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SEQUENTIAL REGULARIZATION OF ILL-POSED PROBLEMS INVOLVING
UNBOUNDED OPERATORS

C.W, GROETSCH, Cincinnati

Abstract: Let A:D(A)—>H be a closed densely defined
linear operator in a real Hilbert space H and suppose that
for a certain fe H the ill-posed problem Au = f has a unique
solutiod u. Let B be a bounded positive definite operator on
H and set u_ = O, Then for n = 1,2,... the well-posed problem

{Au ,Av> +(Bu,,v)> ={Bu _,,v>+ (f,Av)?, Vv e D)
has a unique solution u,e€ D(A) and u,—> u as n — 00 .
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1. Introduction. Suppose that H is a real Hilbert spa-
ce and D(A)c H is a dense subspace. This paper is a theoreti-
eal study of a method of approximating the solution of the
problem

(1) Au = ¢

where fe H and A:D(A) —> H is a closed unbounded operator. We
assume that for a certain fe H the problem (1) has a unique

solution u, without assuming that A is an isomorphism of D(A)
onto the range of A, It is then well-known that equation (1)
is ill-posed, that is, for small perturbations 6 the equati-

on
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Ax=f + Jf

may have no solution at all, or may have a solution x which
is not near to the solution u of equation (1). We will show
that the solution of (1) may be approximated by a sequence
of solutions of associated well-posed problems. The idea

of replacing a problem of type (1) by a family of nearby
well-posed problems has been studied extensively by Lattes
and Lions [3) under the title "quasi-reversibility". In par-

ticular Lattes and Lions [3, p. 289] show that the problem

(2) < Aug yAv) +edug ,v? = {(f,Av), Vv e D)

is well-posed for each € > O and the solutions u, of (2)
converge to the solution u of (1) as e — 0. In solving
(2) one must in essence "invert the operator €I + A¥ A ",
which depends on the parameter ¢ . In this paper we will
replace equation (1) by a sequence of well-posed problems
the solution of which requires the inversion of a single
operator which is independent of the parameter. The method
considered here is related to an analogous procedure for
bounded operators studied by Kryanev [2],

As an example of a specific problem of type (1) Lattes
and Lions {3, p. 290) consider the boundary value problem

Au = 0
“\T‘oago

ou
-53—\ =g (conormal derivative)
il

where T o is the boundary of an open domain Nec B anda

- 490 -



is a second order differential operator in f) given by
m

hus - Z g (g 0FE) ¢ age
J

4»,5.:

where 8y ;¢ 03(_(_7:), ag€ Co(ﬁ_),

< 2 2
i’izﬂ 855X §5 §5 2 (] +..er 1), x>0

and

cco(x) z xy>0.

Thias problem is analyzed by finding a function & e H2(R)
such that

32
@\Po = &o» EN lr'

=8
0 1

and considering the problem satisfied by w = u - &

.
.

Aw = £
w h..0=0
ow
— =0
avA ‘T‘o

where £ = -A) . The domain of the unbounded operator A is
then given by

DAY =dveL()ivelyn), v|p =0, —g“’?— | n, = O3

For details the reader is referred to Lattes and Lions [3].

2. The regularization Procedure. Krysnev [2] investiga-
ted the iterative procedure
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an + Axn = Bx +f

n-1
for approximating solutions to the ill-posed problem
Ax = £

where A is a bounded positive semi-definite linear operator
on a Hilbert space H and B is a bounded positive definite
operator on H which is chosen to improve the conditioning

of the operator B + A, However, as noted above, many ill-po-
sed problems which are of practical interest may be formula-
ted as an equation of type (1) where A is a closed, densely
defined but unbounded operator on a suitable Hilbert space.
We will examine Kryanev’s procedure in the context conside-
red by Lattes and Lions., Below, A:D(A)—> H will be a closed
linear operator defined on the dense asubspace D(A) of the
real Hilbert space H and B will be a bounded linear operator

on H satisfying
¢(Bx,x>zcllxll?, e>o.

We recall that the domain D(A¥ ) of the adjoint operator is
by definition the set of all vectors ye H for which there is
a y*e H satisfying

(Ax,y> ={x,y*> , V x e D(A)

and the adjoint operator A* is defined by A* y = y*,
First we state a lemma which will be useful in the se-

quel.

Lemma 1. The operator B + A¥ A has a bounded inverse
U= (B+ A*A)"L:H— D(A* A) which is positive.

Proof., By assumption there is a number ¢ >0 such that
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(Bx,x>= cllxll 2 for each x€ H. Choose k>0 such that
max {lke¢ - 11 , klIBIl} < 1. Let A = k A, then by a theorem
in Riesz and Sz.-Nagy [5, p. 307], (I + A* X)"1:H —» D(A* A)

-1y

exists and || (I + A*1) £ 1, Now,

f(xB = X*X) = (I + A*A)l £ max{lke - 1], xIBIl} < 1,
and it follows by a standard perturbation result (see e.g.

‘.4, Pe 45]) that
kB + A*A = k(B + A*4A)

is invertible. Hence B + A¥ A is invertible and it can be
shown that <(B + AXA) 1x x> 2 0 for all xeH as in [5, p.
3081.

The next lemma definees a sequence of well-posed problems
the =zolutions of which we shall show converge to the solution

u of equation (1).

lemma 2, Set uy = 0, then for n = 1,2,..., the problem
(3) (Buyv)+ <Au ,Av)>= <(Bu, ,,v)+ {L,Av), Vv e D(A)

hes a unique solution w & D(A) which depends continuously on f.
Proof. Since A is a closed linear operator, the subspa-

ce D(A) endowed with the norm

hxlpay = Chxl? + I axi 22/

and corresponding inner product

(xp’ >D(A) = <xp’> + (u.”>

is a Hilbert space. Define the symmetric bilinear form Q(x,y)
on D(A)x D(A) by
Q(x,y) = <(Bx,y)>+ <{Ax,Ay> .
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It is easy to see that Q(x,y) is continuous (with respect
to the norm llvllD(A)) and for x e D(A)

2

Qx,x)2 min(c,l)llxllD(A).

Hence Q(x,y) is coercive and the existence of u, follows by
use of the Lax-Milgram lemma (see e.g. [1, p.41]). Further-
more, if

Quy,,v) =<{Bu,_,,v>+ (f,Av ), Vv e D(A)
and

Qug,v) =<Bu _,,v>+ (£°Av>, VvV e DA,
then setting v = u, - u;, we obtain
min(e,1) lluy = will 3, £ Quy, - ul,uy = up)
=(f - £°, Al - u))
e =270 Nuy - ullipgy -

From this it follows that u, is unique and the mapping

L — u, is continuous.

The main result may now be stated.

Theorem. The solutions w, of the well-posed problems
(3) converge strongly to the solution u of problem (1).

Before proceeding with the proof we note that
(4) up = UBw, ; +uy
where U = (B + A* A)"L, In fact, we have by Lemma 2

CA(UBw, ;) + up),AvD> + < B(UBu, , + w), v?
= (AUBnn_l,Av)+ < m’&ln_l,'>+ (LAV) =

- 494 -



= {(A* A + B)UBu,_,,v>+ {f,Av)
={Buy_,,v>+ (L,Av), Vv € D(A).

Equation (4) now follows by the uniqueness statement in
Lemma 2. The proof of the theorem requires two further lem-

mas,
Lemma 3. For m = 1,2,...,<Bug,u, - u)<0,

Proof. Note that by Lemma 2 and equation (1), we have
for all veD(A)

<Bum,v)4- <A

M3

1 (un - u), Av)

m
= =, 4By, ~uy 1), v>+ <A, - u)Av> }
=0, form=1,2,... .

Hence it suffices to show that

(5) A Z, (g - WAy -wYZ0, m=1,2,...
Note that

{ A(u - UBu),Av> + < B(U - UBu),v>

=(L,Av> = ( (AXA + B)UBu - Bu,v>

={(LAv>, VVe DA
and it follows from Lemma 2 that
(6) u; *u-Wu
where W = UB. We therefore have by (4) and (6)

Wug ) ~uw) =W _, +u -u

su--n,

and hence for j£€m we have
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u, - u= "“j(uj - u),
Therefore, for j<m,
<Alug = w),Auy - ) = (A'n"i(uj - WAy - )
= (A*Awn'j(nj - u),u._j -ud.
But (A*A'kx,x)= <A*A'kx,(1 + B'IA*A)k'kx)
= (A% AWSx,WEx > + %é:':, (g) ¢ A% aW®x, (B7Ia* 2)9-1p" 1o x aw¥x ) |

and it is easy to show that (B™1A¥ A)"B"l is positive for
n = 0,1,2,... , and hence (A(u, - u),A(uj - u)) 2= 0, which
proves the lemma.

From the above lemma it follows that the sequence {u,}
is bounded, indeed

(1 ellug 2 ¢(Buy,u >« <Buj,w>& UBI Uul I ul.

Lemma 4. Asn —> ™ , Au,—> Au.
Proof, Setting v = w, - u in the equation
{Aluy = u)Av)>= <(Blu, _, - w),v>
and summing we obtain
® B NAwy - wi? = <Buur- F (Bl - wy_)u) .
If we define a new inner profuet and norm by
(x,y) = <Bx,y> ana I x13 = (x,x),
then
B By - w13 - (03

I 2 2
Jlugld o te®
2 2
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1 2 2
5 mg‘z { ““n" B~ 2(%_1,%) + |l un_lll B 3.
Therefore
m
n§=:1 (B(un - un_l)f%> z0
and it follows from (8) and (7) that

i 2 2 2,
maq NAGy, - ) N €2 <Bug,u>« I BUNull®se,
which proves the lemma.

Finally we are in a position to complete the proof of
the theorem. Since any subsequence of {w,} is bounded, we
can extract a subsequence which converges weakly to an ele-
ment z¢ H, Since the graph of A is closed and convex, it is
weakly closed and therefore z e D(A) and from Lemma 4 we have
Az = Au = £, But the solution to problem (1) is unique, the-
refore z = u., Hence we see that any subsequence of 'iun? in
turn contains a subsequence which converges weakly to u. It
follows that the entire sequence -iun§ converges weakly to u.

By Lemma 3 we have < Buj,u, - u>% O and hence

cllun-u“zé {(B(u, - u),u, - u?

=<Bnn,%—u)- <m,\l.-\l>
£ -{(Bu,u, - u>—> 0,

Therefore, u,—> u, completing the proof of the theorem.
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