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ON THE ORDER OF CONVERGENCE OF BROYDEN-GAY-SCHNABEL’S
METHOD

J.M, MARTINEZ, Rio de Janeiro

Abstract: In a recent paper ([4]) Gay conjectured that
Broyden’ s method with projected updates (L5]) has (n + 1) =
- Q -quadratic convergence and R-order at least

21/(n+1). In this paper we prove that under certain condi=-
tions which are weaker than uniform linear independence, the
method has R-order at least t>0, with

th - ¢en-1 _ 1 =0,
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1. Introduction. Broyden's method for solving nonline-
ar systema has been preferred by meny authors for several
years, This method solves systems without using derivatives
(see [2]). Diverse modifications of his method resulted in
robust, fast and efficient algorithm (see [7lend [9]).

The Q-superlinear convergence of this algorithm has been
known for many years (see, for instance, [3]) but only in
1977 Gay ([ 4]) proved that it terminates in a finite number
of steps: 2n, when dealing with linear systems, that it has
2n-Q-quadratic convergence and that its R-order of conver-

gence is 21/2n.
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Also in 1977, Gay and Schnabel proposed a modification
of the traditional updating used and proved for this method
the (n + 1) steps - termination property for linear systems
and Q-superlinear convergence, using the same techniques as
Dennis-Moré ([31).

The new update formula uses the projection of the kst
increment over the orthogonal subspace to the space generat-
ed by some of the previous increments. Hence, it is strong-
1y related with the sequential secant method (see 11],(6],
[8) and [10]), and it could be considered as a modification
of it.

Gay conjectures in [ 4] that this method has (n + 1) -
Q -quadratic convergence and thus that its R-order is

21/(n+1)’

In the following sections we prove that the R-order of

the method is at least the positive root of t2P - t2P~1 _

21/(n+1))‘ In order to obtain

- 1 = 0 (which is greater than
this result we exploit the existing relationship between this
method and the sequential secant method, and make use of a
weaker assumption than the one generally used for proving

its convergence.

2, Preliminary results. From now on (-] will always

denote the 2-norm.

Let
(2.1.a) F:hc R— R,

A an open set,

(2.1.b) rect),
(2.1.¢) F = (£),...,0,)"
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(2.2) x* € A, where F(x¥) = 0,

(2.3) J(x) = (ar/ axj)(x),

(2.4) J(x *) non-singular

and for all x, YeA

(2.5) la(x) ~a(y)legu lx -y, M50,

Suppose that we generate a sequence in )& by the formu-

lae:
(2.6.a) x°c A, B e BT,
(2.6.p) P BilF(xk)
with
(2.7) By,1 =B + A By
and
AB, = (AP - B Ax )z /2 Axy,
where
(2.9) Axy = XL - K,
(2.10) AF, = FGS'D - p(),
and
(2.11) lziAx |/ Nzl IAxg W2 o> 0

for all k = 0,1,2,...

In order to avoid extraneous hypotheses we assume
(2.12) F(x*) 4 0 and B, invertible for all k = 0,1,2,...,
thus, the above formulae are always well-defined.

The formulae (2.6) - (2.11) describe a "Broyden's met-
hod with variable updating®. When s, = A x, we obtain the
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original Broyden’s method.

Lemma 2.1, With the assumptions (2.1),(2.3) and (2.5),

we have that for every x, y€A,
(2.13) I F(y) - F(x) - 3(x)y - ) g€ /2) 1y - Il 2,
Proof. See [8].

Lemma 2.2. If (2.1),(2.3),(2.5) and (2.6) - (2.12) are

assumed and xk, xk+1

€ A, then,
(2.14) I By - I &1+ 1/ 1B - T I+
+ ML+ /)N IAx .
Proof.
(2.15) N By, - I I &lB,, - B + 1B - 3G+
+ 136E) - a6 H,
and, by (2.13),
VAR, - BOx I&1AF - S Ax N+ I 3G bx -
-BAx el Ax 2+ 1365 B NAx .
Then, by (2.7) - (2.11),
NByy - Bl = NAB N &NAFR B Ax I Nz I /]2 0%
WA x 22+ 0aG®) - B I 1Ax 1)/( 8% ).
Then,
(2.16) 1B, - B W& /(20 Nax l + 1 35 - BN /0 .
But, by (2.5),

(2.17) haeE*t) - s e mlax .

Finally, the desired result is obtained substituting (2.16)
and (2.17) in (2.15).
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The following lemmas show the relationship between the
classical criteria of uniform linear independence and the

tests used to detect singularities in the arthogonalization

processes,

Iemma 2,3. Let A = (vl,...,vn)e Rmm’ S; =[v1,...,vi]
the subspace generated by VyseeasVis ocj the angle between

Sj and Vie1r i=1l,...,n, j=1,...,n - 1. Then,

(2.18) " laet Al = lsin e¢ql..llsin ey gl Nl coiilv e

Proof. If A is singulx the proof is trivial. Otherwise,
let Q and R be such that Q is orthogonal (QQt = I), R upper-
triangular and A = QR. Let R = (ry,...,r,) = (ri,j)' i=1,...
eeeyny § = 1,...,0; 7;€ B for all i = 1,...,n. Then | det Al=
= 2 _ 2 _ .2 2 .o
=|det Rl and \\v‘j e = \\rj € = T]j *eee*t TG 3 = 1ye.0,me
Also,

Si = [er,...,Qri] and

Visy = QByyye
Then, if [y; is the angle between [rl,...,ri] and r;,,, the
orthogonality of Q implies le ;| =1(3,l , and, because R is

triangular:
[ryseeeyryd =leq,0en,e57,

where ey has a one in the k-th coordinate and zeros in the

others.
Then
lsin « | = lsin f3,| =\ri+l,i+1| /ey 1\ for 11 i = 1,...
ceeyn = 1,
and thus
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| 8in | «oo l8in x| =lryyecer o1 /0 roll eodll r\ )=
= (ryqeeer | /C 2y b aee oy 1) = laet REZCEz L ialp )=

= |det Al /(Wvyh ceolv ), and the thesis is
proved.

Lemma 2.4. Let {A, )¢ 1 be & family of non-singular
nxn matrices, Ay = (vy(A),...,v (A)), and denote by
o ;(A) the angle between L[ vy(A),...,v;(A)] and
vi41(A), i =1,.00,n -1, A€ L; then,

a) If ldet A,| /(i v (AN e v (A) ) Ze>0

for all A € L, then |sin «;(A)|12 ¢ >0 for all i =1,...
eeeyn =1, A e L.

b) If|sin «;(A)|Z >0 for all i =1,...,n -1,
Ae L, then|det A, | /(I vy(A) N oo hvy (A N2 ™ for
all Ae L.

Proof. Follows trivially from Lemma 2.3.

Now we state a generalization of Theorem 11.3.3 of [8].

We omit its proof which is entirely analogous to the one

given in (8],

Lemma 2.5. Assuming (2.1),(2.3),(2.5) and xy,+«s,X €
€ A; DyseeesPp€ B xeA; x{ = x; + p;e A for all i =1,...
eeeyn; gy = Flxgy) = F(x3), 1= 1,...,n;

| det (pl,...,pn)\ /7CH pl“ el P 1)z ¢>0;

-1
B = (ql""’qn)(pl’“"pn) ;

then, there exists K> O, which depends only on n and €
such that

14
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fJ(x) - Bi & K max {lpjl/Z«t lx.i -xi? g=1‘

3. Gay-Schnabel’s updating. Next we describe Gay-Schna-

bel’s choice of the vector z, in (2.8). We shall assume (2.1),
(2.3),(2.6) - (2.10) and (2.12); and also let my,k = 1,2,...
be a sequence of positive integers; %k' k = 0,1,2,.., a se-

quence of vectors in o generated as follows:

(3.1.2) z, = o.

(3.1.6)  If 12fAx & U5 I I Axl, then
2 = B emd my,y =m + 1. IF 180 Ax I < U2 1 DA x,
then z, = Ax and m ., =1,

(3.1.¢) For each kX = 1,2,...; 'z‘k is the orthogonal projec-
L

tion of Ax on [Ax _;,..., A xk_mk] .
: t
The estimate lﬁkAxk! Z2 ol %k I “Axk Il is used to determine
if the new increment is dependent of the former m,, with tole-
rence o . The quotient |2fAx | /(N z Il §A x|l is the
absolute value of the sine of the angle between A Xy and

LAxg yseeey B xk_mk] . Naturally, when m, reaches n, this

sine is O, Axk is declared dependent and zy = Axk, thus re-
deriving Broyden’s classical formula. This is what distingui-

shes Gay-Schnabel'a method from the sequential secant method.

Proposition 3.1, Using the definition (3.1) and the hy-

potheses which make it valid, we have Bk+1A X5 = A Fk-j for
all j = 0,1,...,m - 1.

Proof. See [5].
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Proposition 3.2, Assume (3.1) with the hypotheses

which make it valid. If x5, x'1,...,xP¢ A and

at > ~ . .
(3.2) \szle_d"\zj)\ \leJ\\ for all j = k + 1,...
seeyk +n -1,
then there exists K> O, independent of k, such that
DBy - TE™ NG K(NAT ) +oewr T8x, 1),

Proof. By Proposition 3.1,

Byand Xpj = 85 §=0,1,000n - 1.
By Lemma 2.4 and (3.2), (Axp,e.., A%, ,) is non-singular,
= -1
Bian = (AFgpeee, DR )(Ax,eee, Bxp 1)

and
laet (D xyyeeey, Axpp )1 /7C1A xk“ cee “Axk,m_lll ) Z
z d-n-l’
then the thesis follows from Lemma 2.5.

Proposition 3.3, Assuming (2.1),(2.3),(2.5) - (2.12),

(3.1),(3.2) and xk+n+1,...,xk+n+se A; there exists K >0 in-

dependent of k such that
UBrpes = TN &K (NAx W 4ot DB X, o 0.

Proof. For s = O, we have Proposition 3.,2. Assume the

proposition to be true for s - 1, Then, by Lemma 2.2,

L Bgsnts - J(xk+n+s)u £+ Vd) an+n+s-1 -
- TP 4 ML 41/(20) N A Xy | £
61+ /MK (MAx R+eear WX, W0 0+

FUIL /@I NBxy . 0l &
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X (N8 x l+eet NAX, 01 1),

with K, = max {(1 + 1/0"K M(1 + 1/(29))% .

s-~1?

Proposition 3.4. Assume the hypotheses of Proposition

3.3 and that (2.19) holds for every k of the form i.n + p,
with 1 = 1,2,...; and p is a fixed positive integer (that
is, it is always possible to complete n successive linear-
ly independent increments). We also assume that xke A for
all x = 0,1,2,... . Then there exists K> O (independent of
k) such that

1By = SN ERCHAxy_j h+eeut L Ax 5 00 1)

for all k = 2n - 1, 2n, 2n + l,eee o

Proof. Let K = max {K, g;i. In the set of integers
k -2n+1,...,k - n there is necessarily one (j) of the
form i.n + p. In the worst possible case it is k - 2n + 1,

Applying Proposition 3.3 with j instead of k, we have:

I B - TG AR (1A x5 N +eet N A Xppagg b )

Jj+n+s
Now, if j+n+ s =k (thens =k - j - n),

VB - 3 & K5 (DD xsl+aeer 1D xy 01D,

k=j-n
But j2k - 2n + 1, then k - j - n£n - 1, and we obtain the

desired result.

Theorem 3.1, Assume (2,1) - (2.12) and the hypotheses

of the proposition 3.4. Let Ek = xk - x* . Then:

a) There exists K> O, independent of k, such that
By = S I KCNELN +ou et NE o000 1)

b) If lim xk = x¥* (see [5] for conditions quarantee-
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ing this hypotheses) then there exists K>O0 (independent
of k) such that

KB & KIELL (WEB N +eeet WE 5 1 11) for all kZ2n - 1.
¢) With the hypotheses of b), x5 converges to x* with

R-order greater than or equal to the positive root of

20 - ¢2ml g oo,

Proof. Part a) follows immediately from Proposition
3.4. The derivation of b) is classicalt If ¥**1 = xX -
- BLIF(xX), then

NP - F(2) + 3 BF(E) | & 1 BIF() | 2, by Lemna
2.1,

But lim E, = O implies that lim B, = J(x* ) because of a),

then lim B;l = J(x¥)7L, Then, there exists K;>0 such that

1P - F(x5) + 3GFBIREN 1 € Ky IFGE) ] 2,
Now, by Lemma 2.1, there exists K2>-O such that
NP I € Kyl Bl for a1l k = 0,1,2,...
and part a) of the theorem implies:
NP 1€ RyCl Bl +eeis B o 1) BB,
with K3> 0.

As J(x* ) is non-singular, then Lemma 2.1 guarantees the

existence of K4>'O satisfying
NP1 Z K, I Bq Il for all k = 0,1,2,...,
then b) follows with K = K3/K4.

Finally c) is a consequence of b) because of Theorem

9.2.9 of [ 8],
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4. Final remarks. Broyden’s method with projected up-
dates has an R-order of convergence apparently smalle r than
that of the sequential secant method. (The R-order of this
is the positive root of t2*1 U 4% _ 1 = 0,) Even 8o, other
facts justify strongly the use of Broyden-Gay-Schnabel s
method. Particularly, the modification proposed for the Bk
is the one with the least norm among all which verify
Biy180% = BFyyene, B4 xk—mk = Ark-mk (see [5]). Thus,
if Bk is periodically reset to a discretization of the jaco-
bian matrix (or even if only B, is such a discretization
and x° is close to x ¥ ), the matrices B.,;, B,5,... are bet-
ter approximations of the jacobian than the ones obtained by
the sequential secant method. Generally speaking, we could
say that the method is an adequate combination of the virtues
of Broyden's traditional method and the sequential secant

method.
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