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COMMENTATIONES MATHEMATICAE UNIVERSITATIS CAROLINAE

19,1 (1978)

CLOSURE CONDITIONS IN THE NETS

Ji*{ KADLECEK, Praha

Abstract: The existence of the sum (product) of per-
mutations of the coordinate algebra of a net with singular
points on one line is equivalent to the diagonal (Reidemei-
ster) closure condition of certain type. Some other closure
conditions were found equivalent to the group properties of
the operations mentioned.

Key words: Net, coordinate algebra, closure conditions.
AMS: 50A20 Ref., Z%.: 3.912

Introduction. In the theory of projective planes a lot
is known about the connections between a validity of certain
geometric conditions (frequently called closure conditions)
and validity of certain algebraic conditions in the domain
of coordinates of these projective planes or the existence
of some types of automorphisms. In the theory of nets no such
similar systematical theory is established hitherto, although
there have been published numerous results having the charac-
ter of one sided implication rather than systematical equiva-
lence. Inspired by V. Havel’s papers [1],[2],[3] I was look-
ing for the simple st geometrical conditions such that algeb-
raical conditions equivalent to them would form, in the who-
le, the known algebraic structures. Some examples will be

shown in the author’s next article.
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I am indebted to V. Havel for calling my attention to
this subject and for his permanent help and encouragement

during the preparation of the present paper.

Part 1. Definitions

Definition: Under a net we shall understand a triple
(P,L£,(V. ) g1)s where P and I are non-void sets, &£ is a
set of some at least two-element subsets of * and L > V_
is an injective mapping of I into & such that
(1) ve={V |LeI}ec i

(2) VPeP\vw Vi eI J1Led P,V s £
(3) #(anbd) =1 Vabedd , a® b,

The elements of J° are called points, the elements of
${ are called lines, the points V_ , L & I are said to be

singular or improper, the points of ®\ v are said to be
roper; the line v is said to be singular or improper; the
lines of & \ 4 v} are said to be proper; # I is called
degree of the net, 4#(£\ v) (is the same for all £ e &£\ {v})
is called order of the given net., The net (v,d{ v}, (V_ )ueI)

is said to be trivial.

In the sequel, we shall restrict ourselves to the study
of nets with degree 2Z 3. If A),A5,... A€ £ hold for
AjAp,eee Ay P , L 6 £ , we shall write AJA, ... A; for
n =2, Ajk A, we denote £ =: AjA, and call £ the join line
of Ay,A,. If Pea,b holds for a distinct a,b & £ and for
P ¢ ? , then we shall write P =: am b and we call P the
intersection point of a, b, We shall write X & 4° instead of
XeP\Nv,pe N insteadofpesLN{ v}, v e N instead
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of Vbe{P,ve)f instead of v ¢ &L .

Definition: By frame of a net J' we mean a quadruple

(Oyec, 3,7) where O is a proper point and «,B3, 7€ I,
x*R 7 Fx .

Definition: Under an admissible algebra we shall under-
stand a quadruple (S,0,(6, )¢ s(* ) cy), where S is a non-
void set, O is a distinguished element of S, J is an index
set with one prominent index © , 6, is a permutation of S
with 061 = 0 and +_ is a loop operation over S with neutral
element O such that
(i) 6y = igg
(ii) Vf.neJ, g+ 7 VY b,ceS 31 a€esS

&y

% 4+ b=al+
a §b-a .,lc.

Construction 1. Let /' be a net with a frame (0, , /3,7 )
then define an admissible algebra in such a way that:
S:i=0V, N4V} ;J:=1IN{ex,B3; O:=y; 6 :15—S5,
x> ((x Vg MOV )V M OV_)Vpa 0V YtiedJd;

6,
a"+y b=((avaf1 OV,‘,)V&H be)V,‘nOVw Va,beS.

This admissible algebra is called the coordinate algebra of &'

with respect to the frame (0,e«, 3,27). Amap SxS —->P \ v
defined by the rule (a,b) +—> (a Vam 0V, Wee M (b Vﬂ ) is
said to be the coordinate map.

Construction 2., Let (S5,0,(6, ) ¢gi(*L ) ¢g) be an admis-
sible algebra # S>1, with a prominent index 8 , pefine
Ir=Ju{w,,w,}, where {w),w,inJ=4g, *iw,, w,t=
= 2;
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P = (Sx S)UI; vis 7y,
;

$:={{(x,y)\x=a}u.{02} l aeS}u{{(x,y)!y=b§u

viwyl | b"S}U{{(x,y)ly=x62'+b cjudici| ce
€S, Lediuiyy},

Then (P,8,(V_ ) ¢g) is a net called the net over admissible
algebra (S,0,(6, )LeJr("'L deg)e

The proof are omitted here.

Part 2. Closure conditions

Definition: Let #' be a net of degree 2 4 and oy f3y
2 d* be pairwise distinct elements of I. By the Minor Desar-
gues Condition (denoted by MDC) of type («<,3,o,0") in N
we mean the following implication: (V¥ A,B,C,A"°,B",C’e P\ v)
(AAVg A BB Vg A CC'Vy A KBV, AA'B Vy AACV; A A7CV4 A
ABO, ==> B'CV, ).

If MDC of iype (<, ,2,0") in N’ holds for fixed J e
€ I and all distinct «,3, 9 % o we shall say that MDC of
type (J") holds in J' . If MDC of type (o) holds for all
e I in N we shall say that MDC holds universally in J .

Theorem 2.1, Let N be a net of degree Z 4 with the
frame (0,e, (3,7 ) and let MDC of type (o) hold in 4 . Then
in a coordinate algebra of N with respect to the frame
0, x,3,7), +y is a grow operation and +5 =+, for
all ¢ e IN{o,(37. Under the previous assumptions, MDC of
type ((3) holds in the net N if and only if & is an auto-

morphism of the group (Ovec\ {4 V.33 +y ) = (S,+) for all
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L e IN{«, Rz .
Proof: see [1] page 21.
Definition: We denote = =4 (&, ) eg IRV, {6’(; { , where
.y
the endomorphism G'ﬂ is defined by a P = 0 V ae S. The

sum 6'9 + 6, is defined for &, , G, ¢ S by the ruk

o5 [
ag§’+6"°":= al +a ™ Yaes.

Lemna 2.2: For every &, e = &p +6u= 6w +
+ 6'(3 = 6w .

The proof is trivial,

Definition: Let N be a net of degree Z 4, and oc,
Brdr @ pairwise distinct indexes of I. By diagonal condi-
tion (shortly DC) of type (& ,[, «,@) in /' we shall mean
the following implication: ( V A,B,C,D e P\ v)(ABV{‘s A CDV/;/\
AADVu‘A BCVQCA ACVM = BDVca e

N Ve
D c
A TS~ B v
= It
~a v
®

Proposition 2,3: Let )N be a net of degree 2 4, with a

frame (O,«,3,%2) and let MDC of type (&) hold in X' , Then

for we IN{ «,p} there is exactly one Qe IN{ «,3?
G,

such that x ¢ =-x6""’ V xeS iff DC of type (ec,{B,(u.',sa),
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restricted to A = 0, A4+ B, hoMs in ¥ .

Proof: Choose an element O+ ac S and let A =0, B =
= (a,0), C = (n,u‘“"), D= (0,-““’). These points are sa-
tisfying all assumptions of DC of type («,f,x,p) in ¥
where A = O and A% B hold. Then the conclusion of this DC
BDVs, holde iff the point B = (a,0) :;s an ;lement of the
line n =: W, of the equationy = x® +a ™, i, iff

€
2% - - a™ Vae S, If there is an index w# @ such

@,
that a ¢

= - ag‘“’, then the point (a,0) is an element of
the line DV, of the equation y = x‘w+ -6"“'. Hence there
is a line m, B,D,V,, ¢ m, m¥ n which contradicts the defini-
tion of the net. (If B = D then a = 0 i.e. A = B,) Thus

there is exactly one index o of the previous property.

Corollary. Let N be a net of degree 2 4 with a fra-
me (0,, 3,7 ) and with a coordinate algebra (S,0,(6&, )‘_‘J,
(+¢ ) eg) with respect to (0,x,(3,7), and let MDC of type
() hold in N . Then for each &, e = exactly one G € =
exists such that

%

iff DC of type (“"/3'(“'@) together with A = 0, A#B
holds in 4.

4-6;“,=6'{3 = 64+ 6", ’

The proof follows from Proposition 2.3 and from the
properties of the group (S,+) (msee [4]pp. 14 - 15).

Remark. The element 6'? is said to be opposite to the
@ - [
element &, ; let us write G"a =: =0 ; al =g wties
[} 6,
=~a™+a®=0holds provided that the element -6y =

existas.
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Definition: Let /' be a met of degree Z= 5; let o,
el x*+fp;®,A,% el alldistinct from o, 3 . Then
the Generalized diagonal condition (shortly GDC) of type
(¢, p,@,4,7%) in N is defined as the following implica-
tiom: ( YA,B,C,D e P \v) (ABVp A ADV A BCV_ A ACVQ A

ABDVA =I>CDV,= ).

v ¥V
b | ¢
I 4

N
A v
It

Proposition 2.4: Let N be a net of degree 2= 5 with
a frame (0,c, 3,7 ) and with a coordinate algebra (S,0,
(67, ) ggr{*L )eg) with respect to this frame. Let MDC of
type (o) hold in 4 ., Then for all Pirr e IN{ o« , 3% the-

re exists exactly one % € IN{ « ,B3% such that

Y xes

iff GDC of type (oc,(s,ga,.a,,c) with A = 0, A% B holds in
N .
Proof: C(hoose an element O+ a¢ S and let A = 0, B =
G, 6,
= (a,0). Then C = (a,a ® ), D= (0, - a*) (the points D,B,

. . 6 €,
Vn are elements of a line of the equation y = x -al)
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. (A 6., G
and the line CV, has the equatiomy =x%® -a® +a¥ ,
These points satisfy all assumptions of GDC where A = O,
A+ B, The point D is an element of the line CV,L, iff

@G, @, [} 6, 64 .
-a* =-a% +af i.e. a® =a® +a* YaesS,

The assumption that an index w $ ¥ exists such that

Ge 6o G s . .
a = a + a leads to the contradiction with the defi-

nition of the net.

Corollary: Let N be a net of degree Z 5 with a fra-
me (O, ,,7) and with a coordinate algebra
(8,0,(6, ) egs(* ) gg) With respect to this frame. Let MDC
of type (e¢) hold in N, Then for all O 16 € 5!  there

exists exactly one &, & = such that

6:8 =6@+63\-

iff GDC of type (&, (3, @, A, ) with A = 0, A4 B holds in
N, The proof follows from Proposition 2.4 and from the

definition of the operation + in = .

Definition: Let N' be a net of degree Z 4, let o,
fe I, «*pB .If foreach wel, w*x<, w+pj,
a A e I exists such that DC of type (e, 3, &,) holds
in ' then we say that DC of type (oc,(3) holds in X .

Let N' be a et of degree 2 5, let <, P &I; c+f3.
If for all @ , A € I, distinct from «,f3, a 2 € I ex-
ists such that GDC of type (e, 3 ,gb.-h,,'t) holds, then we
say that GDC of type (o ,/3) holds in N ,

Proposition 2.5: Let X' be a net of degree 2 5 with
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a frame (0,ec, A »2") and with a coordinate algebra

(8,0,(6L ) ¢g(*, ) eg) with respect to this frame. Let MDC

of type (&) hold in W' . If we denote X =4(6, degdv
6
vi6y (where a P := o Y aeS) and define
Gp4 6, 8,
v alt = gP 4 O Yaes; 69,, e =,

then DC of type (=, ) and GDC of type («,B3 ) together
with A = 0, A#+B hold in X iff (X ,+) is a group.
The proof follows from Propositioms 2.3 and 2.4. The

validity of the associative law follows immediately.

Definition: Let N' be a net of degree 23, N Er )
“,®, v €I, <%+ B # ¥+ «. By the Reidemeister condi-
tion (denoted by RC) of type (< ,fB,% )« @ y#) in N we

mean the implication:

(VYA,B,C,D,H € P\ v) (HAV, AHBV A HC

“ A AB CV/; A
A ADV_ A BCVﬁ => HDV, ).

If RC of type (ec,[b,'x,(u,,go,'r) holds for fixed <,
(3,% e Iand all “srPy T € I we shall say that RC of
type (o, 3,7) holds in N,

v A Ve v

054\ , S'
71D Cc
/
/
/ v, V.
/ > 4
/" A Bl
/
/
/
/
— V{’
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Proposition 2.6: Let N be a net of degree 2 3 with

a frame (O, , 3,2 ) and a coordinate algebra

(s,0,(6, )LCJ’(+L )LCJ) with respect to this frame. Then
for @, Q€ INfcyB3 ; w+@ , exactly one

v e I~n{x, B3 exists such that

@,

(xe;“‘)G:P =x ¥ YV xeS

iff RC of type (e, ,7) with H = O hods in X .
Remark: We demte x P :a (x°)%.
Proof: Choose an element x eOV N\ { V 3 and dencte

R:= xvﬁn OVy , A:

B:i= AC, M OVy , Ci= BV, r OV,

p
Ry n OV, , X ™= AV, N OV ,

e )P = CVy N OV,

(such an element exists in accordance with the definition).
The mapping & : x +—» xe«_a;, is a permutation provided that
there is a point V. such that B'ITV: for D:= RV n CV, . But
such a point V, exists iff RC of type (« ,f3,9) With H =0
holads.

Proposition 2.7: Let N be a net of degree Z 3 with &
frame (0, , (3,7 ) and with a coordinate algebra
(8,0,(6 ) egr{+L ) gg) with respect to this frame. Then for
e In{oc, 3%, exactly one index @ e IN{foc,33 exists
such that ‘

6 [- SRR S
(x‘“)f=(x@)“=x V xesS
iff RC of type (e« ,@,7,u,®,2) with H=0 holds in X .
Proof: Choose an element x€ OV, N\ § V i and let

A:=xV, n OV

¥
A ¢ o DiT AL, MOV, then x =DV OV, . Let
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Ci= X’™V, 1 OV, , Bi= CVgn OV the point (x% )% =
= BVn n oV, is equal to the point x iff for the points
0,4,B,C,D of X' , RC of type (e ,B,7, M y ) holds. The

second part of the proposition follows similarly.

Remark: The permutation ES,, from Proposition 2.7 is
. -1
said to be inverse to 6, &and will be denoted by 6«’ .

Cle arly if 6, = 6. then 6 = sS;‘ .

Corollary: If for N' from Proposition 2.7 RC of type
(ec,(!a,qr,(u., @s2) with H = 0 holds for fixed o«,p,y € I
and each « (resp. @ ), then for each permutation 6, (resp.
6'9 ), exactly one inverse permutation 6’(;1 = 6“’, (resp.

6;4 = 6'(“,) exists.,

Proof: The existence of 6‘;4 follows from Proposition

2.7; the existence of 6?'4

Definition: Let N' be a net of degree Z 5 and let

follows analogously.

L yfr@rs@ A Dbe pairwise distinct indexes from I. By

the Pappus condition (shortly PC) of type («, B @1 A)
in ' we mean the following implication:

(v0,A,B,C,A",B°,C" ¢ P\ v) (OABCY, A OA'B'C’V{! A M'vs, A

A CC VS°

If PC of type (e, (3,0 ,4, ) holds in N for fixed o,3,

A ABV, A BC'V, A'BV, = B'CV, ).

e I (resp. «, 3 €I)and for any @, A e I (resp.

¢® ,&,A e I), thenwe shall say that
PC of type («, 3,) (resp. PC of type (e,/?) holds in N .
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Proposition 2.8: Let N' be a net of degree 2z 8, with
a frame (0,o¢, 3,2 ) and with a coordinate algebra

S (+0 )ceI) with respect to this frame. Let MDC

(5,0,(€6, ) ¢1
of type (o) and DC of type (e, 3) with 4 = 0°, A+ B hold

in ¥ .
Then for w, ve€ IN{ «,B33, 0% %,

(x%)% = (x %)% VY xeS holds,

. . G'(“' ’
iff PC of type (o, 3, w) with x 7= - x Yxes, 0=0",

holds in X' .

Proof: Choose an element ae O'V N\ { V. and denote

(0,a% ), B:= (0,a®@), c:= (0,(a %)%,

@%F ,0), c’:= (%% ,0).
Then the line AB’ is expressed by the equation y = x “ + 36’,

where 0 = (a% )% + a®® holds for 6, . Similarly, the

0:=0", A:=

Ti= (0,(a% )% ), A":= (a,0), B :
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line BC’ can be expressed by the equationy = x‘ + afv

with 0 = (a9 )% + 2% for & . Both of these relations

LT

LA
imply the conditiom x -x=x"* VxeS, i.e., G, =

=8, = 6, and also AB'V, ABC'V, hold in X' . Analogous-
: o . fas e,
ly, for 6;,, the line AA" yields the condition O = a%’ +act®

as well as CC’ for 76-'? the condition 0 = (a°%)% + (2%« )%
&,
P

yields. These conditions imply x% = - xer = x VxeS

i.e. 5'? = 8p andAAVS‘,A CCV;D .
For 6, (resp. &, ), the line A'B (resp. B'C) provides the
condition O = NN nG“’ (resp. 0 = (a¥® )F"' + (aG"’ )6;" )e
G, 6, I
Hence x * = - x @ = x %2
A’BV, A B va .
1f (%% )% = (a°@)®* nolde then T = C and PC of ty-

YxesS ie. 63 =6, and

. G,
pe (,B,x) with x “ = - x Y xe S holds in X' .
. o,
Conversely, if PC of type (o,3,«w) with x “=-x V¥ xesS
holds in J' , then C = C i.e. (a°® T = (2%t Yo for any

element a€ S,

Proposition 2.9: Let N be a net of degree 2 8 with

a frame (07, o, B,%) and a coordinate algebra

(5,0,(8, ) eps(*+e )LeI) with respect to this frame. Let MDC
of type (&), DC of type (e« ,3) with A = 0", A%B and RC
of type (x,,%) with H = 0" hold in ¥ .

Then for all distinct ~ ,A, we IN{x,B335,
6 &y 6,
(x%% ) (%) = (= %))Te g s,

XG’QG’G - xg” Sy Y xesS

hold iff PC of type (o ,3 ) with O = 0 holds in N .

- 131 -



Proof: The commutativity law for the permutations

4{ (G'L)LGJE follows from PC, the existence of the product
of permutations follows from RC (see Proposition 2.6). It

is necessary to prove the associativity law for those per-
mutations. Choose an element €OV, ~N{ V 3 and put 0:= 0°,
A:= (0’80’.,6‘1)’ B:= (0,a%®), c:= (0,a% (‘“"-"-)), C:=
(O,a‘a-""(s’45 6")), A% := (%,0), B := (%% ,0), C":
(a®@ € 0),

From the equations of the lines AA‘and CC’ it follows
0= (a%)% + a%%) = ()% + a%% ang 0 = (aeﬁ,s,)§§, .
+ o5 (002) | (BubayBp , 40620 ; 6p = ?9, and
E’Tg; A ms, . From the equations of the lines AB’ and BC’
it follows 0 = (%% 3%« 4+ @54 gng 0 = (a5 )% 4 g% G,

and therefore AB 'V‘“ ABCVe . The equations of the lines
A’B and BG’ yield 0 = (a®2)% 4+ a%%= (252)°¢ + 2% % gpq

0= (a5 4 JwTR | (66F | (GrEySe

8 =6, . Thus A'BV_A A'CV_  holds.

The condition

6, (6,
(x) a‘t(meﬂ.) =a€0(5f€3) Vaes
holds iff C = C (see Proposition 2.8) which is equivalent to

PC of type (e, ) with O = 0°, The condition (% ) holds
ige o0 (%) | 60260

V ae S holds i.e., act(®a6a) o
= a2 6a)0w

Y a¢S, which comple tes the proof.

Proposition 2.10:

Let N' be anet of degree 2 8 toge-
ther with a frame (0°, o, (3, %) and a coordinate algebra
(s,0,(s, )LEJ’(+‘- )LCJ) associated with this frame. Let MDC

of type (x) and DC of type (a¢,3) with A = 0", A%B hold
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in ¥ .

Then =* = {(&, )L¢J£ with the product operation is

a commutative group iff RC of type (e ,(3 ,7 ) with H = 0"
and PC of type (s ,3 ) with 0 = 0" hold in X .

The proof follows from Propositions 2.6, 2.7 and 2.8.

(n

2]

(3]

(4]

v.

V.
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