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COMMENTATIONES MATHEMATICAE UNIVERSITATIS CAROLINAE
21,4 (1960)

CORRECTION to ,Extensions of the Shannon entropy to
semimetrized measure spaces”
Miroslav KATETOV

Classification: 94A17

-

(1) The note mentioned in the title (Comment. Math. Univ.
Carolinae 21(1980), 171-192; quoted as ES in the sequel) con-
tains an erro-r due to which (i) two minor assertions (in ES
1.16, 3.7) are incorrect, (ii) the definition of a subentropy
(ES 2.1), although correct, is not adequate (to be precise, it
is too broad). The error consists in choosing an inappropriate
equivalence relation on 4WM}. If the relation is replaced as
in (5) below, all the statements and proofs remain valid with
the exception of ES 1.16, 3.7, the correct version of which is
stated in (10),(114).

(2) Notation. If (Q,g),(w7 is a WM-space, then JU(P) de-
notes the set of all measures w’ on Q such that dom @« = dom w,
(A,I‘. w

(3) Definition. Let P =<{Q,e,@”?, S =<T,»,6> be WM-
spaces., Let Fc M(P)> M(S) satisfy the following conditions
(for convenience, we ﬁite @'~ »’ ins.ead of (@, »> e F):

(a) F(M(P)) = J(S), FTLOM(S)) = MP);

() if wy wwy ,i=1,..0,m 4.’22'4 @€ M(P), and

oy
,1?4 »; € M (S), then Z(L“.‘NZ?‘{ ; if !“'1"”)1 , 8aZ0,
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aw, e MP), ay, 6 M (S), then Qg v 8 ;

() @ ~» iff »'=p; PPARVEVIEt < 4 &= g

(@) if w, & H(P), i = 0,...,n, @o=£§4 & ) MV
then there exist ¥; € JL(S) such that w; ~ ¥, , i =1,...,n,
and ;g/lv;_ =9 3 if » e M(S), i=0,..un, 3 =1.§4,>1-, ,
PYARVIE N there exist w; e MP) such that w, v »; , i =1,
eeoyn, and T LT Goh

(e) if w'a»’, then @'Q = »Ty

(f) if w,~ ¥; , then ?(y,,, )y (Uy) = (o » ¥, ), where
?(M1,(¢&2)(9( ¥, » ¥), resp.) stands for ?((Q,?. “y? 1$Q,@,
@) (FKT,&, »,7,T,6,»,>), resp.), as defined in ES 1.1l.

Then (F,P,S% , also denoted by F:P—>S, is called a con-
servative measure-correspondence (from P to S).

Remark, The definition can be simplified. E.g., (c) can
be omitted, and (a) can be replaced by (a’) {u ,»> & F. How-
ever, we prefer a detailed formulation.

(4) Proposition. Let F:P—> S,- G:S—> U be conservative
measure-correspondences. Let Gk F consist of all < o/, A7D €
e M(P)> M(U) such that, for some »’ & M(S) and some a>0, we
have {a @/, ‘> € F, {(»",aA’) € G. Then {GxF,P,UYis a con~
servative measure-correspondence. ‘

Proof. I. Put P =4{Q,p, &>, S =(T,6,v>, U =<{V,p,A0.
Put @ = GxF. It is easy to see that d c M (P)x M(U) satis-
fies (3a) and (3e). Clearly, { @, A> e & . Hence, if
L A’>ed , then A’V = wQ = AV, which implies A=A .
Thus  satisfies (3c).

II. Iﬁ,t Coy r A0 € @1 sy 1 =1,,0.,n; let 4”2:4 «; €
e M(P), i«g»i A, € M (U). Then there exist %, ¢ A(S) and
a“.‘>0 such that (a“., Qg1 Vy) € F, £ v“.‘,a*ﬁ.%) € G, i=1,.00
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«+.,0. Choose a>0 such that a<l, a<a;/n, i = 1,...,n.
’
Put »; = (a/a;)+ »; . Then<a u;, v’)e F, (»],al;>€q,
i=1,...,n. Since a<1, i’ v n4, 49- , we get
<= -
Z ’

%§4 au, € .M.(P),&_ 4 Vi € .M(S), 45—4 aﬂ:,;’me M(U), Hen-
ce, {(a zg»t s ’4%4 v;?e F, <i§4 vy 18 ;2 Ay > € Gend
therefore (X “;» SA,2ed . Thus § satisfies the first
part of condition (3b). It is easy to see that the secotnd part

is satisfied as well.

III. Let mye M(P), i=0,c0un, @ = .5, @y,

{ M, ,A,>€ d . Then, for some » & M(S) and some a>0, we
have {a «,, v, > € F, <¥,,8 A,> € G. Since (3d) holds for
F, and a w, =4»"2!:.4 a w; , there exist ;e M(S) such that

m
{a @;,¥2€F, i=1,..0n, ;2 9; = % . Since (3d) holds
for G, there exist .2._:-, € M (U) such that (v, 9\,;) € G,
= 1,...,n, 454 A, =aA, . Now put 4;= (1/a). A% . Then

4% = (1/a).ald, = A, , hence (due to A, ¢ M(U)) A e
c .M(U), i=1,...,n Since A% =ad,; , we have <{»,a e
€ G and therefore, due to{a w;,»;> € F, (¢, A;> € &,
i=1,2,...,n, Thus ¢ satisfies (3d).

IV, Let (@4, A;>ed , i=1,2, Then there exist ) €

e M(S), a,>0, i = 1,2, such that a; w;, », > € F,

{ vy ,8; A, € Q. Since (3f) holds for F and G, we have
Pla, wqyay @,) =8> ,») =%a, A, ,a,2, ). Tis in- |
plies P( Uy My ) = ?‘(ﬂq,ﬂ.z).

(5) Notation. If there exists a conservative measure-

correspondence F:P—> S, we put PR/ S,
(6) The relation A, is an equivalence relation on {WM3,
- This follows at once from (4) and from the fact that if F:

:P—» S is a conservative measure-correspondence, then so is
' .
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rls—- A
(7) Definition, If P = {(Qe,? , S =(T,6,»> are

FWM-spaces and £:Q —> T is a mapping such that (i) »t =

= (u.(f-lt) for every teT, (ii) &(fq,fq”) = so(q,q ) for all

q,9°€ Q, then {f,P,SY, also denoted by £:P—» S, is called a

congervative mnpping..

(8) Proposition, If there exists a conservative mapping
£:P—> S, then PA S. '

Proof, let S =(T,6,»> . For any w' € M(P) let Fu’
be the measure on T defined as follows: (F g’ X = (a.’(f"l(I)).
Put F = {{ ' ,F u’>: uw' € M(P)}. It is easy to prove that
{F,P,S) is a conservative measure-correspondence.

(9) Proposition, If P ={(Q,0, > , S =(T,6,»> are
FWM-spaces and P~/ S, then, for some FWM-space U, there exist
conservative mappings f£:U — P, £:U —>S,

Proof. Clearly, we may assume wP>0, wS >0, Since PR S,
there exists a conservative measure-correspondence F:P—> S,
For convenience, we shall write ' ~ »” instead of <w’,»"De
€ F, For any qeQ, let @, denote the measure on Q deﬁned
as follows: (u%(q) = wl(q), (coa(q') =0if q’eQ, q¢'+q. Sifl-
ce w -‘I.‘ o Yq 1 (&~ ¥, there exist, by (3d), measures

»® ¢ M(S) such that thg ~ » @ ’ 9.§°* »® = ».

For any te T, let ¥, denote the measure on T defined
as follows: », (t) = »(t), »(t") =0if t’e T, t'4 t. Cle-
arly, for every q € Q, there are a%ti 0 such that

(9.
(1) » Z agt .

\

Since @, ~ » &) | there exist, bty (3d), (“';t e M(P)

’

* * -
such that SR WL A R Cogt =& 5 clearly, there
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exist non-negative numbers bgt such that ot = Boy 4
hence
A(II) bt (g~ 8gq ¥, for all ge Q, tefl,
(111) '&%T bg:t (u'g_
By (II) and (3e) we get
(IV) by @(a) =8, »(t) for all qeQ, te™.

= @, for all qe Q.

For any qeQ, teT, we put A { q,t>= bg' «(q). The
space U = (V,0*,2A) is defined as follows: V =§{q,t> € Q>
» T _a'< q,t>>0%, 9*((q,‘9t4> ’ <q2at2>) = P(qﬂ’ql)’ 'Jl.(Y) =
= $(A{q,t?: {q,t>eY). For any v ={q,tdeV, we put £(v) = g,
glv) = t.. '

By (III), for any qeQ, w@(q) = 2T ” «lq) =
= Z(Aq,t: (q,t2eV) = A(g71q). If v =<q,t;> & V, then
@ *lvg,p) = p (q1,q2) = @ (fv,,fv,). Thus f is a conservati-
ve mapping.

Since » -9.?9' v(”) , we have, for any teT, »(t) =

Z ,,Q-(t) hence, by (I), »(t) = 2‘ Q 4’.1- i‘}— (t) =
”g“ v(t) and therefore, by (IV), »(t) =2§ .2<q,t)=
= A(g t).

By (3f) and (I.), we have, for any q,xeQ, t,yeT,

A

r(bv XL ) ?(aq,t Yy 18y vy’),
hence

ACq,tYA<¢x,y) @ (g,x) =ALq,t2ALx,y) & (t,3).

For {q,t)eV, {x,y> €V, this implies @(q,x) = &(t,y), hence
So*((q,t),(x,y)) = € (t,y). Thus g is conservative.

(10) The assertion (ES 1.16) that the relation A (de-
fined in ES 1.15) coincides on {FWM3} with the equivalence re-~
lation, also denoted by ~ , introduced in QE 1.4 (QE stands
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for M. Katétov, Quasi-entropy of finite weighted metric spa-
ces, Commernt. Math. Univ. Carolinae 17(1976), 797-806) is to
be replaced by the following one.

Proposition. The relation ~» coincides on {FWM} with
the equivalence relation introduced (and denoted by ~ ) in
QE 1.4.

Proof: follows at once from (8) and (9).

(11) The assertion (stated without proof in ES 3.7) that
C¥ is not invariant with respect to conservative morphisms
(introduced in ES 1.13) is to be replaced by the following
one: the function C* is not invariant with respect to conser-
vative measure-correspondences.

(12) The definition of a subentropy (ES 2.1) is to be
changed by substituting I{‘ ~ P'2 for 1{‘ ~ Pz .

Matematicky ustav ESAV
%itn4 25, Prgha 1

Ceskoslovensko

(Oblatum 26.6. 1980)
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