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COMMENTATIONES MATHEMATICAE UNIVERSITATIS CAROLINAE
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A TURING MACHINE ORACLE HIERARCHY II"
Stanislav ZAK

Abstract: We continue the investigation of the com-
plexity measures introduced in the previous paper "A Turing
machine oracle hierarchy I". Using the same principle of
diagonalization we construct complexity hierarchies on the
set of languages accepted by deterministic and nondetermi-
nistic Turing machines with oracles.

Key words: Diagonalization, Turing machine, oracle
complexity, hierarchy. ’ ' !

Classification: 68A20

Introduction. This paper is a continuation of [2].
Here, we construct a complexity hierarchy on the set of lan-
guages accepted by nondeterministic Turing machines of a
special type with an oracle according to the first mcasure,
introduced in [2), two hierarchies are constructed on the
set of languages accepted by deterministic Turirg machines
with an oracle according to two first measures mentioned in
Abstract of [2], and the last hierarchy is precved cn the
set of languages accepted by nondeterministic Turing machi-

nes with an oracle with reapect to the second measure.

+) An abridged version of this work can be found in Pro-
ceedings ot the symposium MFCS'79.
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The resulis are of the form: If the set of pairs (T,u),
where T is a Turing machine without oracle and u is a word
accepted by T, is m-reducible ([1]) to A and if t is a recur-
sive function with 1lim t = o0 , then there is a language L
such that LE1* , Le ORACLE(t) and L¢ U{ORACLE(t,) |
|1im inf(t(n) - t,(n+l) - a(n))2 0}, where d is a very small
function.

We conclude the paper by a comparison of our results with re-
sults which follow from a simple diagonalization.

All preliminaries and definitions which are needed here
can be found in [2], The continuity with [2] is so close that
we use a uniform numbering of theorems amd lemmas common for

both papers.

Let ¢, be the x-th function in the standard numbering
of the partial recursive functions ani '9’1(‘“) means that Px
is defined on the natural number m. We are ready to prove the

following lemma.

Lemma 5 (for i=1,2). If K< A then for eachk, keN,
kZzZ1l, there is an (i,d/k,A)-recursive function d such that

(1) 4 is nondecreasing anl unbourded, d<id,

(2) Vel @ =4pfd(n)[ne N} is a recursive set,

(3) for each mondecreasing and unbounded recursive func-
tion ¢ the inequality d< ¢ holds.

Proof., Let us define, for meN,

A
£(m) =:=Eo‘f(i)+ = {?x(m)]oé x<mAl @ (m)f+ m.

We see that f is an increasing functiom and that for each re-
cursive function ¢ the inequality c< f holds. We define for

all neN g(n) = minfm|n& f(m)}. Since f is increasing, g is
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a nondecreasing surjection. Now, we are gding to prove that
for each nondecreasing and unbounded recursive function e
the inequality g=c holds.

Suppoae.g!}{c for such a ¢. Then there are infinitely
many n such that c(n)<g(n). Let ¢ be a recursive function
such that for epch me N @(m) = max{ije(i)£m}, Clearly
@(c(n))Z n. Now, we have infinitely many ne N such that

min{m|n £ ¢(m)} £c(n)< g(n) = min{m|n < £(m)}

which yields a contradiction since ¢ £ f.

It is clear that there is a deterministic machine M
with oracle A which constructs g i.e. for all neN M(1™)=
= lg(n) and two increasing recursive functions hy, h2 such
that for all ne N hig(n) = oracleﬁ(ln). This is ensured by
the fact that for rewriting the word 17 into lg(n) M needs
to compute the numbers £(0), £(1), f£(2),..., £(g(n)) only.
Hence the number oracle»i‘(ln) depends on the number g(n).

Let us define, for all ne¢N, d(n) = k-hyg(n). We see
that 4 is nondecreasing and unbounded since both hi and g are
nondecreasing and unbounded, and that Val 4 is a recursive
aet because h; is increasing and Vel 4 = Val k-h;g = Val-k hy
since g is a surjection. We also see that d is (i,d/k,A)~re-
cursive since, for all ne N, the oraclei comple xity of the
1d(m) _ KrPiE®)

construction of is the same as the comple-

xity of the construction of 18(n) which is equal to hig(n)=
= (a/k)(n).

Now, we must prove that d satisfies the condition (3)
of the lemma. Let c be a nondecreasing and unbounded recur-

sive function. Let us define for all neN,
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h;l(n) = max{m|h; (m)< n}

if there is such an m and hgl(n) = 0 otherwise. We have
hih;;é id. Let us write c; = h;l [c/k]) where [ 1 denotes
the integer part. Such a function e; is recursive, nondecre-
asing and unbounded. Therefore g< c; and also

- = -1 Z £
d = k-hig4 k'hici =k hihi [e/k]) £k.lc/kK)c. Q.E.D.

Definition. We say that a machine with an oracle is an
r-machine if each its infinite computation contains infini-

tely many questions to its oracle.

Lemma 6. If K £ A then there is a mapping F, F:S — S,
such that:

(a) For each se S, MF(s) is an r-machine.

(b) If Ms is an r—machine,' then for each ue {0,1}+ the
equality oracle%(s)(u) = 142 oraclei(u) holds.

(¢) The set F(S) = {F(s)|s €S} is recursive.

(d) F is realizable on a ™.

Proof (sketch). MF(s) computes in the same way as Mg
except that MF(s) asks of A some special questions. MF(s)
puts one of these questions before it starts processing the
input word nrd then again each time immediately after it has
asked A when simulating Ms‘ These questions are of the form:
"Is there an infinit: continuation of computation of M, with-
out asking A 7" (Here the K8nig’s lemma is implicitly used.)
If the answer is yes then MF(s) stops else it continues to

simulate Ms' . Q.E.D.

* Let us fix the mapping F from the lemma. We shall also

write F(Mg), F(M) =4, MF(S)._ 30



Lemma 7. Iet A be an oracle, K& Ao If t is an A-re-
cursive bound then the languages {sulueL%(s), 8€ F(S)t and
{sujue L{‘(a), s €Sy} are A-recursive.

Proof. We have to construct a deterministic Turing ma-
chine R with oracle A which decides whether the words from
£0,1,b}" belong to the language {sulu eLJt'(s), se F(S)} or
not. Working on an input word, R starts its computation with
checking whether the input word is of the form su, where
s € F(S), ue10,13". Then R computes t(lul) and constructs
the tree of all computations of “s on u with not more than
t(lul) questions asked of the oracle A (on a branch). Since
M, is an r-machine (se¢ F(S)), R can construct the tree of
these computations in a finite number of steps. If among the-
se computations there is an accepting one then u el‘.%(s), el-
se ug L%(s) .

The proof for the deterministic case is easy. Q.E.D.

Definition. For a bound t we define
F-ORACLE'(t)= {L|(@s eF(S)) (L = L(s) = Ii(s))},
F-CORACLE (t) = {13(s)|s e F(S)i.

lemma 8, Let {si} be an (A-)effective sequence of pro-
grams, where the graph of l{si} is (A-)recursive. let e’ be
a nondecreasing and unbounded (A-)recursive function, e’< id,
such that the set Val e’ = feln)|n €N} is (A-)recursive.
Then there is a set R of programs, a function e, a mapping
z and a machine M such that:

(a) Rel*, R = {r;|i e Niwhere for all i, ieN, Lri =

(b) e is nondecreasing and unbounded, e<e’.
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(¢) z:R—> N, (YreR) (¥j, 0& j<z(r)) (e(lr1d]) =

z(r;
e(lrl), Ir;1 |<|ri+1|.

(d) Ifn =lri\+ z(r;) then - (3me Val e’) (e(n)2em<

A

e’(n)), if n =lr;l + j, j<z(r;), then @m¢Val e’)(eln)s

IN

m<e’(n)).

(e) M is a single-tape deterministic machine with two
final states £, f2 such that L(M) = 1% ana for all suffi-
ciently large m, me N, M rewrites the word 1° ™) ¢4 tne

word: if e(m)<e’(m) then 1°(®)-1pe (m)-e(m) 18m

, else
with using only the input cells and two adjacent cells and
with using the symbols 1,b(,S) only. If m = lz-i\ + z(ry) for
some ieN, then M finishes its computation on 18 @ 5y £
iff arglr;.

(f) R is an (A-)recursive set, e is an (A-)recursive
function.

Proof. We start by the eonstruction of onrds vy
Let i’mi} be any seq;ence of natural numbers. We define
v, = L6861 %x, 6161 1§)
where [ ] is a binary code of the alphabet {1,0,b,§} in
{b,1%, n, is a natural number and if 1nlc le then x; = 1,
else xy = 0.
If we have v, tg?n we define .
Viep = 88,81 Plex, o sivas1 Hg)
where i+1 is the binary code of i+l,

(1) ni+1=min{n|(3m eval e”)(lv;l £ m<e’(n))i,

n
and if 1 i+1‘l‘ai 1 then x, ., =1, else x; 4 = O.
+

It is clear that lvi\<|v | for all ieN.

i+l
We define
- 32 -



. ni.
(2) R =41 \1eN§andl.n =L
Rt
Fe

Obviously, we have (a).
Let us define for all m, meN,
(3) Xk, = maxfi|lv;l £’ (m)} and e(m) = bve ) e

- [ ]
We can easily see that (b) holds.

We define a mapping z by putting for all i, ieN,
(4) z(r;) = mini{z | e " (n;+z) #v.i}.
1 z |i 1 by , z(ri)
It is clear that Iril l<\ri+l\ and also e (lril <
< e'(\ri_u\) - cf.(1).

Now, we are going to prove (c). Let us choose rje R and
a number j, 04 j< z(ri), arbitrarily. We see that
lvyl> e'(\ri\ +j) (since j< z(ry), cf.(4))2 e'(lril )>
> e'(lri_ll +z(r; 4))2 lvie,l. It is clear. that e(lriljl) =

"

e(irgd) = lv;_;|. Obviously, we have (c).

Ifn = \ri\ + z(ry) then 'kn = v; since \vi\‘é "(ni S

+

2(ry))<ng, < lvi, | = see (1) and (4). Further e’(n) =

e’(n; + z(ry)) is the first meVal s \phich is not smaller
than lv;l = lvkn\ = e(n). e

Therefore 7 (AmecVal e¢’) (e(n)<m<e’(n)).

If n = \ri\ + 3§, J<z(ry), ther} vy = V;_, since
lvg_jl&e’(n_; +2(r; 1))<e’(ng)ce’(n; + §)<lvyl -
the last inequality holds for j< z(ri). Let us put m =
=e’(n;_; + z(r;_,)). We see that

e(n) =lv | =lv; ;l&¢m<ce’(n) and that meVal e”.
'We have proved (d). A

Let us describe the main features of the action of.' M.
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During the computation on the input word la, ae N, M con-
structs the words T lvjléa, step by step. After construc-
tion the elements [s;,,], [njﬂ_l, [xj+1], [ j+1]1, M chooses
mj+1 large enough so that all squares used during the con-
struction of these elements or having contained the symbols
of the word \£ are now occupied by the symbols of the word
vj+1. Let vj be the last vj of length not greater than a.
a

M finishes its computation by writing the word

lvj 1-1 a-|v.
1 bl

| lvs A
da if Ivj l<a or 1 Y2 otherwise, and it
a

finishes in f; iff xja = 0, If a =e (m) where m =Ir;| +
+ z(r;), then vja = v; and M finishes in f, iff xj& =x =0
iff Arylr;.

For proving (f) it suffices to fix the sequence of the

words vy from the construction of the machine M. Q.E.D.

Theorem 5', Let t be a recursive bound and 4 a
(1,d/8,A)-recursive function from Lemma 5. If K£ A and d<t
then there is a language L such that (1) LEl+,

(2) LeF-ORACLE}(t),
(3) LéShadow F-CORACLE'(t”)

where t°(0) = 0 and t’(n) = t(n-1)-d(n-1) for n>0,

Proof. The idea of the construction of amachine X
whose language has the properties stated in the theorem is

similar as in the proof of Theorem 2.

Let us put Q = S and, for qeQ, L, = Shadow I.%, (F(q)).
Such a set Q is recursive and the graph of the relation !Q

is A-recursive (Lemmas 6 and 7).
- 34 =



let {si} be an effective sequence of programs from S in
which each s, seS, occurs infinitely many times.

Let us put, for all ie N, L, = Shadow L%,(F(si)) and
e’ = 103(4)0 d. We see that the s:quence {si.?r and the func-
tion e’ satisfy the conditions of Lemma 8. Therefore there is
a set R, a function e, a mapping z and machine M with proper-
ties (a) - (f£) from this lemma,

It is clear that the set R and the graph of the relation
!p are A-recursive languages (cf. Lemmas 6,7,8) and that no
program from Q diagonalizes R (Lemma 1). We also know that e
is nondecreasing, unbounded and A-recursive and that e <id.
Therefore we may apply the rtp-lemma and we are allowed to
choose an rtp with e on Q,R which is constructive in the

sense of this lemma.

Now, we are ready to construct the machine X and to pro-
ve that its language has the properties (1),(2) from Theorem 1.

X starts to process the input word bk by constructing the
number t(n). During no computation on 1® X asks A more than
t(n) times. We have L(X)c 1% and L(X)e€ ORACLE'(t).

Then X constructs the word,le'(n) - this is not of the
l-comple xity greater than d(n)/& - and then X computes in the
same way as the machine M from Lemma 8. It constructs the mum-
ber e(n) - this is not also of the l-complexity greater than
d(n)/8.

(1) If 9 (ImeVal e’)(e(n)<m<e’(n))

(2) then X accepts iff M has finished its computation
on 1e'(n) in the state £,

(3) else X computes further as follows: X writes the
- 35 =



program q = BTP(e(n)) €eQ = S (this is of the l-complexity
not greater than d(n)/8). Then, after having nondeterminis-
tically rewritten the input word to any word from {0,1§n+1,
X computes according to the program F(q) as the universal
machine U from Lemma 3. X accepts iff there is an accepting

}n+l

computation of U on some word u from {0,1 of the i-com-

plexity not greater than t(n) - d(n). Formally:

(4) 1" eL(X) «> (3u G{0,1§n+1)(orach%(l"(q)u):’-tn -
- da(n)).
We can easily see that X is an r-machine and that
L(X) e ORACLE} (¢t - 5.a/8).

Now, we want to apply Theorem 1, We have defined the
sets Q, R and the mappings RTP, e, z.

Firet, we shall verify that r1%T) ¢ L(X) «> 1 rir holds
for all sufficiently large r ¢ R, Let us choose r;€ R arbit-
rarily and put n = Ir;| + z(ry). During the computation om
the input word 1" X finds that 71 (3meVal e’)(e(n)<m<e’(n))
according to Lemma 8 d. Therefore X accepts iff M has finish-
ed its computation on 1"’(”) in the state f; - see (2). Thus
according to Lemma 8 e X accepts rilz i iff Ty Ty

Secondly, we shall prove that for all sufficiently lar-
ge re¢ R and for all numbers j, O0& j<z(r), the conditiom
ride L(X) <> RTP(e( r ))Ix-];‘i*'1 holds. Let us arbitrarily choo-
se a program r; € R and a natural number j, 0<£ j<z(r;), and
put n = | ri.‘ + j. During the computation on the inout word
17, X finds that (3mcVal e’)(e(n)£m<e’(n)) according to
Lemma 8 d. Therefore X computes according to (3). Obviously,
the following statements are equivalent.
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1) r;19enn,
(11) Quei0,13%*1) (oraclel(F(q)u) £ t(n) - a(n)),
according to (4),
(iii) (Au 5{0,1§n+1) (oracle}.(q)(u)ét(n) - d(n) =
t’(n+1)) - see Lemma 3,
(iv) @Queio,3™) well,(F(a))),
(v) 1™1¢ Shadow I%;(F(q)) = Ly = Lpp(e(n)) =

= Irrp(etirg)))

(vi) RTP(e( Iril )) !riljﬂ‘.

"

The language L(X) satisfies the conditions (1),(2) of
Theorem 1.
Hence

(5) L(X)§ E £(Q) = E Shadow F-CORACLE}(t°).

We have constructed the machine X such that its langua-
ge L(X) does not belong to the set E Shadow F-CORACLEX(t’).
For proving that L(X) belongs to F-ORACLE! (t) we construct
a new machine M, M works on the input word 1" as the machine
X until before the moment when X computes as the universal
machine U on the words from {O,l}nﬂ‘ according to the code
F(q) where q is the result of the testing process.

After having nondeterministically written any word from
{0,1}”"1, M asks a trivial (formal) question and then M also
works as the machine U but according to the code q. M accepts
iff there is an accepting computation of the machine llq of
l-complexity not greater than (t(n) - d(n) - 1)/2. We see
that each computation of M on 1" is of l-comple xity not grea-
ter than [d(n)/2 + (t(n) - d(n) - 1)/2), Therefore each com-
putation of the machine F(M) on the same word 1% is of l-com-
- 37 -



plexity not greater than 1 + 2:[...] = t(n) - see the con-
struction of the mapping F in the proof of Lemma 6. Hence
L(F(M)) ¢ F-ORACLE® (t).

The fact L(X) = L(F(M)) can be easily seen by taking
into account the construction of F. The result of the appli-
cation of the operator F on the tree of all computations of
the machine M is the same as the result of the application
of F only on the subtrees of all computations of the machi-

ne Ilq on the words from {O,l}m'l.

We have L(X) = L(F(M)) ¢ F~CORACLE'(t). Q.E.D.

Theorem 4. Let A be an oracle, K& A, and t a recur-
sive bound. The following sets contain languages over the
alphabet €1}:

(1) ORACLE2(t) - Shadow CORACLEZ(t°),

(2) D-ORACLE'(t) - D-CORACLE'(t”),

(3) D-ORACLEZ(t) - D-CORACLE2(t’),

where t’(n+1) = t(n) - d(n) for all neN, and d is a
(1,a4/8,4)- or (2,d/8,A)-recursive function from Lemma 5, pro-
viding d« t.

The proof is similar a8 in the previous case. It aur;
fices to delete all references to 'operator F in the previous
proof, to replace the words and symbols "oraclel", "ORACLE]'",
"I% " etc. by the words and symbols "oraclez", "ORACLEZ",
"L%," etc., respectively, for case (1), and to omit all the
text after (5), Now, instead of "F-ORACLE (t)", "LI,(£(q))"
and so on we write "ORACLEz(t)", "Li,(q)" and so on.

For case (2) and (3), instead of "S" and "U" we write
"SD" and "UD", respectively. After having tested, the new
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machine X deterministically rewrites the word 1" to the word
171 ang computes in the same way as the machine Upe X is de-

terministic.

Remark. By application of Theorem 4, we can easily pro-

ve that also the set
ORACLE?(t) - Shadow U{ORACLE?(t;)t(n) - t,(n+1)&a(n)}
(

contains a language over {1}. A similar corollary can be pro-
ved for the case of oracle1 measure and the classes
F-ORACLE!(t) and also for the deterministic cases (without
"Shadow") for i=1,2,

Example. Languages over the alphabet {1} are also con-
tained in ORACLEZ (n+10g‘¥)n) - shadow ORACLE?(n) for k>0,
and D-ORACLE' (n+1og‘¥)n) - D-ORACLE! (n), for i=1,2, k>0.

A trivial diagonalization yields results such as
D-ORACLE! (242 n) - D-ORACLE'(n)#@. Remark (b) after Lemma 4

gives trivial results for i=2.
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