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WHEN FINELY CONTINUOUS FUNCTIONS ARE OF THE FIRST CIASS
OF BAIRE

Jaroslav LUKES and Ludsk ZAJIZEK, Praha

Abstract: Given a metric space (X,® ) with another
"fine topcIogy"2 a simple method enables to decide whether
any finely continuous function on X is of Baire class 1.
As application we give new simple proofs that any finely
continuous function in any abstract potential theory, amy
approximately continuous function as well as any approxi-
mate derivative is of Baire class 1. Finally, using the
same method we prove a generalization of the theorem of
Sgyder on partial approximate derivatives.
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1. Introduction, It is known that any approximately
continuous function on the real line, or more generally on
an euclidean space R is of the Baire class 1 (cf. [31,[16],
[9]). The class of all approximately continuous functions
is exactly equal to the class of all continuous functions
in the ordinary density topology on Rk. Since the fine to-
pology in Bk derived from the classical case of harmonic
fanctions is coarser than the density topology, it follows

that any finely continuous function is of the first Baire
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class, This was observed and proved by B. Fuglede 1971 [4],
[5]. This resul. was generalized to the case of finely con-
tinuous functions in the heat equation by I. Netuka and L.
Zaji&ek 1974 [14], and finally again B. Fuglede 1974 [6]
proved that finely continuous functions in any axiomatic
potential theory are of the Baire class 1, We give here a
simplified proof of this theorem, and using certain more ge-
neral ideas we show how to prove that some types of func-
tions are of Baire class 1. In particular, the result of D,
Preiss 1971 [15] (asserting that any approximate derivative,
finite or infinite, is of Baire class 1) follows easily by
Jarnik ‘s method from a theorem on boundary behaviour of
functions of two variables (cf. [19],[13]) and we give a
simplified proof of this last theorem, Finally, we prove
that if a function f(x,y) (xe€ Rk, y€ R) is continuous in x
and has a partial approximate derivative in y, then this ap-
proximate derivative is of Baire class 1. This theorem in
the case of finite partial approximate derivatives and k = 1
is due to L.E. Snyder 1966 [18]. Our simplified proof uses

again the Jarnfik’s method.

2. General theorem. Let (X,p ) be a metric space. Con-

sidering on X a new topology © , topological rotions refer-
ring to the T -topology will be qualified by the prefix <
to distinguish them from those pertaining to the ® -topolo-
g&y. In particular, A% and I’r denote the < -interior and
the 7 -closure of A, while 3G will be the @ -boundary
of G,
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Theorem A, The following assertions are equivalent:

(i) any « -continuous function on X is of Baire class

(ii) any © -zero set in X is of type G, ;
(iii) given any 7 -zero set Z and any % -cozero set C,

CcZ, there is a set G of type G, such that CcGc Z,

Proof. The implications (i) == (ii)==> (iii) are obvi-
ous, Assume (iii), let £ be % -continuous function on X, Gi-
ven a € R and an integer n, we have

Foi=i{xeX; f(x)2afc C :={xeX; £(x)>a - 1 c

€z :={xeX; f(x)2 a - n 17,

By (iii) there is a G, of type G, such that C cG,C Z,. Sin-
o0

ce Fg = M\, Z,, we obtain that F, is of type G, . Since

Fl:i={xeX; f(x)£a} ={xeX; -£(x)Z-a}, F* is of type Gy

as well,

Corollary. If for any set Ac X there is a set A* of Y-

pe Gy such that A%c A¥c K‘u » then any 72 -continuous func-

tion on X is of Baire class 1.

Remark., We do not suppose that 7T is finer than @ .

3. Finely continuous functions in potential theory. Let

X be a ‘[3 -harmonic space with countable base in the sense
of the axiomatics of C. Constantinescu and A. Cornea [ 2].
Given any set Ac X, the base b(A) of A is the set of all
points where A is not thin. It is known that b(A) is finely
closed and of type G, . Moreover, since the fine topology has

not the isolated points, b(A) contains the fine interior of A
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and, of course, is contained in the fine closure of A (which
is exactly Au b(A)). Using our Corollary, we get the follow-

ing theorem immediately.

Theorem, ZEvery finely continuous function on X is of
Baire class 1.

4, Approximately continuous functions. Consider the

ordinary density topology d in an euclidean space RE (see,

e.g., [10],[8],[12]). Given any set AcC Rk, we put
A* ={xe¢ Rk; for any natural n there is m> n such that

@BnK(x,a 1)) 1

>-1,
2

@K(x,m'l)

where w denotes the outer Lebesgue measure and K(e,r) is

an open ball with center ¢ and radius r. Since

1

x @WAnK(x,n" 1))
’

$
@k x,m'l)

>

Ag:=ixe

© @
* = *
is open and A ml= \4 m}:Jm A, AT 1is a G,~ set, Moreover,

AJcA¥c Ky, so that our Corollary immediately implies the
following theorem,

Theorem. Every approximately continuous functiom om
RS is of the Baire class 1.

Remark; In an analogous way it can be proved that al-
8o in more general "density" or "measure" topologies any
continuous function is of Baire class 1. In contrast to our
method, the usual proofs o these assertions (see, e.g.,

(91,{211) use the Baire characterization of functioms of
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Baire class 1., Likewise, the similar propositions concern-
ing the mappings to metric spaces can be proved by the sa-

me method.

5. Approximate derivatives and Jarnik’s method. Some

theorems on derivatives can be considered as consequences
of theorems concerning boundary behaviour of functions of
two variables. It seems that this ideea is due to V., ‘Jarnik
1926 [11]). He proved by his method that any derivative
(with finite or infinite values) is of Baire class 1. x)
This theorem was rediscovered many times.

The following theorem is the special case of Jarnik’s

theorem on boundary behaviour of functions.

Theorem J. Let F(x,y) be an arbitrary function defi~
ned on the open halfplane H:={(x,y)e R2; ¥y<x$. Assume

that for each z € R there exists the limit f(z) (finite or

infinite) of F in the point (z,z) with respect to the angle

U(z):=4{(x,y)e Rz; x>z>y%.

Then the "boundary function" f is of Baire class 1.

Suppose now that a function g has derivative on R. Ap-
plying Theorem J to F(x,y) = g(y) ~ g(x)/y - x, we immedi-
ately obtain that g’ is of Baire class 1.

If we replace in Theorem J "limit" by "approximate li-

mit"”, the new theorem also holds. We shall refer to this

-

x) In another context, the same idea was used by H. Blum-
berg 1930 [1], cf. also [17], p. 262.
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generalization of the Theorem J as to Theorem S. From the
Theorem S it follows easily that any approximate derivative
(finite or infinite) is of Baire class 1., (G. Tolstov 1938
[20] proved that any finite approximate derivative is of
Baire class 1. The simplified proof was given by C. Goffman
and C.J. Neugebauer 1960 [7]. L.E. Snyder 1966 [19] mroved
this result using the modified Jarnik’s method. Finally, D.
Preiss 1971 [15] proved that any, even infinite, approxima-
te derivative is of Baire class 1, while L, Mi3fk 1972 [13]
proved this theorem again using the Jarnfk-Snyder method.)

We shall show how Theorem S easily follows from our
Corollary. Let @ be a metric defined on H which induces on
H discrete and on the boundary 3 H = {(z,z)e R2; z€R$ the
euclidean topology. Further, define on H the topology v as
follows:

a set GcH is 7 -open if awy peint (z,z)€ G 3H is

the point of density of G with respect to U(z).
If F on H fulfils the assumptions of the Theorem S, then the
extension ¥ of F defined on O H as F(z,2z) = £(2) is =« -con-
tinuous. For any 2€ R and r>0 put

Ulz,r) ={teU(z); It -zler}.
Given any set AC E, we put

A¥ = (AnH)v { (2,2); for any natural n there is m>n
s.uch that
«(An U(z,m'l))
@(U(z,m"1))

1
>-1,
2

where (a. denotes the outer Lebesgue measure. Since
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(u(Ar\U(z,m-l)) 1 ;
> -
@U(z,m™)) 2

Ap:={(z,2);

0 @
: : K = * g
is open in O H and A A U Apv (AnH), AT is a Go~

—

set with respect to ® - Since A;c A¥ c A'z: , our Corollary
immediately implies that ¥ is of Baire class 1 with respect

to @ . Therefore, also f is of Baire class 1.

6. Partial approximate derivatives. In this section

we shall prove the following generalization of the asser-

tion that any epproximate derivative is of Baire class 1.

Theorem B. Suppose that a function f(t,x) (te Rk,

x € R) is continuous in the variable t and has partial app-

roximate derivative (finite or infinite)in x at any point

of REx R. Then this derivative is of Baire class 1.

L.E. Snyder 1966 [181] proved this theorem for finite
partial approximate derivatives and it seems that his met-
hod cannot be modified to prove the general case. In cont-
rast to his method which is similar to that of [ 7], we use
the Jarnik’s method. In the present problem our Corollary
does not work, but if we use the main idea of the Theorem A
we obtain a relatively simple proof of the Theorem B.

The theorem on boundary behaviour of functions which

corresponds to the Theorem B is the following

Theorem C. Let F(t,x,y) (te Rk, x,y € R) be a function

defined on the open halfspace H:= {(t,x,y); x>y} . Assume

that F is continuous in t and has for any t,€ RE and x € R
an approximate limit f(to,xo) in (to,xo,xo) with respect to
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the set
Ultgyx):=d (t,X,y)5 x>x,>y £

and the two-dimensional measure in this set. Then f is of

Baire class 1 in R,

The same argument as in [13] easily gives the Theorem

B applying the Theorem C to F(t,x,y) = f(t,x) - £(t,y)/x - y.

Proof of the Theorem C. In any H :={ (t,x,y); x>y}
let 'tt be the topology which corresponds to 2 from Sec-
tion 5 in the identification (t,x,y) = (x,y). Let (H,c) be
the topological sum of all spaces (Ht’ 'rt). I F on ¥ is
the natural extension of F, ¥ is continuous with respect to

@ . For t e Rk, x,€ R, r>0 put
UltgsXy,r) = Ut ,x0) n L(t,x,5); M (t,x,y) - (tg,x,,
x)l<rt.

Given a € R and a natural s, we have

Fa:= {vel; ¥v)za} cCgi={vek; Fv)>a -8t} ¢

c Zs:={ve§; F(v)Za -8},

For Acﬁ, we put

A* = (AnH)uU {(t,x,x); for any natural n there is m>n
such that
(tL(AnU(t,x,m'l)) 1 ;
— > - s
(u.U(t,x,m'I) 2
where denotes the outer two-dimensional measure. Obvi-

@
ously, C,c Cs*c Zgy, and therefore ?a =004C: .

For natural m,s we put further
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@Cy A U(t,x,n™1))

(q,U(t,x,m'l)

1
R(m,s) ={(t,x,x); >= 3 .

Then

Fror=~" A O Rm,e).

N2l msimam

Therefore, to complete the proof it is sufficient to prove
that R(m,s) is open in & H. Fix (t;,x ,x,) € R(m,s). Using
the continuity of F in the variable t, for any '
(t4,%,¥) eU(to,xo,m-l)r\ Cy there is a natural p such that
ht -t ll< p"1 implies (t,X,y) & Cg. Since the outer measu-
re is a lower continuous set function, there exists p, and
)~1

€ >0 such that It -t I < (p, implies

-1
@(Cqn U(t,x ,m 7)) R ..:L-+ . .

(u«U(t,xo,m.l) 2

Therefore, there is o> € such that

@(Cqn U(t,x,n" 1))
(«.U(t,x,m-l)

>

, %0 U(t,x,,m70)) = @l A [U(t,xy,m ),U(t,x,u 1)) ) 1
@U(t,x,m’l) 2

for any ﬂt-t°l<(p°)'1 and ﬂx-xolz 4.

References

[1] H. BLUMBERG: A theorem on arbitrary functions of two va=-
riables with applications, Fund. Math. 16(1930),
17-24.

[2]) C. CONSTANTINESCU and A. CORNEA: Potential theory on har-

- 655 -



(3]

[4)

[5]

6]

(n

[&]

(9]

(10]

[11)

[12]

(131

[14)

[15)

A.

B.

B.

C.

v.

monic spaces, Springer-Verlag, Berlin, 1972.

DENJOY: Sur les fonctions dérivées sommables, Bull.
Soc. Math. France 43(1916), 161-248,

FUGLEDE: The quasi topology associated with a counmt-
ably subadditive set function, Ann. Inst. Fou-
rier 21(1971), 123-169,

FUGIEDE: Connexion em topologie fine et balayage
des mesures, Ann, Inst. Fourier 21(1971),
227-244.

FUGLEDE: Remarks on fine continuity and the base
operation in potential theory, Math. Ann. 210
(1974), 207-212.

GOFFMAN and C.J. NEUGEBAUER: On approximate deriva-
tives, Proc. Amer. Math. Soc. 11(1560),962-966,

GOFFMAN, C, NEUGEBAUER and T. NISHIURA: Density to-
pology and approximate continuity, Duke Math.
J. 28(1961), 497-505.

GOFFMAN and D. WATERMAN: Approximately continuous
transformations, Proc. Amer. Math. Soc. 12
(1961), 116-121,

HAUPT and Ch. PAUC: la topologie de Denjoy envisa-
gée comme vraie topologie, C.R. Acad. Sci Pa-
ris 234(1952), 390-392.

JARNTK: Sur les fonctions de la premidre classe de
Baire, Bull, Internat. Acad. Sci., Boheme(1926).

N.F.G. MARTIN: A topology for certain measure spaces,

L.

I.

D.

Trens, Amer. Math. Soc. 112(1964), 1-18.

MISTK: Notes on an approximate derivative, Mat, Ca-
sopis Sloven. Akad. Vied 22(1972), 108-114.

NETUKA and L. ZAJICEK: Functions continuous in the
fine topology for the heat equation, Casopis
P&at., Mat. 99(1974), 300-306.

PREISS: Approximate derivative and Baire classes,

- 656 -



Czechoslovak Math., J. 21(1971), 373-382.

[16] J. RIDIDER: tiver approximativ stetigen Funktionen, Fund.
Math. 13(1929), 201-209.

[17] S. SAKS: Theory of the integral, New York, 1937.

[18] L.E. SNYDER: The Baire classification of ordinary and
approximate partial derivatives, Proc.
Amer. Math. Soc. 17(1966), 115-123.

(19] L.E. SNYDER: Approximate Stolz angle limits, Pro¢. Amer.
Math. Soc. 17(1966), 416-422.

[20] G. TOLSTOV: Sur la dérivée approximative exacte, Mat.
Sb. 4(1938), 499-504.

[21) R.S. TROYER and W.P. ZIEMER: Topologies generated by
outer measures, J, Math. Mech. 12(193),
485-494,

Matematicko-fyzikdln{ fakulta
Universi ta Karlova

Sokolovskd 83, 18600 Praha 8

Ceskoslovensko

(Oblatum 1.8, 1977)

- 657 -



		webmaster@dml.cz
	2012-04-28T01:56:29+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




