Commentationes Mathematicae Universitatis Carolinae

Ladislav Bican
Pure subgroups split

Commentationes Mathematicae Universitatis Carolinae, Vol. 20 (1979), No. 2, 283--292

Persistent URL: http://dml.cz/dmlcz/105927

Terms of use:

© Charles University in Prague, Faculty of Mathematics and Physics, 1979

Institute of Mathematics of the Academy of Sciences of the Czech Republic provides access to
digitized documents strictly for personal use. Each copy of any part of this document must
contain these Terms of use.

This paper has been digitized, optimized for electronic delivery and
stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://project.dml.cz


http://dml.cz/dmlcz/105927
http://project.dml.cz

COMMENTATIONES MATHEMATICAE UNIVERSITATIS CAROLINAE
20,2 (1979)

PURE SUBGROUPS SPLIT
Ladislay BICAN

Abstract: The purpose of this note is to characteri-
ze a class of mixed abelian groups G having the property
that each pure subgroup of G splits. For the groups of coun-
table (torsionfree% rank the problem is solved completely.

Key words: Splitting group, generalized p-~height, in-
creasing p-height ordering, generalized p-sequence, p-rank.
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By the word "group" we shall always mean an additively
written abelian group. If M is a subset of a group G, then
{ M) denotes the subgroup of G generated by M. If g is an
element of infinite order of a mixed group G then hg(g)
('EG(g)) denotes the p-height (the characteristic) of g in
the group G. The rank of a mixed group G with the maximal
torsion subgroup T is the rank of the factor-group G/T.

In what follows we shall deal with a mixed group G with
the maximal torsion subgroup T and G will denote the factor-
group G/T. The bar over the elements will denote the ele-
ments from G. We say that a set M ={a, |4 ¢ A} of ele~
ments of G is a basis of G if the set M =18, |1 e A} is

a basis of G, i.e. a maximal linearly independent subset of G.
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A sequence g,s875++. 0of elements of a mixed group G is
said to be a p-sequence of g, if P8i41 = Bi» i=0,1,... &
Let U be any torsionfree subgroup of a mixed group G and let
8&€G\U be an element of infinite order. If hg/u(g*-u) = 00
then every sequence g = 801813000 of elements of G such that
p(gi+l+U) = gi+U, i=0,1,..., is called a generalized p-se~-
quence of g with respect to U,

Let M = fa, |@ < @ ( @ is an ordinal number) be a
well-ordered basis of a mixed group G. We define the genera-
lized p~height Hg(a“) of the element a, as the p-height of
a_ +A§¢° (aﬁ) in G’,.%,,"ﬂ . The well-ordering on M is
said to be an increasing p-height ordering if Hg(am )£ Rg(aB)
whenever o £ < @

It is well-known (see [61]) that if H is a torsionfree
group of finite rank and K its free subgroup of the same rank
then the number rp(H): of summands C(p®) in H/K does not de-
pend on the particular choice of K and this number is called

the p-rank of H.

lemma 1: Let M ={a3‘\.2. € Al be a basis of a mixed
group G with the torsion part T. Then G splits if and only if
there are non-zero integers m, , A ¢ A , such that

¢ _ . G/=
(1) <T7(a) = ¥ (a) .for each element a ea%J\.( m, a.),
(2) for every prime p there is an increasing p-height
~

o(!;dering im e, | <ul onM={inja,|A eA} such that
Hp(m‘ a,) =ng< oo if and only if ¢ < » and fgr every
® < » there exists an element x € G such that p “(x_ +
+ ,‘g“( m, a,;) ) =m, 8, +p§°‘< “/& ag ) amd every element
‘7 a_,, + Y& <@ , has a generalized p-sequence with res-
pect to U =<{x |l <» > .
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Proof: See [1; Theorem].

The definition of p-rank of a torsionfree group H (of ar-
bitrary rank) can be found in [7]. In this note we shall need

only the following result.

lemma 2: If H is a torsionfree group, then rp(H) = 0 if
and only if rp(K) = 0 for each pure subgroup K of H of finite
rank,

Proof: See [8; Corollary 2]. )

Lemma 3: Let G be a mixed group with the torsion part T
and p be a prime. Let {a_ |« < @3 be an increasingly p-height
ordered basis of G such that Bg(ao;) =n.<o if and only if
® < » and let U=<x_|o <») where x, € G are such that
n

of - .
P “(x, +!,§-‘:‘(an)) =a, +_b§d( ag ) . If the p-primary compo-
nent Tp of T is a direct sum of a divisible and a bounded
groups then every element 8y, YEY< @ , has a generalized
p-sequence with respect to U,

Proof: By hypothesis, Tp = D@® V where D is divisible

and p"‘v = 0, Put ho = a,r and assume that we {xave constructed

the elements h, ,hl, coe ,hn

«+esh +U are of infinite p-height in G/U and p(h

in such a way that h°+U, hl*U,...

i+1+U) = h;+U,

is= 0,1,...,n-1-

Since hn+U is of infinite p-height in G/U, there exist

elements n(s’ec, u(s)e U, s =1,2,..., such that pm+sh(°) =

(s) m+1(ps-1h(s)_h(1)) = ul®)u(l)

. Then p +1(s)

= hn+u and pm
= o5 (s)¢

u(l) for some w U, Ubeing p~pure in G by (1, Lemma

4]. Consequently, ps*lh(s)-h(l)-w(” = d(s)w(s’, d(s)e D,

V(S)c V. From the divisibility of D the existence of elements

(s) s-1.(s) _ 5(s)
a5 al®) = a

€ D follows, for wnich p . Now, putting
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h = pmh(l) and 2z = h(s)-dga), we have ph ., = pm+]h(1) =

= hn+u(1), pm+s-1zs = p‘“(h(l)w(s)w(s)) = hlrl+l+pmw(s) and the

n+l

assertion follows easily.

lemma 4: Let S be a pure subgroup of a mixed grcup G
with the torsion part T. Let p be a prime and a¢ S be an ele-
ment of infinite order, § = S/SAT, & = a+SaT. If hg(ﬁ) =
- nG S(ay = w3 (%) = 1O
= hp(a) then hp(a) hp(ﬁ) h-(a).

p
Proof: Obviously, hl_s)(a) = hg(a)

Gy » 1S (%y> 1S
hp(ﬁ)- hp(a)= hp(a).
as desired.

Lemma 5: Let G be a mixed group of the form G =
[
= 5? {t;?® A =T@® A where (ti) is a cyclic group of or-

der p i ’ 21 < 12< .esy and A is a torsionfree group of finite
rank., If rp(A)> O then G contains a non-splitting pure sub-
group.

Proof: We shall divide the proof into several steps.
a) If A contains a rank one p-divisible pure subgroup B then
T®B is pure in G and T® B contains a non-splitting pure sub~
group by [2; Lemma 12].
b) If {al,az,...,an,an+1} is an increasingly p-height order-
ed basis of A then there is k4n such that Hg(ai)< oo for
each i-=1,2,,..,k and H;(ai) = oo for each i = k+l,...,n+l.
Obviously, we can assume that k = n, since in the opposite
case we can treat the pure closure B of <al,a2,...,ak,ak+l)
in A instead of A.
¢) In view of a),b) and [1;lemma 4] we can suppose that A
contains no element cf infinite p-height and that it has a
basis {a),85,...,8,,8} such that {N) =<a;,a5,..sy8,7 is p-

pure in A and h;/<m)(a+(N>) = 0 , hg(a) = 0, Thus, there are



elements bje A with pli'l':oi = avv,, V5 € {N?,i=1,2,.0. .
Put 85 = by+t;, i = 1,2,..., U= {Nu{8)18,,...3) and S =
={s€G|msc U for some integer m, (m,p) = 1}. Obviously, S
is or'-pure in G where sr’= #\ {p}, o being the set of all
primes.

d) Now we are going to show that S is pure in G. Suppose,
at first, that the equation p x = u, ue U, has the solunon
x in G, Let x =. Mq(wltl+a,seA andu-v+.21z, 184

ve{N>. Theni‘?.'.,' pk(a.it- + pa =v 4+, 7:-‘ A 3by +;2;11\Aiti,

M k .
and so (G splits) ; 1p(wti=29\t1,l>a =v+

A
Asb ;- Hence Ay = = @i +p i)’- for some integer Py

" Oo

=4
1,2,...,r. Let la be such that l Zk and put » = ;2-4 Vi,

.

-k
u E‘ (“'181+>>p!'3 8 Then p<u’ mi‘ 2484 -
}b
-é vi(a+v)+v(a+v)=u-v-«24viv +  vje Furt-

her, p (u ‘ex) = LA -3321 vivieﬂi‘)and p ky* = pk(u'-x),
v’¢ {N), {N) being p-pure in A. So, u = pKx = pk(u'-v') where
u’-v’e U,

Now the purity of S in G is easy to prove. If pkx = s,
8¢S, is solvable in G, then ms = ue U for some integer m,
(m,p) = 1. So, there exist integers (@ , 6 with mp+pk6'= 1
and the preceding part yields the existence of u’'c U such that
pku' = u, Then pk(gou'+6's) =mps + pke'a = 8 and we are
through.

e) Now we shall prove that <t 7AaS =0 for each j = 1,2,.00 &
Ir pktae S for some k < 1 then there exists a pos:.uve inte-~
ger m r;lauvely pnme to p such that mpktj = v +-2 v 181 °

=y +‘."Z1 Aybs +, 2 Ajti, ve{NY, We can clearly assume
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£
that rZ j. The above equality yields A; = p 1 My, i=1,

L. L=k
2,000,y iy mpk = 'h'j -p J I and O = p I (v +
n £:-k it
PE R =T v By g ley) - mp";)
L=k w Li=k r
= (p J 4',2::4 (“'i + m)atw, we {N?. Hence P J ;’?41 wi t+

i
.-k
'eJ

+m=0,p | m - a contradiction showing that (t;>ns =0,

f) Suppose now that the group S splits, S = P@ B, P torsion,
B torsionfree. Obviously, there exists a positive integer k
such that pkal, pkaz,...,pkan,pkaeB. Put N ={pkel,pkaz,...
...,pkan} and take an index j such that 2J->k. For each i>j

L L Ri=A%
s 1 . 1 - -
the equality p bi = at+v; yields p 'J(p 'Jbi-bj) = Vs =
s
=p Jwi, LA {N), {N) being p-pure in A. Further, for each
: k+dy k., k
i >Jj the equality p b, =pa+pvy, Vi€ < N7, yields
k+fy 19 K .
p C; Tpa+puv, ceé B, B being pure in G. Hence

k..

£y, £i=4; £ ;
p ot i- pkcj) = pk(vi-vj) =p kawi and so p -

P

= p\kcj + pkwi, B being torsionfree, pkw:-L [ (ﬁ)% B. We have

shown that pkcj +<N> is of infinite p-height in G/< N». si-
milarly, the element pkb‘i +<NYis of infinite p-height in

7o+ < o
On the other hand, plj(pkbj-pkcj) = 0 shows that pkb‘j--pkc‘j
+{N> lies in the torsion part T + <N>/<¥>=2 T of GAN) and

G/ <Ny and the same property has the element pkb

+

so pkbj = nkc“j ¢ B, Ccnsequéntly, pktJ. = pksj-pkbjs S - a con-

tradiction (see e)) Pinishing the proof.

Definition: We say that a torsionfree group G belongs
to the class Y if for each prime p with rp(G) = 0 each line-
arly independent subset N of G can be increasingly p-height

N . G
crdered in such a way that N = {aa( |c( <(u,} and Hp(a«:)< o
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for each o« < o -

Theorem 1: Let G be a mixed group with the torsion part

T such that G ¢ %W . Then every pure subgroup of G splits

if and only if
(i) G contains a basis M such that 'I:G(a) = 't:c'(i) for

each element a € {M) and

(ii) Tp is a direct sum of a divisible and a bounded

groups for each prime p with rp(a) > 0. .
Proof: Sufficiency. Let p be a prime such that rp(a)

= 0. Since G € W , there exists an increasing p-height or-
dering {8, o« < w} on the basis M of G such that HE(K¢)< oo
for each o¢ < ¢ . In view of (i), Hg @y )<oo for each
o < (14— -

Let p be a prime with rp(5)> 0 amd let {a, |oc < i be
an increasing p~height ordering on M such that Hg(a‘) =n <
< o if amd only if oc < » . By Lemma 3, each element a,,

» % < & , has a generalized p-sequence with respect to

U=(x, |« <»> where x,
n
p*(xoc-»'sz < ap'?) = a‘-’-ﬁ;‘ (a,,) . Consequently, G splits

€ G are such elements that

by Lemma 1, G = T@® A.
Now let S be a pure subgroup of G and N =-(aa}JL eANs,

be a basis of S. Then there exist non-zero integers m,, A e
~
€ A, such that the basis N =im, a, | A €. At of S is cont-

ained in A. Hence N satisfies condition (i) by Lemma 4,

If rp(5)> 0 then Tp is a direct sum of a divisible and

a bounded groups by hypothesis., However, (Sn T)p is pure in
Tp by [2 ; Lemma 77 and (Sn T)p is a direct sum of a divisib-

le and a bounded groups by L2; Lemma 9J.
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Finally, suppose that rp(a) = rp(A) = 0. simce G ¢ W
and N is a linearly independent subset of A, N can be increa-
s8ingly p~-height ordered in such a way that N ={m, a, | <(«,}
and R;(mec a,) = Hg(mda‘) = Hg(mecad)< @ for each L <.

Similar arguments as in the first part of the proof
show that S splits.

Necessity. Condition (i) is necessary by Lemma 1. As=~
sume that G does not satisfy the condition (ii). Thus for a
prime p with rp(6)> O the p-primary component 'l’p is not a di-
rect sum of a divisible and a bounded groups. Without loss of
generality we can suppose that Tp is reduced and that G =
= T® B splits. Then r,(B) = rp('é)>o and Lemma 2 yields the
existence of a pure subgroup A of B of finite rank with
rp(A)> 0. E;ach basic subgroup of Tp is unbounded by [2; Lem-
ma 111 and so T_ contains a subgroup T pure in T having the
form T =;’§1®( t;) where {t;> is a cyclic group of order li,
£y< 12< «os o An application of lemma 5 finishes the proof.

Corollary 1: Let G.= T@® A, T torsion, A torsionfree,
be a splitting group such that A € W ., Then every pure sub-
group of G splite if and only if 'l‘p is a direct sum of a di-
visible and a bounded groups for each prime p with rP(A)> 0.

Proof: Clearly, G satisfies condition (i) of Theorem 1

by Lemma 1.

Lemma 6: Every countable torsionfree group G belongs to
the class U .

Proof: Let p be such & prime that rp(G) = 0 and let M
be an arbitrary linearly independent subset of G. Choose a; €

¢ M in such a way that hg(al) = min{hg(a)laeM}. It is obvi-
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ous that hg(al)< oo (since I‘p(G) = 0). Suppose that we ha~-
ve constructed the elements &),85,...,a, such that Hg(al) £
E Hg(az) £... gﬂg(an)éﬂg(a) for each ae M \ -&al,az,...,an}
and Hg(an)< o . Choose en,,,lel(\{&l.e‘z,...,an} such that
hg/v(am_l-rv) = min{ hg/v(a-i-V) | ae M~ {al,az,...,an}} where
Vv =<a),a,,...,8,> . Using Lemma 2 we see that Hg(an+l) =

= hg/v(an+1+V)< % ' .Obviously, this procedure yields an in-
creasing p-height ordering ia;,a,,...} on M (M is countable
by hypothesis) such that Hg(ai) < o0 for each i = 1,2,... &

Theorem 2: Every pure subgroup of a mixed group G of
countable (finite) rank splits if and only if _

(1) G contains a basis M such that ftG(a) = 'cG(E) for
each element a € {M7 and

(ii) T, is a direct sum of a divisible and a bounded
groups for each prime p with rp(G)>O.

Proof: It suffices to use lemma 6 and Theorem 1.

Corollary 2: Let T be a torsion group and A be a count-
able torsionfree group. Then every pure subgroup of G = T® A
splits if ard only if Tp is a direct sum of a divisible and

a bounded groups for each prime p with rp(A)70.
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