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ON DISCONTINUITY OF THE SPECTRAL RADIUS IN BANACH ALGEBRAS
Viadim{r MULLER, Praha

Abstract: We give an example of a complex Banach al-
gebra with two generators containing no non-zero quasinil-
potents %n which the spectral radius is discontinuous (even
on lines).
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Introduction: Banach algebras with uniformly continu-
ous spectral radius have been recently characterized as tho-
se commutative modulo the radical, [1]1,(51,[10] . There re-
mains the problem of algebraic characterization of Banach
algebras on which the spectral radius is merely continuous
[91 . In connection with the paper [ 71 the problem of in-
vestigation continuity properties of the spectral radius in
Banach algebras without quasinilpotents has been rsised by
J. Zemének in [ 9]). Here we give a negative answer to this
question. So the closedness of the set of quasinilpotents
is not sufficient for the continuity of the spectral radius
(of course it is necessary).

Our construction is based on a modification of the ex-

ample due to S. Kakutani ([6]1, p. 282) of discontinuity of
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the spectral radius. We obtain an example of two operators
A, B on a Hilbert space such that the spectral radius is
discontinuous on the line A + A B, ( A real) (for related
topics see [1],(81), This gives in some sense the best pos-
sible example for we get a Banach algebra with two genera-
tors A, B with discontinuous spectral radius. On the other
hand every Banach algebra with one generator is commutative
and therefore its spectral radius is continuous even uni-
formly.

The second tool in our construction is an idea used by A.S.
Nemirovskij [4] and J. Duncan and A.W. Tullo [3] in construc-
ting the first example of a non-commutative Banach algebra
without quasinilpotents (in fact, we do not know whether

the spectral radius is continuous in this original example).

We start with the following lemma:

: xists 8 ence 2. io=-
lemma: There e a sequen {ﬂJ}JeN of all ratio
nal numbers from the interval (0,2) such that

k-1 k-2

2 2 2
(1) {31 'ﬂz eeecee ﬂk—l./skzl

for every k€N,

Proof. let 4irjdjcy and {833 )\ be sequences of all
rational numbers from the intervals (0,1 apg (1,2), res-
pectively. Denote R =4rj,ieN3}, s = fs5,icN} . We comst-
ruct the sequence “@j;jeN inductively as follows. Put [3,=
8. Let (j,...,(y D€ defined and {f3,,..., 0B} =
iryyeee,rid v {sl,..-.sjl . For simplicity put f(k) =
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k-1 2

= 31 coeeefBye If 3, =s8; and £(K)° rj, 21 put
(3k+1 = T4 Put {Sk*’l = sj*l otherwise,
It is clear from the construction that f(k)Z 1 for every
ke N so the condition (1) is satisfied. Denote B =
= {{ij,je N% . Clearly ScB and so it suffices to prove
RcB. Suppose the contrary. Let RnB ={ry,...,r;},
(mz0). Let vy = B,. It follows from the construction that

Byrsy™1 80 £k + 1) = ()2 . By+1> 1 and £(2)2. 1<l
for every £ > k. At the same time we have f£(£ ) =

k-1
=f£(2-12.8,> £(L-D% o0k + 12 "

So we have (for every A > k) o4y < < 7=
£)%  f£(x+ 12

 °
But the last term tends to O for £ — @ , sor 1,40, a
contradiction. Hence the described sequence A ﬁJ-} jeN real-
ly exhausts all rational numbers from (0,2) .

Example (discontinuity of the spectral radius on lines):
Let Hy be a separable Hilbert space with an orthonormal se-
quence of vectors el,eé,... . Let A; be a bounded linear
operator on Hy (shortly A€ B(Hl)) defined by Aje = ey .4,
k =1,2,... (A; is an unilateral shift). We define an opera-
tor Aje B(H,) as a weighted shift with weights o, i.e,
Ajey = & - e ., where o) = ﬁj for x = 29~ 1(2m + 1),
me N ( [BJ- are the numbers from the lemma above). Then obvi-
ously A, - AA; is a nilpotent operator for e;ﬁry -7t46h(0,2)
rational and l4A lg = %})mwl Ax; \l/n?. 13:}n_:’egp (4,1.3—4 °‘i) Yok

XS
= Limswp £(1)"2*1 > 1. s0 1im (A, - AAp) = A, end
% —> 00 a0 ©

}ti_fo‘ A, - 1A1|G, * IAO\G. (in fact this limit does not exist
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as follows from the almost continuity theorem of Aupetit,
see [2]),

Theorem: There exists a complex Banach algebra »
with two generators 1o tl, without non-zero quasinilpotents
such that the spectral radius is discontinuous on the line

to + At;, A real.

Remark: It is not clear whether the Banach algebra ge-
nerated by the operators Ao, Al from the example atove does
not contain quasinilpotents. We avoid this difficulty by the

following construction.

Construction: Let Hy, fepl , Ayy A Dbe as before. Let
Hz be the Hilbert space with the orthonormal basis
it

il’iz“'inik} y where ne N, 1£k<n, ije{o,l} for § =
=1,..0y,n. Put H = H)® Hy. Define operators T, Tye B(H) by
the relations Tj/Hl = Aj, J=0,1,

T35 i ik ) T <2 if ip#
LIS TS SRR I S |
ir i = jand k<n

i 4

N

iyyige.eip,l
if iy = jand k = n.
(For instance To(rl,1,0,1;2) =0, Tl(fl,l,o,l;Z) =

=3 .
=3 f1’1’0,1;3 .) Obviously | (T, - 4 T;) | H, < % for every

Al £ 1,
Denote by Gyc B(H), k = 0,1,,.. the smallest closed (in the
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norm topology) subspace of B(H) containing all operators of

the form T; - Ty eeeT
k

3 i (Go is the set of scalar multiples
k-1 1

of identity). Denote 3B =44S,,S;,... %, S;¢ Gy 5 .z 18,1 <
< c0 ¥ . We shall introduce algebraic operations and a norm
on B vy

£85,57,0003 + {s ,S ,...} ={s, + 8 ,s1 + sl,...}
A 485,,57,0008 =428, A0 Sp,e0cdfor A€ c
1859Syseee3 = £55,575000} = 4U,,U7,0..3 where

Uy = !«,S:LSJ (convolution)

and 14S,,S;,... 3] =£§°|si| .

We shall denote by Il -l the norm in J and by |-| the norm
in B(H). In the same way Il Iz and |-lg denotes the spect-
ral radii in » and B(H), respectively. One can prove easily
that 53 with the norm Nl - |l is a Banach algebra with the u-
nit {1,0,0,...} and with generators t, ={0,T7,,0,0,...} and
t, =40,74,0,0,...3.

We shall prove that 33 satisfies all the conditions required.
Observe first that 1{0,0,...,0,5.,0,...3llg =

= lin 40,...,0,58,0,... 3 ) 1/ =
m -y oo

We have 1lim (t - A- tl) = t_. On the other hand
Avre0 © °

. nl/n _

hty =a-tylly =040,T) =2-71,0,c003llg =17 = A- Tylge
& %for A€ (0,1), A rational; and Wt llg =
= 1{0,7,,0,...3llg =12 15211 ) 1\5_>. 1. So the spectral

radius is discontinuous on the line t, + A - t;, A real.

It remains to prove that 5 does not contain non-zero
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quasinilpotents, Suppose the contrary. Let {So,Sl,...} be
a non-zero quasinilpotent in 33 . Let k be the smallest in-
dex such that Sk* O. Then for every n€ N it holds

04 Sg,Sy,0-0 32 1SE 1, therefore 0 = 14 5,,5,...3Mlg 2

218 \g and Is lg =o0.

As Sy€ Gy, it can be written in the form S =, lin S’(‘r)(in

the norm of B(H)), Sl(‘r) =’:1"2':"k léiz'“ ik. Tik... Til (£i-

nite sum), i;,e..,ip €40,13 . As lSk\s- = 0 and the vectors

il"’ik’i are eigenvectors of Sk it must be O

s\ (s,

= S (f .
k 11...1k,l

i.eei,l ) T NS

im . = ) pL.(8 =
5 F ool 9y '%Jl....]k Jy Jl( ieeeiy,l )

. (r) 1)k
I S (%) £i ...4y,1 « Hence

2) nlg’mwai‘l‘f._ik = 0 for every ij,...,ip € 10,1% .

Supposing (2) is satisfied we shall enumerate

(r)

S, (f. . ) = 13 . . \ s e T. ¢ooT:. (£ . )=
k' ig000dy,s 2325 3y dg Jpeeedp g Jy Tiyeeeiy,s
= 14 1)k (r) =
= 1lim « AT, . . £, . =0

"o (?) ERE PYCERTEE SOV Rk ST E Sy

(addition is to be taken mod t) and Sk(em) = n]_.’ig S](‘r)(em) =

= 1§ =, a(r)
SLin 4,75, A i1reee i le Tll(em)

L=, lim.h-(r) : » T: +00 T: (e_) = O according to
1 1k 11

11... % 11,... 1k m
(2). So we have S, = 0, & contradiction.

This finishes the proofe.
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