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A CHARACTERIZATION OF C(X)
Jan CERYCH

Abstract: If A is a function algebra, this note gives
a sufficient condition in order that A contains any continu-
ous function.
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Let A be a function algebra on compact Heusdorff topolo-
gica; space X, i.e,, a closed subalgebra of the sup-norm al-
gebra C(X) of all continuous complex-valued functions on X,

A is called a pervasive algebra provided it satisfies
the following condition:

(1) Whenever F is a proper closed nonvoid subset of X
ard £ in C(F), then, for an arbitrary e >0, there exists a
g in A such that
lg - 1']1,< e.

(Here \h\H for Hc X and h in C(H) denotes the supremum of
the functiom lh(x)| on the set H,)

The notion "pervasivity" is due to Hoffman and Singer
who were also first to investigate properties of such algeb-

ras. (See [11.)
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C(X) is of course a pervasive algebra. More interest-
ing are its proper pervasive subalgebras. The simplest of
them is the classical disc algebra, the set of all uniform
limits of polynomials on the unit circle in z-plane, and re-
lated algebras. Another way of constructing pervasive algeb-
ras was developed by Hoffman and Singer in [1]. A nice ex-
ample of this type is due to Fuka. In his constructiom [2]
the space X is a discontinuum of zero planar measure.

Our aim in this remark is to show that if the approxi-
mation of the type (1) is, moreover, a bounded one, then A
contains all continuous complex-valued functions on X.

More specifically, we shall prove the following

Theorem. Let A be a function algebra on X. Suppose
that for any closed nonvoid proper subset F of X and for any
fuhction f in C(F) there exists a positive constant k(F,f)
having the following property:

Whenever e is a positive number, then there exists a g
in A satisfying

lg - flg<e, lgl&k(F,2).

Then A is equal to C(X),

Proof: Ghoose an f in C(X) and a positite number e.
Our aim is to find an h in A such that

(2) lh - fl<e.

Without loss of generality we may suppose that |fl<1.
If X consists of one or two points, Theorem is trivial.
Suppose now that X contains at least three distinct points.

Then there exists a pair P, Q of closed disjoint subsets of
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X which have nonvoid interiors, and whose union PuQ does

not cover all X, Setting

(where the bar denotes the closure in X) we have obtained a

pair of proper closed nonvoid subsets of X.

A function j which is equal to 1 in P and to O in Q is a well-
defined continuous function on PuQ.
Put
x = max 1k(M,f),k(N,£),k(PuQ,j) + 1%

and
e

& = —,

3k
Take, by the hypotheses, a triple of functions m,n,g in A sa-

tisfying the conditioms
Im - £ly<&, In|éx(M,1),
In - f|m<é, In]&x(N,r),
lg - 1|P<é, ]g|Q<é, lglek(PuQ,j).

Finally, setting h = gm + (1 - g)n, the h satisfies (2).

Really, it is obvious that

PcM, Qc N, X = PuQu(MnN),

and
Ih -l &lgm - £ + gf - gfly + 11 - glpinl &
£lm - tlylgl + lg - 1lplel + lg - 1|P|n\<
< 8.k(PUQ,j) + & + 8.k (N,f) &,
ih - flqél(l -gm-f+(1-g)f-(@1-gfly+

+lglgimi&in - tlgh - gl + lelglel + lglqln‘ <
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<& [k(PuUQ,j) + 1]+ & + é.kv(M,f).—‘: e,

In - flMAN Slgm - gf + (1 - g)n - (1 - g)fanN &
£|m - flulgl +ln - le 1 - gl <
< 8.k(PUQ,j) + &.[x(PuQ,j) +1]4e,

and Theorem is then proven.

Remark 1. Notice that we have proven a little more than
we had stated: the approximation suggested in the hypothesis
of Theorem is adopted, in its proof, for a triple of conve-

niently chosen sets only.

Remark 2. A little related results are those of Badé
and CGQurtis [3, 4) (cf. also Burckel [5], Chapter VI); they
required, roughly speaking, the e in the conditions of Theo-
rem to be only a fixed one, e<1/2, but the k (= k(F,f)) to
be an absolute constant independent of the set K (in a streng-
thened version of theire theorem any point in X has a neigh-
bourhood U and the constant k(U) which dominates g whene-
ver F is a compact subset of U) and came to the same conclu-

sion.

I should like to express here my gratefulness to RNDr.
Jaroslav Fuka, CSc., for a series of discourses and fruitful
criticism,
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