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A NOTE ON SEPARATION OF SETS BY APPROXIMATELY
CONTINUOUS FUNCTIONS
Jan MALY

Abstract: An example of two G4 -sets with disjoint
closures in density topology, which cannot be separated by
any approximately continuous function is given.
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According to 2. Zahorski [4] given any G, d-closed
(i.e. closed in the density topology) set A ¢ R there ex-
ists a bounded approximately continuous function f such that
A = §x:f(x) = 0} . Consequently, for every pair A, B of dis-
joint G4 d-closed sets there is an approximately continu-
ous function £, which separates A and B in the sense that
0Okf&l, £ =0onA, £=1onB.

The last assertion is not generally true, if we suppo-
se A, B to be G, sets with disjoint d-closures only, as
follows from the example, given in this paper. This answers
negatively to the problem posed by M, Laczkovich (2],

Denote by A the Lebesgue measure and by A* the cor-

responding outer measure. If E ¢ R is an arbitrary set
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and xe¢R, then we define the outer density of A at x by

— X(x~h, xth> A E)
D(E,x) = 1im =

and the inner density by d4(E,x) = 1 - D(R - E,x). The col-
lection of all sets having the inner density one in each its
point forms topology, which will be called the density topo-
logy (d-topology). It is easy to see that the d-derivative
of a set Ec R will be the set O E ={xeR:D(E,x)> 0% and
the d-closure of E will be Eu D E.

Lemma 1., For an arbitrary bounded interval I = (a,b)

and c € (0,1) there is an open set G(I,c)c I with the follow-
ing properties:

(1) {a,b}c Da(I,c).

(2) If x¢lR ~ I and h >0, then
A (G(I,c) n {x~h, x+h? )& 2ch.

Proof. Put
a4, = e(m+)™L - (ne2)7h,
L= tm\?,. (a+n~1 - q,, & + n'l)]n(a,a + %— c(b-a)),
R=(Q, (b-nl, b - als a1 n (b - 3 e(b-a),b),
G(I,c) = LuR.

The property (1) is evidently satisfied, concretely

D(G(I,c),a) = D(G(I,c),b) = ¢

(choose h = n~Y, n = 1,2,...). We shall prove (2) for x4a.
We claim

(3) X ({x-h, x*h> N L) &ch.
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Indeed, consider m¢N, (m+1) 4 hem ', Then

2(¢ x-h, x*h>A L)< A (<a-h, ath>n L) &
£ AL a-m-l, atm 1) A L) = c(m+1) 1€ ch.

On the other hand,

(4) A (¢ x-h, x*h)n R)< ch.

Ir h<%(b—e), then (4) holds trivially, Since
{x-h, x +h> N R = &.
If hz 3(b-a), then

A(<x-h, x+h>n R4 A R£F c(b-a)&ch.

From (3) and (4) we immediately obtain (2).

Denote by C the Cantor’s discontinuum (or an arbitrary
perfect nowhere dense set with AC =0, inf C =0, sup C = 1},
There are open disjoint intervals (ai,bi) (i =1,2,...) such

that
-]
Cc =<0,1) - ,L=J4 (ai,bi).
o0
The set &%Jq{ai,bii will be denoted by S. Further put B =
= C - S. Finally, consider
g -i

A= i&’1 G((a;,b5), 277).

The sets A, B and S have the following important properties:

Lemma 2. (i) 2D AnB =4,

(ii) Sc D A.

(iii) S is not a Gg .

(iv) A and B are G, sets with disjoint d-closures.

Proof. (i) Let x& B. Choose € > O, Find a positive

integer k with 2% ¢ . There is J" > O such that
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A
(x=d,x+d)>n J,(ay,b5) = 4.
For every i> k+l and h, O<h < & we have
A(C x-h, x>0 6((ag,by), 274y 274y,

Thus
A({ x-h, x*th>n A) £,

1

% , 2¥heze n.
= +

Since € > O may be chosen arbitrary, x ¢ D A.

(ii) For every i = 1,2,... we obtain from (1)

fag,b5F € Da(ag,b;),27 ) e Da.

(iii) The set S is of the first category and dense in
the Baire space C, and thus it is not a Gy .
o0
(iv) Obviously, A is open and (0,17 - B =,U/, <a;,b;7 .

Since A B =0, we have D B = @, Clearly, AnB = ¢ and using

(i) we obtain

clqyAnclsB = cldAnB =dANB =@,

We shall show that there exists a set whose d-derivative

is not & Gg:

Theorem 1. If A is as above, then DA is not a Gy .
Proof. It is an easy consequence of Lemma 2, parts (i),

(ii) and (iii). .

Definition. A function £: R —» R is said to be ap-
proximately continuous if for every xe[R there is a set M
such that xe¢ M, d(x,M) = 1 and fll is continuous at x.

The approximately continuous functions are just the con~

tinuous mappings from the density topology to the euclidean

PR
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one, Thus,
(5) { x:£(x) = 0% is d-closed

for any approximately continuous function f.
Since ary approximately continuous function f is of the Baire
class one (see for example [3]), it follows that

(6) {x:f(x) =0} isa Gg.

Theorem 2. Assume that an approximately continuous func-
tion £ van\ishea on A. Then there exists xe B with f(x) = 0.
(A, B are as above,)

Proof. Denote M =4{x:f(x) = 0} . By (5), DAcM and by
(6), Mis a Gy . Thus D AnC#+Mn C accarding to Theorem 1.

Hence there is a point xeMNnC - DAcC - S = B,

Corollary. The sets A and B cannot be separated by any

approximately continuous function.

Remark. It is not difficult to prove that the d-deriva-
tive of any set is always a Gsg - We have seen that the a-
derivative need not be a Gy . On the other hand, it need not
be a Fy as well., Indeed, let M be a measurable set such that

A (InM)>0 and A(I - M)> 0 for every interval I. Then ei-
ther M or R - M is not a Fg. Let us remark only,that if M
is a set whose d-derivative is not a Fgy , then the upper
symmetric derivative of t.h'e function x —» A (< 0,xYnM) is
not of the first class of Baire (although the upper deriva-
tive, or even the upper symmetric derivative of arbitrary

function is of the second class of Baire, see e.g. [1]).
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