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COMMENTATIONES MATHEMATICAE UNIVERSITATIS CAROLINAE
21, 1 (1980)

APPROXIMATELY NORMAL FUNCION ALGEBRAS
WHICH ARE LOCAL
Wesley KOTZE

Abstract: A function algebra is called local if con-
tinuous functions which belong locally to the function al-
gebra actually belong to the algebra. It has long been
known that all normal function algebras are local. The cor-
responding question is not fully answered for approximate-
1y normal function algebras. We show here that not only
are all approximately normal analytic function algebras
local, but also approximately normal function algebras
which are integral domains.
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Classification: 46J10

1. Definitions. A function algebra A is a subalgebra

of C(X) [the algebra of all complex-valued continuous func-
tions on a compact Hausdorff space X1, which is uniformly
closed, contains the constant functions, and separates
points,

A function algebra A is normal on X if for every pair
of disjoint closed subsets Fl and F2 on X an fe A exists
such that £ = 0 on Fl and f =1 on Fz.

A function algebra A is gpproximately normal on X if

for every pair of disjoint closed subsets F; and F, of X,

and for every € > O, there exists an fe A such that
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I£f(x)l< e on F) and 11 - fix)]< & on F,.

A function algebra A is analytic on X if every func-
tion in A which vanishes on a non-empty open subset of X,
vanishes identically.

A function algebra A is an integral domain if feA,
geA, £%0, g0 imply that fg#0.

A function algebra A is anti-symmetric on X if fe A
and f real-valued on X imply that f is a constant on X,

It can easily be shown that for a function algebra A
on X, the following implications hold:

A is analytic => A is an integral domain => A is anti-

symmetric.

A function fe C(X) belongs locally to a function algeb-
ra A if for every xe X, there exists a neighbourhood Uy of
x and g € A such that f(x) = g (x) on U,; or by virtue of
the compactness of X, f belongs locally to A if and only if
there exists a finite open cover Ul’UZ""'Un of X and
811855+ ++,8, € A such that f(x) = g;(x) on U;, i=l...n (i.e.
flUi‘ Alui).

A function algebra is local if it contains every func-

tion belonging locally to A.

The notion of an f¢ C(X) which is locally approximable
by a function algebra A is defined in the analogous way:
if for every x < X there exists a neighbourhood U, of x such
that f]uxé (Alux)-, the closure of the restriction of A to

Ux .

M. Krein proved [1] that all normal function algebras

are local, and D. Wilken [3] extended this result by show-
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ing that a function locally approximable by a normal func-
tion algebra A is in A, It is also known through counterex-
amples (see e.g. [3]) that a function locally approximable
by an approximately normal function algebra A is not neces-
sarily in A,

The question as to whether approximately normal func-
tion algebras are local has so far only been partially an-
swered (see e.g. [2)). In this paper we pursue this ques-

tion.

2. The following result by Wilken [3] is fundamental

to our subsequent arguments:

2,1, lemma. Let A be an approximately normal function
algebra on X. Let £eC(X) and X = U;uU,, U; and U, open
and f(x) = g;(x) on U; (i=1,2), g; € A; then feA.

We conclude that approximately normal analytic, integ-
ral domain and anti-symmetric function algebras can only

occur on connected spaces:

2.2, Proposition. If A is an approximately normal an-
ti-symmetric function algei:ra on X, then X is connected.

Proof. Suppose X is disconnected, i.e. there exists a
proper subset S of X which is both open and closed.
The function h = (0O on S

{1 on X\ S

is continuous on X anl by Lemma 2.1 belongs to A. This is
however not possible since the only real-valued fu{xctiona
in an anti-symmetric function algebra are the constants.

Thus X must be connected.
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2.3. Theorem. An analytic function algebra A on a con-
nected space X is local.

Proof. If fe C(X) belongs locally to the function al-
gebra A, we have Ul,...,Un an open cover of X and £;,...
«e+,8, €A such that f(x) = g;(x) on U;. Since X is connect-
ed every U; intersects at least one other U.J-; moreover we
have, after possible re-labelling that U;NU, +@ and gene-

rally (U;v...vU;)nU; 48 for i=1,...,n-1. Since A is

i+l
analytic this gives that g;= g&=...=g, . Thus £(x) = gl(x)

on X and so fcA.

2.4. Corollary. An gpproximately normal analytic func-
tion algebra is local.

This follows immediately from Proposition 2.2 and Theé-
rem 2.3.

A generalization of Corollary 2.4 is given by the fol-
lowing Theorem - a result which Wells proved [2] for the

case when X is the urit circle in the complex plane.

2,5. Theorem. An approximately normal function algeb-
ra which is an integral domain is local.

;P_m{. Suppose that £ e C(X) belongs locally to A but
is not in A. So we have an open cover Ul""’uu of X and
associated g,,...,8,€ A with f£(x) = g;(x) on U;. Since, by
Proposition 2.2, X is connected, every U; intersects at
least one other U,j' Put W, = {xeX;f(x) = gi(x)}.

Then U;c Ig and {W;; i=1,...,n} will cover X. (In fact

{%3; i=1,...,n} will cover X.) Lef V;,...,V, be the minimal

subcover of the cover {W;; i=l,...,n}; also minimal in the

sense that if W;n Ij#:ﬂ and g; = g5 on 'i,"‘ 'j' then W; u 'j
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is to be labelled & V;. Let &,...,8; be the elements of A
associated with the Vy,...,Vy so that £(x) = g (x) on V;.
In view of the assumption that f¢A, mZ2. (If we also ta-
ke Lemma 2.1 into consideration we conclude that m>3.)
Then consider the function
f1={0 onVZu...uVm
~N ~ ~ ~ ~

{O on X\0p
(F - & )@&) - Bp)e-o (B - By ) on v

where 0y = s (Vn” cee lekl) ViN (Vzu cee UVm)

XNV, veeav V).
01 is open and non-empty by virtue of the minimal property

of the cover Vl""’vm‘ Furthermore 0yc V(l’ and

o
x\61 (X\ 01)
(Vv v3u...uvm)°

> (V‘a’uVgu...‘.’vx‘:l

=y v _
hence (X\Oj)uVy = X.
So fye C(X) and is not identically zero by the const-
ruction of the Vi+ By lemma 2.1, fieA.
Define similarly

f on (Vu ...u VN Vi1

2 = {0

@y - B By - By @1 - Biax ) on vy
where the V111'V112"“'V11k11 which are associated with the
’é’lu,’é’nz,...,g’nkn are those V; (other thamn V;;) which
intersect Vi1 (One of them will of course be Vi.) As in the

case of f,,fy€A and is mot identically zero. However

f,f, = O. This contradicts the fact that A is an integral
domain.
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The question remains as to whether Theorem 2.5 can be
extended to anti-symmetric function algebras. Even if it
could only be proved that an anti-symmetric function dgeb-
ra with maximal ideal space the unit ciréle (such an algebra
is approximately normal on the unit circle) is local, we
could conclude from a result by Wells ("A function algebra
with maximal ideal space the unit circle is either anti-sym-
metric or local", see [2]) that any function algebra with
maximal ideal space the unit circle is local - a statement
which is true if the maximal ideal space is the unit inter-
val. This will be in agreement with the o0ld conjecture (ori-
ginated by Gelfamnd in 1957) that the only function algebra
with maximal ideal space the unit circle or interval is the
uniform algebra of all continuous functions on the circle

(respectively interval) itself.
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