Commentationes Mathematicae Universitatis Carolinae

Eric K. Douwen
Nonsupercompactness and the reduced measure algebra

Commentationes Mathematicae Universitatis Carolinae, Vol. 21 (1980), No. 3, 507--512

Persistent URL: http://dml.cz/dmlcz/106016

Terms of use:

© Charles University in Prague, Faculty of Mathematics and Physics, 1980

Institute of Mathematics of the Academy of Sciences of the Czech Republic provides access to
digitized documents strictly for personal use. Each copy of any part of this document must
contain these Terms of use.

This paper has been digitized, optimized for electronic delivery and
stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://project.dml.cz


http://dml.cz/dmlcz/106016
http://project.dml.cz

COMMENTATIONES MATHEMATICAE UNIVERSITATIS CAROLINAE
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NONSUPERCOMPACTNESS AND THE REDUCED MEASURE
ALGEBRA _
Eric K. van DOUWEN')

Abstract: Easy known results easily imply that the Stone space of the

reduced measure algebra is not supercompact, and in fact is not

n-supercompact whenever 3 < n < w.

Kez words: n-supercompact, n-linked, Stonc space, mcasure algebra,
g-n-linked, scparable
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What we do: Supercompact spaces, defined below, (and more generally

n-supercompact spaces, 3 < n < w) are compact. Compact linearly orderable

spaces are easy cxamples of supercompact spaces. Compact mctrizable
spaces are supercompact, [SS] (see [szl and [M1] for easier proofs), and

so are compact groups, [M,].

An easy example of a nonsupercompact compact space was given by
Verbeek, [V, I1.2.2]; this example is 'I‘l but not Hausdorff. The first
Hausdorff cxamples were given by Bell, [Bl]; other cxamples, or other

proofs, can be found in the references.

The purposc of this notc is to present an csscntially trivial ver)

natural llausdorff examplc.
!Research supported by NSF-Grant MCS 78-09484.
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EXAMPLE: The Stone space of the neduced measure algebra is not supen-
compact, and 4in fact is nol n-supercompact for any n with 3 < n < w.

For the proof we only nced casy known results about the reduced measure
algebra, und closed subbases (defined below), or casy modifications
thercof (we include proofs for completcness sake), and unlike other

cxamples, peed only an casy fact about (n-) supercompactness.

Closcd subbascs: A family S of subsets of a space X is called a closed
subbase for X if {X - S: S ¢ S} is a subbase for the open sets of X, i.e.
if for every nonempty F € X, F is closed iff F = nFchF for some collection
C of finite subfamilies of S. We need the followin—g- elementary fact,

where ° denotes the interior operator.

FACT 1: 1§ X is compact Hausdonff, and S is a closed subbase for X, then
on each nonempty open U < X there i8 a (nonempty) G < S with nG < U and
(nG)°® # 4.

0 Pick a nonempty open V € X with 7V € U. Let C be a (nonempty) collec-
tion of finite subfamilies of S with nFeCUF = V. since X is compact there
is a (nonempty) finite F € C with nFeFUF—E U. Clearly nFEFUF = uGe nG

for some finite collection _q of (none;pty) (finite) subfam—i_lies of E

There is G € G with ("6)° # § since (VYgg®)° 2V # 9. o

n-Supercompactness: For a cardinal K call a family F of sets k-linked
if G # ¢ for overy G € F with 0 < |G| < K, so 3-linkedZlinked, and
w-linked=Zcentered. Also, call a space K-8upercompact if it has a closcd
subbase S such that every nonempty X-linked subfamily of S has nonempty

intersection. Clearly W-supercompact=compact, by Alexanders subbase
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Theorem, [K, p. 139], and k-supercompact implics A-supercompact if k < A
(but not converscly if 3 < x < A <w, [BvM]). So 3-supercompact is
supercompact, as introduced by de Groot, [dG], and a space is

n-supercompact if it has compactness number <n, as defined in [BvM].

The reduced measure algebra.  Let I be the closed wit interval, let M be

the Boolean algebra of mcasurable subsets of I, and let N be the ideal of
null-sets. The quoticnt algebra M/N is called the reduced measure algebra.
Let M denote its Stone space.

Let A denote Lcbesgue mecasure on I, and for A ¢ M let [A] denote
the N-equivalence class of 4.

Call a family o-k-linked if it is the union of countably many

K-linked families.

FACT 2: The family of nonempty clopen (= closed and open) subsets of

M 48 o-n-Linked forn each n with 3 < n < w.

u We prove the corresponding statement for M - N, Fix n with 3 < n < w.

Let B be a countable base for I with @ ¢ B which is closed under
finitc union. For B € B define

Ly={aek:2anB) >0 - nLyaad).

Clearly, if A c Ly and 0 < |A] < n then A(nA) > A(nA n B) > n-lﬁ(B) >0,
so nA ¢ N. Next, given A € M - N find compact K ¢ A4 with A(X) > 0, and then
find B e B with B 2 K and A(K) < (1-n"")"1*A(B). Then K ¢ Lg, hence
Ae LB'

IThis (fact and proof) is well known for n = 3 of course.| Ll

FACT 3: M is not separable.
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a Let <pn>n be any scquence in M. For n < w, since Py is an ultra-
filter in the Boolean algebra M/N we can pick Pn € M- Nwith [Pn] €p,

-2-n
and A(P,) <2 2" Then {pem [I- unPn] e p} is a noncmpty open set

in M that contains no p,. I'this is known of course.| n

Scparability and supercompactness: The following result implies that ¥

is not n-supercompact, because of Facts2 and 3, since the family of

clopen  sets of M is a base.

FACT 4: Let 3 £ K < w, Then following conditions on a K-supercompact
Hausdonff space x are equivatent:

(1) x is separable;

(2) the topology of X is o-centered (= o-w-Linked); and

(3) X has a o-c-Linked base (on m-base).

u] We prove (3) = (1). Let S be a closed subbase for X that witnesses
that X is K-supercompact. Let Bn be a k-linked family of open sets of
X for n < w such that uan is a base for X. We can assume # # X € S,
and @ ¢ Uan. Then for each n < w the family
S ={5e€S:3BeB(Bc S}
n n
is nonempty and x-linked, hence we can pick p, € nsn. It now follows

from Fact 1 that {pn: n < w} is dense in X. f[For x = w this is known,

[le].] a

QUESTION 1. Does there exist for each n with 3 < n < w a nonseparable
(n+1) -supercompact Hausdorff space whose topology is o-n-linked? Or
at least a compact Hausdorff space whose topology is o-n-linked but

not o-(n+1)-linked?
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QUESTION 2. Is Fact 4 true if X is a Hausdorff continuous image of a

k-supercompact Hausdorff space?

The motivation for Question 2 is that although supecrcompactness is not
preserved by continuous maps, [MvM], most results about supercompact
Hausdorff spaces are truc for Hausdorff continuous images of (closed
neighborhood retracts) of supercompact Hausdorff spaces, hence a counter
example to Question 2 for k = 3 would be a nice example that supercompact-
ness is not preserved under continuous maps.

In this context we point out that M is in fact not a continuous
image of a (closed neighborhood retract of a) Hausdorff space which is
n-supercompact for some n with 3 < n < w (see also [BvM]). For the proof
one notes that Fact 4 is true if X is a closed neighborhood retract of a
k-supercompact Hausdorff space [use the proof of Fact 1 rather than Fact
1 itself ], and that M is extremally disconnected, so that a compact
Hausdorff space has a retract homeomorphic to ¥ iff it can be mapped onto

M, [G, Thm. 2.5].
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