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AN APPLICATION OF THE HAHN-BANACH THEOREM
IN CONVEX ANALYSIS
Ludék JOKL

Abgtract: A new principle (Theorem 7) which is based
on the Hahn-Banach theorem, is presented. It is shown that
some well-known basic theorems of convex analysis follow
at once from this principle.

E'Y'ff'gi"g!: Convex function, conjugate function, sub~-
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theorem.
Classification: Primary 47H99
Secondary 46A15, #46A55

Let X, Y be linear topological spaces over reals R, X*,
¥* the dual spaces of X, ¥, respectively, {x,x¥)> the pair-
ing between X and X¥, Let A:X—>Y be a linear continuous
operator. The operator A*:¥* — X* ig defined by

xel, y¥e Y*=> {x,Afy> =(Ax,y%) .

Let £:X— [-00,400] be a convex function. The effective do-
main §xe X:f(x)<+ 3% of £ we denote by dom £f. By 38£(x)
we denote the subdifferential of £ at the point xeX,

9f(x) ={x*cX*:heX =< h,x*> £ £(x + h) - £(x)}.

The symbol f£* stands for the conjugate function of £, de-
fined by
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x* e X* —> *¥(x*) = sup £{x,x*) - £(x):ixeXi.

Moreover, we use the symbol 1 to denote the operation of
infimal convolution. By the normal cone to a convex set C at

x,€ C we mean the set N(xo\ C) defined by
Nix 1C) = {x*eX*:ixe C=><x - X, 1X*> £ Of.

Let Kjp(x ) be a convex cone generated by {0%u af(xo).
o
The following theorems play an important role in convex

analysis:

Theorem 1 (Moreau, Rockafellar, [2, Chapt. 4, § 2, Th.11).
Let £:X —> ) =00 ; +00] and g:X—>] - 00, +00) be convex func—-
tions. Suppose there exists a point of dom N dom g at which

£ is continuous. Then, for every x €X,

a(f + g)(x) = 3ge(x) + 3glx).

Theorepm 2 (Moreau, Rockafellsr, [2, Chapt. 3; § 4, Th.11).
Under the assumptions of Theorem 1 it holds

(g =¥ g*.
Moreover, for every x*€dom (£ + g)* there exist y* « dom f

and z* € dom g such that
g¥ e z¥ = xx , £X(y¥) + ge(z¥ = (£ + g)¥ (x¥),

Theorem 3 ¢[2, Chapt. 4, § 2, Th, 2)). Let A:X—> Y be
a linear continuous operator and f£f:¥—> 1 -co, + 1 be a
convex function. Suppose there exists xoex such that £ is fi-
nite and continuous at the point Vo = Axo. Then, for every

xeX
2(fo A)(x) = A*3r(Ax),



Theorem 4 ([2, Chapt. 3, § 4, Th. 31). Under the as-
sumptions of Theorem 3 it holds
£(A)* = A*e*
and for every x¥edom (£A)* there exists y*ecdom £¥ such
that

g* = xx | (£A)¥ (x%) = £X(yH),

Theorem 5 (L2, Chapt. 4, § 3, Prop. 21). Let £:X —>
—> ] =00, +001 be a convex function which is finite and

continuous at the point x,€ X, Put
C={xeX:t(x)&(x )¢ .
Suppose there exists x €X such that f(x)< £(x,). Then

N(xo\ C) = Kaf(xo)o

The purpose of this paper is to demonstrate that Theor-
ems 1 - 5 follow immediately from the principle expressed be-
low in Theorem 7. To prove this theorem we use the following
version of the Hahn-Banach theorem:

Theorem 6 ([2, Chapt. 3, § 2, Th. 1, Chapt 4, § 2, Prop.
31). Let ¢:X—>[ -0, +c0] be a convex function such
that ¢ 1s bounded from above on a neighbourhood of the ori-
gin and @(0) = 0. Then there exists a linear continuous
functional x¥¢ X* such that for every xe€X

{x,x*>Zop(x).
It should be noted that Theorem 6 is equivalent to the Eidel-

heit theorem on separation of convex sets.

Theorem 7. Let U be a linear space, V a linear topolo-
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gical space, £:V —> J =c0 , 2] and hiU — 1] =0 , + ]
econvex functions, and T:U—» ¥V a linear mapping. If

(1) there is u,€ dom h such that f is finite and con-
tinuous at the point Vo = Tuo and

(11) 4inf {£(Tu) + n(w):ueUi = 0,
then there exists a linear continuous functional v* & V¥ such
that
(1) ueU, veV=5<v,v*> = £(v)£€h(u) + {Tu,v*>,

Proof. Put
F={(v,A)eVxRielv) & A},
H = {(Tu, ) € V<RiueU, wé - hludl,
M=F-H
Because F and H are convex sets, M is also convex. Therefore

the function @:V —> [ =00, +00) defined by

(2) weV=>q (w) = inf{de Rilw,A)ec M} =
= inf {£(v) + h(u)iueU, veV, v -~ Tu = w}
is convex. From (2) and (i1) it follows

¢(0) = inf £ £(Tu) + h(u):ueUS = 0.
From (2) we conclude that
(3) ueU, veV = @(v - Tu)4 £(v) + h(u).

According to (i) there exist a consteant ece R and a neigh-
bourhood of the origin NcCV, such that

(4) weN=>f(w+Tu) & <.

Let weN., Then according to (3) and (4)
@lw) = ¢((w + Tu)) = TuJ&2(w + Tu) + h(u) € cc+ hlu).
Therefore the function @ is bounded from above on N.
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By Theorem 6 there exists a linear continuous functional
v¥e ¥* such that

(5) wev=>{w,v*> 4% @plw.

Let ueU, veV, Putting w=v - Tu in (5), then accor-
ding to (3) we have that

{v = Tu,v*> £ £(v) + h(v),

which implies (1).
Theorem 1 contains a non-trivial part, which can be ex-

pressed as

Lepmg. In sddition to the assumptions of Theorem 1 sup-
pose that £(0) = g(0) = 0. Then

o(r + g)(0) c &f(0) + 3 glo).
Proof. Let w¥ ¢ B8(£ + g)(0). Therefore
inf {£(x) + glx) =<{x,w*>:xeX§ =0,

Now we put U =V = X, Tx = x, h(x) = g{x) - <{x,w*? in Theo~
rem 7. By Theorem 7 there exists v*e X* with the property

xeX, yeX =< y,v¥) = £(y)£ glx) -<x,w¥k = v¥> |
From this relation it follows
v¥e 3£(0), wk- v¥ e 9g(0),

hence, w* = v¥ + (wk=- v¥)e 3£(0) + Ag(0).

Proof of Theorem 2. First of all
(6) (£ +g)¥g £* g*.

By the assumptions of Theorem 2

n (t+e)*>-00 .
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If x*4& dom (£ + g)* , then by (6)

(8) (£ + g)* (x¥ = (£* g¥(x¥).
Let x* € dom (f + g)* . Put

(9) = (£ + g)¥* (x¥.

By (7) we see that oc € R. Now from (9) it follows
inf {£(x) + g(x) + X = {x,x*> :xeX} = 0.

We put U =V =X, Tx = x, h(x) = g(x) + ¢ = {x,x*> 1in Theo-
rem 7. By this theorem there exists y* € X* with the property
xeX, ye ¥ => (Ky,y*> - £(y)) + ({x,x* - y*> = g(x))£cC.

Therefore
£X(y¥) + gH(x* - y¥) £ o .
Hence
y* edom £¥ , x* - y¥ e dom g#* .

The definition of the infimal convolution,'(G) and (9) imply
that

o alf*a g (x4 eXy*) + gflx* - y*) £ o

The theorem is proved.

We formulate the non-trivial part of Theorem 3 as

Lemmg. In addition to the assumptions of Theorem 3 sup-
pose that £(0) = O. Then

3(f£oA)(0)c A* B £(0).
Proof. Let x* € 3(f o 4)(0). Then

inf {£(Ax) - <{x,x*> :xeX{= 0.
Nowwe put U =X, V=Y, T = A, h(x) = ={x,x*» in Theorem

- 804 -



7. By this theorem there exists y* € Y™ with the property
xeY, yeY=><Ly,y*> = £(y)&=-Lx,x¥*y +{Ax,3*7,

i.e.

xeX, ye¥=>< y,y¥> = £(y) £<x,a¥y* - x*> .
From this relation it follows immediately
x¥* = pA¥y¥ | y¥ = 5£(0),
Our lemma is proved.

Proof of Theorem 4. It holds - o< (fA)¥ & AF £¥, Let
x* €dom (£A)¥ . Putex = (£A)*¥ (x*). Then e R and thus

inf (£(Ax) + o¢ -<{x,x*) :xeX}= 0.

Define U, V, T in Theorem 7 in the same way as in the proof
of Theorem 3. Next put h(x) = ¢ =<x,x*? and proceed simi-
larly as in the proof of Theorem 2.

Theorem 5 contains the non-trivial part, which we state

as the following

Lempa. Let £:X—> [ -=co, +a] 1s a convex function
continuous at the origin, and £(0) = O. Put

C ={xeX:£(x)& 0%.
If there exists x; € X such that £(x;) <0, then
N(olC)c K500y

Progf. Without the loss of generality one can assume
that

x & int C.

Let O=x* €& N(OIC). Then
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(10) (xl,x*><o s

xeKer x* =>£(x)2 0,
i.e.

inf { £(u) :ueKer x*3} = 0.

Set U = Ker x* , V = X, h(x) = O in Theorem 7. Let T be the
canonical injection of Ker x* into X. By Theorem 7 there

exists y* € X* with the property
xeKer x¥, yeX=><y,y*> - £(y)&<{x,y*> .

Hence we conclude that
y*e€ 23£(0),

(11) Ker x* c Ker y* ,

According to (11) there exists t€&R such that y*= tx*, By
(12) and (10)

t =<xl,y*>/< X),x*> > 0.

Hence x* = t"lyx e t18£(0)c Kae(0)*
which finishes the proof.
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