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COMMENTATIONES MATHEMATICAE UNIVERSITATIS CAROLINAE
22,3 (1981)

ON APPROXIMATE DINI DERIVATES AND ONE-SIDED
APPROXIMATE DERIVATIVES ('DCF ARBITRARY FUNCTIONS .
L. ZAJICEK

Abstract: By the Jarnik-Blumberg method we prove two
theorems on approximate Dini derivates which has the follow-
ing consequences: a) For an arbitrary function at all points
except & 6 -porous set the existence of an one-sided finite
approximate derivative implies the existence of the approxima-
te derivative. b) For an arbitrary function the set of all
points at which one one-sided approximate derivative is finite
and the other is infinite is countable. By the same method we
prove that the finite one-sided approximate derivative is in
the Baire class one.

Key words: Approximate Dini derivates, one-sided appro-
ximate derivatives, 6 -porous sets, Baire class one, Jarnik-
Blumberg method.

Classification: 26A27

1. Introduction. In the present article we prove some
new results on approximate Dini deérivates and one-sided appro-
ximate derivatives of arbitrary functions by the Jarnik-Blum-
berg method. The main idea of the present article was used in
[15] and thus the present article is in a sense a continuatio@
of [15]. The Jarnik-Blumberg method and the notion of & -porous
sets are discussed there and we shall not repeat these remarks
and definitions here. We obtain results in three distinct di-
rections:

a) The approximate analogue of the Denjoy-Young-Saks the-

orem for arbitrary functions ((6],cf. [2]1) establishes certain
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relations, valid almost everywhere, which connect the appro-
ximate Dini derivates of arbitrary functions. Namely, for an
arbitrary function f almost everywhere at least one from the
following relations holds:

(i) There exists f;p(x)e R.

(11) Fgo(x) =T (x) = +00 ; £ (x) = £, (x) = -«

(1i1) Fop(x) = 400, £2.(x) = =c0, £ (x) =T  (X) R

(i¥) o0 = -00, T (x) = 400, Ty (x) = £ () eR.

Note that in the case of a measurable function f the relations
(iii),(iv) are almost everywhere impossible (cf. [ 101, p. 295).
On the other hand, there exists a Lipschitz function f (see Ex-
ample 3 from 5., section) for which the set of all points x at
which at least one from the relations (i),(ii),(iii),(iv) holds
is a first category set. Thus we can pose the following problem:
Problem P, What is the strongest relation concerning the
approximate Dini derivates of arbitrary functions which holds
except a first catégcry set?
The analogical problem for Dini derivates was completely solved
in [15], where we used the Jarnfk-Blumberg method and the Dol-
%enko ‘s theorem I3] on the boundary behaviour of arbitrary func-
tions. In the present article we obtain a partial solution of
Problem P ﬁsing the Jarnik-Blumberg method and the approximate
analogue of the DolZenko’s theorem proved in [13]. Namely, we
prove that the set S of all points x at which ?;p(x)4;?;p(x)
or,gzp(x)#ifgp(x) and at least one from the numbers
max (i?:p(x)l, lg;p(x)\), max (r?;p(x)l, |£;p(x)l) is finite,
is a first category set. From the approxim te analogue of the

Denjoy-Young-Saks theorem follows that S is also a set of
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measure zero. Actually we prove a little more precise result
(Theorem 1) which asserts that S is a € -porous set. Note
that from this result immediately follows that for an arbit-
rary function £ at all points except a 6 -porous set the ex-
istence of an one-sided finite approximative derivative imp-
lies the existence of the approximative derivative. I was not
able to solve Problem P completely. Note that H.H, Pu, J.D.
Chen and H.W. Pu [ 9] proved that for any continuous f the re-
lations ?;p(x) ='?;p(x) anﬂ‘g;p(x) =_§;p(x) hold at all points
x except a first category set. Examples 2, 3 of the 5. section
of the presemnt article show that this result gives the soluti-
on of Problem P for continuous functions.

b) It is well known (see e.g. [10], p. 261) that for an
arbitrary function f the set of all x for which ?*(x)<g;f(x)
or_§+(x)>-?'(x) is countatle. The approximate analogue of this
theorem does not hold (it is sufficient to consider the charac-
teristic function of an uncountable null set). On the other
hand, from Theorem 1 of [14] immediately follows that the set
of all points at which ?:l')(x)< ;;p(x) or _f;p(x)>?;p(x), and
all the approximate Dini derivates are finite, is countatle.
Using the Jarnik-Blumberg method we strengthen this result, na-
mely we prove that it is sufficient to assume that ?;p(x),
;;p(x) or ?;p(x),_;;p(x) are finite (Theorem 2). As an interes-
ting consequence we immediately obtain that for an arbitrary
function the set of all points at which an one-sided approxi-
mate derivative is finite and the other is infinite is count-
able.

¢) Snyder [11] first used the Jarnik-Blumberg method to

prove a theorem concerning approximate derivatives. He proved
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a theorem concerning the boundary behaviour of functions of
two variables and has shown that it yields a new proof of
the fact [ 12] that the finite approximate derivative is of
Baire class one. Preiss [ 8] proved that the assumptiom of
finiteness of approximate derivative can be dropped and Mi-
81k [ 7] has shown that also this theorem can be proved by
the Snyder ‘s theorem, We show that the Snyder’s theorem also
yields that the finite one-sided approximate derivative is
of Baire class one. The assumption of the finiteness is sub-

stantial.

2. Preliminaries. We denote by R the set of all real
numbers and put R = Ru{-m,oo} . The symbol « (resp. l“’z)
stands for the outer Lebesgue measure in R (resp. in Rz).
The open circle of the centre xe R and the radius r is de-
noted by B(x,r)., For McR we put -M ={x; -x& M}, The Dini
derivates of a function f are denoted by £ (x),f (x),2 (x),
_f_-(x). The one-sided approximate derivatives are denoted by

fap+

ted by ?;p(x), ,f;p(x), ?;p(x), f;p(x). If MCR is an arbitra-

ry set, then d+(M,x) denotes the upper right outer density of

(x) and f;p_(x). The approximate Dini derivates are deno-

M at x, the numbers d,(M,x), 4" (M,x), d_(M,x) are defined si-
milarly. The open half-plane {(x,y);x>yJ will be denoted by
H. An open angle ACH with the vertex at a point (t,t) is ter-
med an angle at (t,t). If A is an angle at (0,0) then we de-
note by A, the image of A under the translation taking (0,0)
into (t,t). If Mc R? and A is an angle at (t,t), then we de-
fine the upper outer density of M at (t,t) with respect to A
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alu,(t,t)) = 11}2 sup w,(MAB((t,t),h)nA)
(@p(B((t,0),n)n AN,

The upper lower density is deéfined similarly. If f is an ar-
bitrary real function in H and A is an angle at (t,t) then we
define the approximate limes superior of f at (t,t) with res-
pect to A a;a;l(:.mt_ sup £(z) a8 the upper bound of the numbers

p €R such that 4 (f (p,00),(t,t))>0, Similarly is defined
g-hm inf, £(z). If ap-l:un sup, f(z) = ap-l:.tx_nt) inf £(z)

—ct,t), 2EA 2> (tt), xeA
then we denote the common value by ap-lm £(z). It is easy
z-»(t,t), 2z€ A
to prove that ap-l:unt) fz(é’)q= a iff there exists a measurab-
?
le set Mc R? such that d,(M,(t,t)) =1 and lim £(z) = a.
>(t,t) zeA

Now we shall formulate three theorems concerning the
boundary behaviour of functions of two variables which we

shall use in the 4, section.

Theorem A. Let f be an arbitrary function in H. Then
the set of all teR for which there exist angles Ay, A, at
(t,t) such that ap-lim sup f£(z) 4 ap-lim sup_ f(z) is

z2-5(t,t), z,eA 2 (tt), €A y
& -porous.
Proof. The theorem is an easy consequence of Theorem

12 from {131].

Theorem B. Let f be an arbitrary function in H. Then
the set of all teR for which there exist angles A,, A, at
(t,t) such that ap-l:m sup, f£(z)< ap-lim inf, f£(z) 1is

»(tt),zc A, 2 (t,t), 2€Ay
countable.

Proof., Use Theorem 13 from [13] or look in [1].

Theorem C. ILet f be an arbitrary function in H and A
an angle at (0,0). If for each t€ R there exists finite or
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infinite ap-—hm f£(z):= g(t), then the function g is of Bai-
zZr(1,t), zeA,
re class one,
Proof. The theorem is an easy consequence of Theorem 1l

from [111.

3. lemmas

lemma 1. Let v>0, t€R and let M,NcR be such that

d,(M,t) =1 and 4 (N,t)>0. Define the angle 4 at (t,t) as
= {(x,y);y<t<x, (t-y)>v(x-t)$. Then dA(leN,(t,t))70.

Proof. Put o = arctg v and T, = {(x,y)e A; r sin o >
> t-y§ for r >0. Further put S, = AnB((t,t),r). Then T, is
an open triangle and Trc Sr’ Let CoMxN be a measurable set
such that «,(CNW) = &,((MxN)n W) for an arbitrary measurab-
le set W. Since @ (N,t) >0 there exist b>C and a sequence
pn\z 0 such that

(1) (1/p,) @ ((t-p,,t)NN)>Db for all n.

Put r; = p /sina . Since a,(M,t) = 1 we have for sufficient-
ly large n

(2) (1/h) w((t,t+h)nMK)>1/2 whenever O<h<p, cotgce =
= pn/v. »
For these n we have by the Fubini theorem

(3) my(CnT, n f (u.{ x;(x,y)e CnT, 3 dy
and by (2)

4) wix;(x,y)sC nTrn'§:> (1/2)(t.-y)v"1 whenever
y e (t-p,,t)NN.
From (1) follows ((t-py,t-d Pp/2)NN)>Db pn/z. For
y e (t-py,t-b p,. /2)Nn N we have by (4)

(o({ x;(x,y)eCNT, x)>b P,/4v. Therefore by (3) we
obtain (5(CAT, )> (b pp/2) (b Pp/dv) = K r2
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2 =
(uz(Cr\Srn)/ (“ZSrn7K r/ (wzsrn = L, where K, L do not de-

pend on n. Consequently dA(llxN,(t,t)) dA(C,(t.,t.))Z»L>O.

Lemma 2. Let v>O0, t €R and let M,NcR be measurable
sets such that 4, (M,t) =1, 4_(N,t) =1. Put A ={(x,y);y<t<
<x,(t=y)>v(x=-t)$. Then d, (N, (t,t)) = 1.

Proof. Let € > O. Then for sufficiently small r >0 we,
have w(Mn(t,t+r))>(1-€)r and w(NN(t-r,t))>(1-¢) r.
Put C, = (t,t+r) x (t-r,t) and S, = AnB((t,t),r). By the Fu-
bini theorem we have for sufficiently small r (a.z((MxN) N
NCL) > (1~ £)2 r2, Therefore we have ml_&g: oy ((MxN) 1 C)/

/ M2(C.) =1, Obviously S,CC, and 4(CL)/ w,(S,) does not
depend on r. Consequently dA(MxN,(t,t)) =1,

lemma 3. ILet v>0, te R and let McR be a measurable
set such that d,(M,t) = 1, Put A ={(x,y);x>y > t,(x=t)>v(y~-t)f.
Then dA(MxM,(t,t)) =1.
Proof. The proof is quite similar to the proof of Lemma 2.
In the rest of the present section f is an erbitrary real

function on R and g(x,y) = (f(x) - f(y))(x-y)_l.

=+ + - -+

Lemma 4. Let fap(t.), fap(t) be finite and fap(t)< T, T€R.
Then there exists an angle A at (t,t) such that
ap-lim su (z)< T,
g-}(t,t), 'z.epA 8 .

Proof. (Choose real numbers b, B such that b<f, (t)
é—_?;p(t)< B<T. By the definition of the approximate derivates
there exists a measurable set Mc R such that 4, (M,t) = 1 and

(5) b<g(x,t)<B for xeM.

Let v>1. Put AY = { (x,y);x>y>t,(x-t)> v(y-t)}. By Lemma 3
we have dAv(MxM,(t.,t)) = 1. For (x,y)e AY obviously (y-t)/(x-y)<
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<1/(v-1). Therefore for (x,y) & (MxM)nAY we have by (5)
(£(x)=£(t))+(L(t)=f(y)) (x-t) B+(t=y) b _

11N

8(!,3) =
x~y x-y

= B + (b-B)(t-y)/(x~y)=B + (bl + |Bl)Av-1).

Consequently there exists v>1 such that ap-lm*) sup P A g(z)< T,
» X &

mma 5. Let f (t)> -co and 1’ (t)> a eR, Then there

exists an angle A at (t t) such that ap-l:u'n ,?zep g(z)>a.

Proof. Choose real numbers q, b such that f (t)>q and
'f;p(t)> b>a. Since -—ap(t)>q there exists a measurable set
MCR such that 4, (M,t) =1 and g(x,t)>q whenever x ¢ M, Since
.f;p(t)>b there exists a set NC R such that 4 (N,t)>0 and
g(y,t)> b whenever ye N. For v>0 put A, ={(x,y);y<t<x,
(t-y)> v(x-t)}. By Lemma 1 alv(MxN,(t,t))>0 and for (x,y)e A,
obviously (x-t)/(x-y)<1l/v. Therefore for (x,¥) € A, N (MxN) we

have

(£(x)=£(£))+(£(t)=£(y)) aq(x-t)+b(t-y)
> =
xy x-y

gix,y) =

= b + (q-b)(x=t)/(x=y)>b -~ (iqi + I bl)/v.

Consequently there exists v>O0 such that ap-lnl g(z) = a.
2~y f, ) l A

Lemma 6. Let f (t)>- 0 and ; (t)>f (t). Then the-

re exists an angle A at (t,t) such that ap—hm g(z).>
-+ zr t,c),
> fap(t) .
Proof. let b, q be such real numbers that _ap(t)> b=

>r*’ (t) and f (t)>q. By the definition of approximate deri-
vates there enst measurable sets M,Nc R such that 4,(M,t) =1,
a_(N,t) =1, g(x,t)>q for xc M and g(y,t)>Db for ye N, Let
the symbol A, have the same meaning as in Lemma 5. By lLemma 2
we have dkv(llxl‘,(t,t)) = 1, For (x,y)e (MxN)ng, we obtain
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by the same way as in the proof of Lemma 5 g(x,y)>b -

- (1q| + Ibl)/v. Consequently there exists v>0 such that
-lim inf g(z) > 7 (t).

> &), zeA,u,s ap

4, Theorems

Theorem 1. Let f be an arbitrary function on R. Then .,
there exists a &-porous set P such that for any teR - P
- _—
(), fap(t) = fap(t) or

+ _ -
(1) £5,(4) = £

‘s + -+ _ -

(ii) max(l_i:ap(t)l, Ifap(t)l) = max (l_fap(t)l,
‘fap(t)l) =+ o00.

Proof. For an arbitrary function £ on R denote by S(f)

! . . + P =

the set of all points t at which -oo<gap(t)- fdp“”‘ fap(t)‘
By Lemma 5 for any te S(f) there exists an angle A at (t,t)
such that ap-lim sup, g(z)> ?;p(t). Therefore by Lemma 4

Z->(tt), teA

there exists an angle A* at (t,t) such that ap-lim _su (z)>
8 ' g»ct,t),tgAg )

> ap-1i ' . A .
avz?-;]i}?ﬂ, 229/\*3(2) Thus by Theorem A the set S(f) is &-po

rous for any function f. Let P be the set of all points at

which no from the relations (i),(ii) holds. Then it is easy
to prove that
Pc S(£(x))uS(-f(x)) u(-S(£(-x))) v (-S(=F(-x))).

Therefore P is 6 -porous.

Corollary. For an arbitrary function f the set of all
points at which an one-sided approximate derivative of f ex-
ists and is finite but the approximate derivative does not ex-

ist is 6-porous.

Theorem 2. Let f be an arbitrary function on R. Then
there exists a countable set C such that for any x€R - C at

least one from the following relations holds:

- 557 -



(D) £ EFL(x) ana £, (£F] (x)
(ii) £ (x) = -0 ana F (x) =
(1if) Fo(x) =+e0 and £y (x) = - o0 -

Proof. For an arbitrary function f on R denote by Q(f)

. . + <+ -
the set of all points at which - co <£ap(t)é fap(t)<—fap(t)'
Let t € Q(f). Then by lemma 6 there exists an angle A at (t,t)

such that a -11m inf g(z)>f (t). By Lemma 4 there exists
g )ZCA

an angle A¥ at (t t) such that ag-h in, @ quA*g(z) <
W)

< ap-llm mfA g(z). Therefore by Theorem B the set Q(f) is

z-> (tt), z€
countable for any function f. Let C be the set of all points
at which no from the relations (i),(ii),(iii) holds. Then
CeQ(f(x))u Q(~-£(x)) v (-Q(£(~x))) L (-Q(-F(-x)))

and therefore C is countable.

Corollary. For an arbitrary function £ on R the set of
all points at which the one-sided approximate derivatives of f

exist, are not equal and one from them is finite, is countable.

Theorem 3., Let f be a function on R for which at each te

€R £’ . (t)e R. Then the function a(t):= fap+(t) is in the

ap+
Baire class one.

Proof, By Theorem C it is sufficient to prove that for

te R = ap- = ; -t);
any te a(t) g_}cu})' ga”(ez}1 , where A, ={ (x,y);t<y<x, (x-t)>
> 2(y=t)§. Let te R. By the def1n1t1on of fap,,_(t) there exists
a measurable set M such that d,(M,t) =1 and lim g(x,t) = a(t).

XET, x €M
By Lemma 3 d, (MxM,(t,t)) =1 and therefore it is sufficient
t

to prove

(6) lim g(z) = a(t).
2=t 26 An (M M)

Let ¢ > O. Then there exists o > O such that a(t)=-
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- £<g(x,t)<a(t) +€& whenever {x-t|< o  eand xeM. The-
refore for (x,y)e (MxM)NnA NB((t,t),d") we have
(£(x)-£(t))+(£(1)=F(y)) . (a(t)+ &) (x=t)+(t-y)(a(t)-¢)

g(x,y) = <
X=y x=y

= a(t) + e((x~-t) + (y-t))((x-y) £a(t) + 3¢ , and analogically
we obtain g(x,y)z a(t) - 3¢ . Thus (6) is proved and the
proof is complete,

Note. Example 1 of the following section shows that the

assumption of the finiteness of a(t) is substantial.

5. Examples
Example 1., Let f be the well known Dirichlet function.

Then obviously f° _ : . , -
ap+(X) = 0 for irrational x and fnp+(X) = -00

p+ ig not in the Baire class one.

for rational x. Therefore f;

Example 2. Let f be the well known Weierstrass function
(see e.g. [ 5], p. 141). Then at all points except a first ca-
tegory set F'(x) = £ (x) =+ o and £ (x) = £ (x) = -0
([5], p. 142). Since for any continuous function g at all
points of a residual set B (x) =& (x) = “g:p(x) ='é;p(x) and
§+(x) =g (x) = §;p(x) = ggp(x) (see (9land [4]) we obtain

=+ _ == _ + _ = _
that fap(x) = fap(x) = + 00 and ;ap(x) = _fap(x) = - o0 at all
points except a first category set.

Example 3. Let the real numbers a<b be given. Let g =
=fyand h = f,, where fl, f, are the functions from the Ex-
amples 1, 2 from [15). The functions g, h are continuous. Us-
ing the same theorem as in the Example 2 we obtain that

Bap(x) = Bp(x) = b, go (x) = go (x) = a, Ry (x) =hy (x) =
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=+ 00 , ‘}_x;p(x) = l‘;p(") = a at all points except a first

category set.
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