N w - J

1/2(1-2) P¥(£)), n—seco .

3. Proof of Theorem 2.3, Let us start with tresting

Sn(f). Decompose an(i,f) as follows (for n large enough):
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(3.1) a (1,)= anlv(l’f)’ anZv(i'f)' °n3y(1'f)' Y =l,...,n0;
i=l,...,n,

%’ ’
anlv(i’f)';}E:AE f (x(i))/f(X(i))]{‘X(i)‘yJ‘—
<10, )1t 40,1712,
(1,00= z B'r (X())/e(xg,,) e ) 1nt/4cle ) <

8p2v (1) (1) nd
< ,x(i)-yd) ln 1 -lj,
8,3,(1,0)= B (X(4))/2(X(y)) THIX( y-y Izin e, )72,
J3=1,e..,k}.

By direct computation we get

m o
2, 1/4 -1
(3.2) EPn"‘§4 6,40, ¢ (R gp?) = 0CZ 10 ,1° 10" % 1o ,177)

s = a2 -1
(3.3 varpn{;g:,' 6n18,35 (Rpgs?)3 = 0=, 07, 1nle ,177).
The assumptions ensure that the functions

1x

83 = $57 - Ty

ir lx-ydl<d" y 321,000,k
= 0 otherwise J=l,...,k,
are bounded. Using this fact and taking into account (3.2),
(3.3) we arrive at the following:
n
X

(3.4) Sn(f) =.=,§‘4°n1 dr oy (R, £) + opn(\l), n—> 00,
where -
* -1 1/% -1
ahpy (2, 1) =:.*2::4Elx(,,)-yjl {16 41 1n " *le (17 <« lx(v)-ydle

-1 -1
£ 1n 'enil t.

e
Thus it suffices to treat § (R i,f)

ni n21
By simple considerations we get that there exists a constant

D (not depending on n,» ) such that

—12 °n2v(1 £)£D lnleni) Y=1,...,n,

max anZv(i £))2D o2 1n 1l0 g l. » = l,...,n.

444N
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This together with Lemma 2.1 in [1] yields

(3.5) very { 234 6, (als (R s £)=ak, (LU;n] +1,£))} =
=00 % 6%, gax lak, (5,0) 0N E ar, (5,002 =
=005, 62, 1n™/2 10,17,

where Ul""’Un is the random sample of size n from the uni-

form distribution on (0,1).
n,
Now, .=, 6, 3:21(511111]* 1,f) is the sum of independent ran-

dom variables. The asymptotic normality follows now in the

eclassical way. It remains to show
"
X ¥
(3.6) mligxovarpn{;;:},' 6,4 8pp3LUsn] + 1,£)F = I¥(£).

Put for i=1,2,...,n

IF 1(’u)-ydl"1 1 leyl 1n1/ﬂenil‘<IF'1(u)-yJI£
l-l

'\}’i(u)
£ 1ty §51yeee sk
=0 otherwise.
By a careful investigation we obtain
v
—_— > 2
(3.7) lim 3= 64 E(ag,, (LU3bI+1,£)- wi(([UynI+1)/ (n+1))"f2
n!

S R e P 12
< M iF 6 nUE [ v~ v soprT

mye =
u‘)‘l(u-u)“ Y4ut = 0.
Further, using the same arguments as in the proof of Lemma

V.I.6.a in [2]) it can be shown that

1% ‘1
2 -1 3 x2 _
Jim, B 00T 2 VPG - ) viRewds o,

The last relation together with (3.7) implies (3.6). Combin-
ing (3.4 - 3.6) together with the asymptotiec normality of

e

&% nia;u({uin!ﬂ,f) we have

gis (£)P) —> N(0,I¥f)), n — e
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This fact together with the contiguity of SQAS to {Ph} implies

Ly P) —  N(I¥(£),I¥(£)), n-—>oc0.

Assertion 3) is an immediate consequence of 2). Assertion 1)
follows from (3.4) and (3.6).

The proof of the results on S:(f) is very similar (a lit-

tle bit simpler) to that on Sn(f) 8o that it is omitted. Q.E.D.

113

12]

13)
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