Commentationes Mathematicae Universitatis Carolinae

Ho Duc Viet; Nguyen Thiep
A note on close-to-normal structure

Commentationes Mathematicae Universitatis Carolinae, Vol. 20 (1979), No. 1, 29--36

Persistent URL: http://dml.cz/dmlcz/105899

Terms of use:

© Charles University in Prague, Faculty of Mathematics and Physics, 1979

Institute of Mathematics of the Academy of Sciences of the Czech Republic provides access to
digitized documents strictly for personal use. Each copy of any part of this document must
contain these Terms of use.

This paper has been digitized, optimized for electronic delivery and
stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://project.dml.cz


http://dml.cz/dmlcz/105899
http://project.dml.cz
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A NOTE ON CLOSE-TO-NORMAL STRUCTURE
HO DUC VIET, NGUYEN THIEP

Abatract: Necessary amd sufficient conditions under
which a convex subset of a Banach space possesses a close-
to-normal structure are established.

Key words: Close-to-normal structure, convex sets, Ba-
nach spaces, fixed point. ’ !
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Iet X be a real Banach space. A convex subset K of X is
said to have a close-to- normal structure if for any bounded
closed convex subset H of K with the diameter J(H)>0, the-
re exists x in H such that | x - y |l < o"(H) for all y in H,
It is well-kz;ovm that the notion of close-to-normal structu-
re is useful in the fixed point theory. For instance, C.S.
Wong [ 1lhas proved that every Kannan map on a weakly compact
convex subsét K of X has a unique. fixed point if K has a clo-
se-to-normal structufe.(A self map T on K is a Kannan map if,
for all x, y in K,

ITx - yléd (Ix-Txl+ly-1570) )

The purpose of this note is t:o establish some results

concerning the close-to-normal structure . Section 1 deals

with necessary ard sufficient conditions under which a con-

vex subset of a Banach space possesses the close-to-normal
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The methods of the proofs of our results are similar to those’
of M.S. Brodskii and D.P. Milman [2] and of T.C. Lim [3].
Section 2 solves the following nroblem which naturally ari-
ses with respect to the result of C.S. Wong mentioned above:
Every weakly compact convex subset of a Banach space has a
close-to-normal structure. Simple examples are given to show

the independence of these qualities.

1. Some positive results. We shall say that a noncon-

stant bounded sequence 4)513“:1:1 is a strictly diametral se-

quence if there is an integer N such that
= [~
d(xn+1,co(x1,...,xn)) = o"({xn}nzl)
for every n>N,

Proposition 1. A convex subset of a Banach space has a
close~to-normal structure if and only if it contains no strie-
tly diametral sequence.

Proof. Suppose that a convex subset K of a Banach space

X contains a strictly diametral sequence -ixn}:;l . Let K =

- L =
= co ({xn}n=1)cK. If x e K, then x, —13:21 00 Xy oy =
ZoVi=1,...,0; 12y %3 = 1end x,eco (X15000%_q)

Y m>p. Since {xn§:=1 is & strictly ‘diametral sequence, there

is an integer N such that

Alxpy 1,000y, e esx)) = FUxIR,), V¥ n>N.
Then
JEx )z Ixy - xy Nz dEx i) ¥ n>p, n>N,

Hence, with y = XoeN & K, we have

Il x, =y 0= FK) = a’({xn;;f:l)-
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This shows that K does not have a close-to-normal structure.
Suppose now that K does not have a close-to-normal struc-

ture. Then K contains a bounded comvex subset H such that

d = (H)>0 and for each x in H there is an other element

y in H such thatll x - yll = d. Choose X1, X in H such that

Ixy - xo =4d. Wnen {xy,...,x,} c H have been chosen, we
. N 1 Z
take x ., in H such that ly - x .,/ = d, where y, = ni,%i xie‘

€ H. Proceeding in this way we get a sequence -fxn}::lc K. Wwe

show that-{xn}n:]_ is a strictly diametral sequence.
.
Let x€co(xy,...,x ) be arbitrary, x =1',§“1 < Xy,

c;zoeVi=1,...,n; 1246 = 1. Let ov = max (o¢y,..ey00,).

We have:
b E g s m g x|
DA e iE nec =1 n noc
o
A oly,;
+ 2 G —wa ),
£
N oc oC s
-—l—+._2,1 (%'-‘l—)—land-l- L 20 ¥Vi=1,,..,n.
nx ¥° nec n noc
Then
mn Y o«
= £ — - _—— —e -
d ”y xn+l Il Ix xn+1” +ng!1 (% 41.; ) xl 3%“,1"
P A
pryes Ix - x 0+ a@ - oy
Hence
-i’_ £ ._4._... I
Mo me X = x5,
implies that
fl x - xn+1” = d,
Since X€°°(x1:--.,xn) is arbitrary it follows that
a(x co(Xqyyeea,x )) = i =
n+1? 1 ) ) inf lx - I =4 V n.
J&l ¥eco(x1..-,x,} )S'l*‘l 4
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Thus -[xn}z.___. 1 is a strictly diametral sequence in K. This
completes the proof.

Proposition 2. A convex subset K of a Banach snace has
a close-to-normal structure if and only if it does not con-

. c© =
tain & sequencedx 3 _, such that for some c¢>o, lx - x /I =
= e, “xn+1 =%l = ¢, for all nz1, m21, where X =
3

Proof. Suppose that K does not have a close-to-normal
structure. Then there is a bounded convex subset H of K such
that oF(H)> 0 and for every x€ H there is a ye& H such that
lye - yl= J(H). By induction we construct a nonconstant se-
quence -txn";‘:.__lc}i as follows: Take X1,Xy € H such that
Wx; - x, 0= o(H). Let x;,...,%, & H be constructed with the
properties that

hx; -x 0= o(H), Vi,k =1,2,...,n and

Wx,y - Xl = ®), Vk=1,2,...,n -1,

We choose X , € H such that llx ., - X 0= o®). Now we show
that with this x . we have llx ,, - x; 1= J(H) Vi =1,...,n,

Indeed, since lx, 1 - X # = o'(H),
o) X | -x |l -
J(H) = n. — 2.‘?. Hmea=Xz 0 z”xn+1 - )&1" = o'(H).

1 m

From this it follows that

Hence
Ix,,-x0=dWMH), ¥i=1,...,n

So the sequence {xn!:-;lcﬂ satisfies the condition of the
Proposition 2 with ¢ = J'(H).
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On the contrary, assume that K contains a sequence
{xnjgf__,l satisfying the condition of the Proposition 2. 'let
x€ co(Xq,.+0y%,). Then

< mn.

x '&?‘1 Aixi; A3 20 ¥V i=1,0.0n -;.Sq A; = 1.
-1=max(a.1.-..,.ﬂ,n),
% =1n4d,

Yi=A;-A, VYi=1,...n
We have that

0<% n;
% £ o ¥i=1,...,n; and

2 -

One can wnte

(A -A)x; =

Hence,

bx ,, -xle %.'JL-

Nxpy - x B2l - T8 -, 8 Wogtx,y - x0 =
o
=% Vxn, - xn'*“q?f;“’ﬁml xh=e.

It follows that ﬂxm_l - xl

¢ ¥n, Vxecolxy,...,x,). Hen-
ce

L]

A(Xp41,00(Xy,000,xp)) = & = FlxIT,)-

_Thus {xni‘::l is a strictly diametral sequence in K and hgnce
K does not have a close-to-normal structure by Proposition 1.
The proposition is proved.
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2. Examples., In the sequel we shall always denote by
T some uncountable set of indices. If X is a space of real-
valued functions on T which is defined in terms of uncondi-
tional convergence, then we denote by K[ X] the bounded, con-

vex and closed set

{4 3 aneXix 20V e ,‘ezr x 413 .

For the definitions of well-known spaces LP{(T"), cp(T ) with

their customary norms see [4].

Example 1. (1.1) The set KL.£2(T') 31 c £2(T") is weak-
ly compact and possesses & close-to-normal structure.

Since £2(T) is uniformly convex, K [ZZ(T‘ )1 is weakly
compact and has normal structure..It is obvious that a convex
set XK has a close-to-normal structure if it has normal struc-
ture.

(1.2) The set K CLNT)I c £Y(T) is not weakly com-
pact and it has ho close~to-normal structure.

K E,ll(l‘ )1 is not weakly compact simce the sequence

{en§§=1CK cel(r) y €, % (0,...,1, 0,...) contains no

convergent subsequence. On the other hand, let
= = 1 . =
H=4{x ‘{x'eo;ucer'e KLL (™)1 -xgr_xx- 1%.
Then H is a bounded, convex and closed subset of K[,gl(r Y]

with J'(H) = 2, If x =ix,3 op €H, there is at least one
x,eT sgch that x“a= 0. Let y ={3&}‘€P¢,H shch that

{ Oifecel, oo,
y =
© l1if x =&,

Then ye H and ix - y8= 2 = J'(H). This shows that X has no

close-to-normal structure.
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(1.3) The set K[cg(T )l co(T) is weakly compact
which has no close-to-normal structure.

M)y 00 - - .
Irfy ™y n=1C Klce(T)] ={x —{xii‘ﬂ,e ColT )
Xz 0 Ve ,‘?'\_‘ x, £ 1§,
it is not difficult to see that there is a ye K[ cx(T )] and
n

(mg)
a subsequence {ym‘“‘} “1’::1 of §y =1 such that iy k=1

converges to y along co-ordimates ( by application of the di<

agonal method). Since co*(T' )= Ll(T‘), it follows that

e .

¥y — y a k—~—p 0 . Thus KLc(T")] is weakly compact.
On the cther hand, for each x€ K[l c,(T")] let y = {%‘}‘ep

be defined as in (1.2). Then lfx - yll = 1 = (KLcg(T)).

Thus K[ cg(T‘ )] has no close-to-normal structure.

Example 2. M.M. Say [5] has proved that there exists an
equivalent norm W .« W of cq(T") which is strictly convex.
Let K be the closed unit ball in{c,(T"), Il - W) . Then K has
a close-to-normal structure. (It is easy to prove that every
bounded closed convex subset of a strictly convex Banach spa-
ce has a close-to-normal structure.) But K is not weakly com-

pact because co(T‘) is not reflexive.
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