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REMARK TO THE GHARACTERIZATION OF THE SPHERE IN X%
Karel SVOBODA, Brno

Abstract: We get an, example of the global characteri-
zation of the sphere in E* using the existence of a parallel
vector field in the normal bundle of a surface.
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In [1], p. 62, A. Svec has mentioned one possibility of
characterizing the sphere among the surfaces in E‘. In this
contribution we give an example of the use of this idea.

To give it, we have chosen one theorem, mentioned in [1],
concerning the Weingarten surfaces in 33, and translate it
to the analogous theorem valid for surfaces in E‘.

Let M be a surface in the 4-dimensional Buclidean space
B*. Let the system of open sets {U 3 cover this surface in
such a way that in any domain U, there is a field of ort-
honornal frames {M;v,,v,,v3,v,} such that v,,v,€T(M),
V3V, € N(M) where T(M), N(M) is the tangent and normal bund-
le of M, respectively. Then

(1) QM = wlvl + wzvz,

2 3 4 3 4
avy = ofv, + ofvy + ofv,, av, = ol + 0y + o v,
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dvy = - “’i’l - wgvz + w§§4, avy = - @ ;"1 - “’3"2 -
- @lvy;
(2) awl = coj'\cof]:, a0 = wkaaj,
wi+ w}=o0, 03 = ot = 0 1,4,k =1,2,3,4).

Using the well-known prolongation process, we get the exis-
tence of real functioms a;,P; (i =1,2,3), «;, 3; (i = 1,2,
3,4) in each U, such that

3) w% = .1@1 + azwz, w% = aza.)l + a3w2,
@} = bo! + 502, 0} = b0l + b

(4) day - 2a2a>§ - blmg = acltol + ocza)z,
day + (a) - 83)] - byl = a0t + e,

da3 + 2‘2“’?. - b3w§ = cc36)1 + ac4w2,

2
db, - Z’bzcoi + ‘1“’; = @101 + Py,
2
db, + (b - b3)co1 + nz.cag = {3201 + (53o:2,

2 4 _ 1 2
dby + 2b,@) + 83wy = BT + B,0%.

Let n = xvy + ¥V, be a non-trivial, parallel normal vec-
tor field on M (see [1]). We can choose the field of ortho-
normal frames {M; '1"2"3"4} in such a way that v3 and n
are dependent. Thus we have y = O and hence dx = O, xa); =0
on M, so that aa; = 0 and

k= (ay - .3)b2 - (b - b3)aa =0
on M,
Denote as usual
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the mean and Gauss curvature of M respectively, and define

the functions

1

(6) H" = a) + ay, H2=b1+b3

1 2 - 2
(7) K = a8, - a5, K2 b1b3 bse

Consider another field of orthonormal frames { M; ?1,12,?3,743
such that v3 and n are dependent. Then
vy = €, cos @. v, - tinga. ¥ vy = eé“v' ,
vy = €, tinso. v, + cos ©. ?2, V4 = 'v'4, ei = eg = 1.
We have according to [11)
8 = ezfalcoazsa + 2a,8inpcosp + a3sinagbl y

==-¢;¢, [(a) -~ aj)sinpcosp + az(::'maso - coazso )1,

ol
N
[

szl'alsinzgo - 2a8in@cosp + a3coazgol s

U'Iu'l
[} L

2 ;2
1 = bycost@ + 2bzsin§>coa;a + b3sm ®

- €1[ (bl - ba)sine cos@ + bz(sin"’go - coszgo )],

o
N
L}

2 2
b,sin’ e - 2h2;in¢ cos © + b3cos @
and it is easy to see that

8= eml, ® =,

=k, ¥=£.

Now we are going to prove this

2

Theorem. Let M be a surface in 4 and 9 M its boundary.
let M satisfy these conditions:
(i) K> 0 on M;

(ii) there is a non-zero parallel normal vector field

in N(M);
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(iii) there are functioms F(x,y),G3(x,y) such that

(8) F2+ xEF + ¥ >0, &2 + x6,0, + yaZ>o0

for each (x,y) and

(9 rat,xY) = o0, 6@2,x%) =0
on M;
(iv) O M consists of umbilical points.

Then M is a part of a 2-dimensional sphere in E‘.
Proof. We use the method of integral formula based on

the Stokes theorem.
On M, consider the l-form
T = [(ll - .3) “2 + (bl - b3) ﬂz - .2(“'1 - eGJ) -
1l
- aplsy = aty) = by By = B,)] w2,
Using (5) we get by exterior differentiation of
(10) av = -[27 + (H - 40K - 2x2 ] wla w?
where
+ {33({53 - B3y
Now, consider the equations (9). By differentiation of

these relations we obtain
(12) pjan’ + Qax! = 0, pan? + Q€ = 0
where we denoted
1 - 1 2
P, = 3F/9H', Q) = 3F/3K}, B, = 20/0 W, Q, = JG/OK,
Using (4),(6) and (7) we have

anl = (ecy + ec3)w1 + (wy + oc‘)wz,

- 718 -



ar? = (B + Bals (B, + B,
dKl = ('1“'3 - 2&2062 + .3°Cl)“’1 + (aloc4 - 2.2 053 +
+ -3x2)w2,
aK? = (v -2b + b, 3wl + (b - 2b +
1 B3 2Bz +b33)w 134 = 253 f33
2
+ by f)w
and hence the equations (12) yield

(13) Pl( °‘1 + M3) + Ql(‘1°c3 - 2‘2 052 + .3 ccl) =

i
o
-

Pl(cc2 + 054) + Q1(81°"4 - 2n2¢3 + a3oc2) =0,
P2((31 + [33) + Q2(b1($3 - 2l>2ﬁ2 + b3 (31) = 0,
PolBa + B4) * Qalby B, = 20y B3 + b3 f3,) = 0.
Let me M be an arbitrary fixed point of M. Consider that
the orthonormal frame of M in the point me M is chosen in
such a way that a, = O. Thenwe can put b, = 0 at me M and

the equations (13) have at me M the form

(P + a3Q))cy + (P + °1Q1)°‘3 =0,

(Py + a3Q1)«.2 + (P) + ayQ,) o, =0,
(P, + b3Qy) iy + (B + 51Q,) 3, = O.

Thus, there are functions @;, &; (i = 1,2) such that at me M

<y = @1(Py + 81Q)), %3= = @) (P) + a3Q)),

Gl(Pl + alql)’ “4 = - 61(P1 + aqu),

1

%

Py = PPy + B1Qy), B3 = = @,(P, + b3Qy,),
(o = (P + D1Q;), [y

and hence from (11)

"

"

= 6,(P, + b3Q;)
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2 2 2 2 2 2 2 1.
J’°"2+°‘3+f32+33+(§°1+61)(1’1+31’101+

2 2 2\ /p2 2
+kXB) + (92 + 82)(®3 + H2p,Q, + K°Q2)
at me M,
The assumption (ii) implies k = O on M as mentioned,

i.e. relation (10) has the form

dv = -[27 + (H - 4K)K Jw A 2.

Further on, from the condition (iv) it follows that % = 0
on 3 M, Thus, the Stokes integral formula yields

(14) [20 + (H - 4K)K]wlaw?=[ 7=o0.
L N

As J> O at me M because of (i),(iii) and m is arbitrary, we
have from (14)
20 + (H - 4K)K = 0O

on M and hence
H - 4K = (a) - 83)% + (b - b3)% + 4a2 + 42 = 0.

Thus any point m M is umbilical; this completes our proof.
Remark that we proved in fact a more general assertion
which is obtained from the theorem replacing the assumption
(iii) by
(iii°) there are functioms P;,Q;: M— R (i =1,2)

such that
2 1,2 2 2
3 + mlpq + k%Qd >0, P2 + H2P,Q, + K2Q3>0

and
1 1 _ 2 =
Pldl-l + QldK = 0, P,dH"” + deKz =0

s

on M.
In the following, we introduce tnree corollaries imp-
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lied immediately by the proved theorem.

Corollary 1. lLet M be a surface in B* satisfying the
conditions (i),(ii) and (iv) of the theorem. Let further

(iii) HY = const ’ H® = const, on M,

Then M is a part of a 2-dimensional sphere in E4.

The assertion follows from the theorem by putting
ral,xkl)=n! - const., 6(H?,k%)=H2 - const..

Corollary 2. Let M be a surface in E4 possessing the
properties (ii),(iv) of the theorem. let
(1) kis> o, K> 0 on M;

(iii) H! = const, ’ K? = const. (or B = const,, k! =
= const.) on M,

Then M is a part of a 2-dimensional sphere in E4.

To prove this, it is sufficient to put F(Hl,!{l)g ml -
- const., G(H2,K?)sK? - const. (or F(HL,K1)w K - const.,

(3(H2,I(2)5H2 - const,) in the theorem.

Corollary 3. Let M be a surface in ! satisfying (ii),
(iv) of the theorem. let

(i) k! = const,> o, K? = const,> 0 on M,
Then M is a part of a 2-dimensional sphere in 34.
Let F(HI,K]‘)B k¥ - const,, G(Hz,Ka)tl(z - const,; then

the assertion follows immediately from the theorem.

References

{11 A. SVEC: Contributions to the global differential geo-
metry on surfaces. Rozpravy CSAV, 87, 1, 1977,
1-94

(2] K. SVOBODA: Some global characterizations of the sphe-

- 721 -




re in E4. Sas. pro p¥st. matem., - to appear
Katedra matematiky
FS VUT

Gorkého 13, 60200 Brno

Geskoslovensko

(Oblatum 27.7. 1977)

- T22 -



		webmaster@dml.cz
	2012-04-28T02:02:19+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




