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COMMENTATIONES MATHEMATICAE UNIVERSITATIS CAROLINAE
22,2 (1981)

ON A CONNECTEDNESS PROPERTY OF THE COMPLEMENTS
OF ZERONEIGHBOURHOODS IN TOPOLOGICAL VECTOR SPACES
P. OSWALD

Abstract. V. Klee [1] proved that for every topologi-
cal vector space X there exists a base of zero-neighbour-
hoods 1U} whose complements are connected. More exactly, it
was shown that each pair of points x,ye X\ U can be joined
by a 8-gon contained in X\ U, In this note we give the final
answer to a related question of V. Klee [1] by showing that
in the above result the 8-gon's can be replaced by 2-gon s
for arbitrary X,

Key wqrds: Topological linear spaces, connected sets.
Classification: 46A15, 28A20

In this note we give the complete answer to a question
of V., Klee [1) concerning connectedness properties of the
complements of neighbourhoods of zero (nz) in a real separa-

ted topological vector space (tvs).

Theorem. Let X be a tva with dim XZ 2. Then every nz
Vc X contains a nz U satisfying the following property:

(A) Each pair of points x, y belonging to the comple-
ment X\U of U can be joined by a 2-gon in X\ U, More exact-

ly, there exists a point z so that [x,zlulz,ylc X\ U,
(By [x,y] we denote the line segment {xx + (I-o¢)y,xe [0,113,

and a n-gon is defined as an arc composed of n (or fewer)

line segments.)
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If in the formulation cf the theorem the 2-gon’s are re-
placed by 8-gon’s we get a known wesker result obtained by
V. Klee in 1964 (see [1], Theorem A). In [1) he also asks
whether the number 8 can be reduced for general tvs, Partial
results in this direction were stated by V. Klee [1] for lo-~
cally convex and locally bounded tvs, and, recently, by T.
Riedrich [3] for the space S(0,1) of measurable functions.
The above stated theorem improves these known result$& and,
clearly, cannot be sharpened for any tvs X.

Proof of the_theorem. Our proof is quite elementary,

the reader can find the used facts from the theory of tvs and
about convex sets in finite-dimensional tvs, for example, in
standard scurces like [4] resp. [2].

If 24dim X< @ then X is isomorphic to the Euclidean
space R® (X¥R") for some n22, In this case the assertion of

the theorem is obvious,
let dim X = c© , and fix an arbitrary 2-dimensional (1li-~

near) subspace EcX. For any given nz VcX the set VAE is a
nz _ in ET-:’RE. Therefore, we can find a compact convex nz

Coc E in E, and a closed nz Voc X such that

(1) EnV,cC cEnV, V cV.

Furthermore, let UOCX be a starshaped nz with

(2) U, + U, + Uo +U,cv.

Now we define the set

(3) u+cy U (ng‘ conv (U A F))

where % denotes the set of all 3-dimensional subspaces of X
containing E (conv A stands for the convex hull of a set A,
and A for the closure of A). In the following we will- prove

that U has the properties stated in the formulation of the
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theorem.

Step 1. To show that U is a nz in X with UcV it is
sufficient to verify the inclusions
(4) U,ceUcevV uC (cV).

In virtue of (1),(2) we have z€C c U for any zeU nE.
If 2¢ U\ E then define the 3-dimensional subspace F = F(z)
= span(z,E) € ¥ containing z. We have z € Fn U,, and (3) im;-
plies ze U. Therefore, Uoc U has been proved.

The inclusion Uc Vou Co will be obtained by demonstrat-~
ing the relation &mc V, for arbitrary F e F o, It
is well~known that every point xe conv M, where M is a set
in R3, can be represented by the convex combination of at
most 4 points of M (Carathéodory’s theorem for R3, see [2],

p. 23). Because FnUO is a starshaped set in F:-‘—’-R3, now it

follows by (2) that conv'U nF) c (FnU°)+(FnU°)+(FnU°)+(Fn Uo-)c
c:Vo = VO.
Thus (4) is completely proved.

Step 2. The following relations are obvious from the
construction of the nz U (see (1) - (3)): If Fe ¥ then
(5) UNF = conv(U NF)VC .
Furthermore. we have

(6) UnNE = Cqe

Step 3. For an arbitrary but fixed point xe& X\U define

the set
(7) A = A(x) =4z ecE:Ix,2]Jc X\NU? (c E).

The aim of the considerations of the steps 3 and 4 is to show

that there are two linear independemnt functionals g; belon-

ging to the topological dual space E¥* of E, and real numbers
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(; such that
(8) [gy> Pyl =isemg(s)>Blca =alx), i=1,2,
In this step we comsider "the case when %c (X\ U)n E.

From (6) it followe that x#Co. Because CoC BER is compact
and convex, the set A

B = {geE¥:g(x)> g(y) for all ye C,3
is non-empty and open in the topology of ¥* (& R®). Therefo-
re we can find two linear independent g€ Bcs¥* » and putting
(3; = 8;(x), i = 1,2, we get (8). Indeeq, if selg; > (41 then
8; (ot z+(1- ot )x) =ocg, (5) + (1-oc)gy (x) 2 gi(x)7ii(y),oce.f.0,1],
for all ys C; (i = 1,2). Thus, [x,zJCl\Goc X\ U,

Step 4. Now let x& (X\ U)\ E, Consider the subspace P =
F(x) = span(x,E) ¢ ¥ .‘ Let f & F* be the functional satis-
fying Ker £, = E, and fo(x) = 1, Birst we show that
(9) C=comvlUnFIniyeF:0&s (y)€1 = £, (x)}
is a compact convex set in F. Obviously, Cc Pa’RB is convex,.
closed, and starshaped (with respect to zero). If we assume
that C is unbounded then it follows immediately from the men-
tioned properties that C cont'ginl a certain half-line begin-
ning at sero. According to (9) this half-line belongs to ¥ =
= Ker fo. !‘l;erofore, CNEBcC, is unbounded, which contradicts
the boundedness of C,. Thus, C is bounded (and compact), too.
Now consider the set
B ={feF* :£(x)> £(y) for all ye Ci.
Because of the established properties of C the set B is non-
empty and open in the topology of F*/R3. This yields that
one can find three linear independent functionals f jc'ﬁcl?*‘ ’

J = 1,2,3. Therefore, under the functionals fjlgel* there
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u-; two linear independent unws which we denote by 8 (with-
out loss of generality, assume that g; = fi‘t)’ i=1,2, Fi-
nally, the reals {51 will be chosen in such a way that we ha-
ve {51! fi(x), and p;> gi(y) for all yeC, (i =1,2).

Hence, [g; > 3;1NnC; = ¢, and analogously to the consi-
derations in step 3 we get [ x,2)c F\ C for all points z €
[g;> 3], i = 1,2. But from (9) and the relation (5) it be-
comes clear that for zeE we have [x,s]lc X\U iff 24C, and
[x,s]c P\ C. Therefore, (8) is completely proved.

m.‘ To finish the proof of the theorem we mention
that the property (A) is equivalent to the relation A(x) n
NA(y)$d, where x, y are arbitrary two points of X\U. But
this follows at once by (8) and the fact that tﬁe intersec~
tion of two half-planes [g > (3] and [T > ﬁ] is empty, may be,
in the case of linear dependent functionals g and g, only.

Thus, the theorem is proved in full detail.

Remark. As it was pointed out to us by T. Jerofsky, the
following statement of, may be, independent interest holds
true: Let X be a tvs with dim X = c0 , and E be an arbitrary
but fixed n-dimensional subspace of X (n = 1,2,...). Then the-
re exists a base of zero-neighbourhoods in X whose intersec-
tions with every (n+l)-dimensional subspace of X containing -
E are convex sets. To show this it euf?.’ices to modify slight-

ly the construction given above.
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the theorem. '
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