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COMMENTAT IONES MATHEMATICAE UNIVERSITATIS CAROLINAE
18,1 (1977)

A NEW METHOD FOR THE OBTAINING OF EIGENVALUES OF VARIATIONAL
INEQUALITIES OF THE SPECIAL TYPE
(Preliminary communication)

Milan KUCERA, Praha

Abgtract: Let A be a linear completely continuous ope-
rator in a Hilbert space H, K a cone in H, (3 a penalty ope-
rator corresponding to K. Under certain assumptions, there
exist functions A,, uy (ege <(O0,+®),Ac€R , uce H

starting in a given eigenvalue o and eigenvector u, of A,
satisfying the equation .ﬂ.aua - Aug + &3 ug =0 ard con-
verging to some eigenvalue aw and elgenvector u, of the
variational inequality.

]g_gx_gg{_QE Eigenvalues, variational inequality, opera-
tor of penalty.

AMS: 4TH99 Ref. Z.: 7.978.46

Let H be a real Hilbert space with the inner product
(eye), K a closed convex cone in H, A a linear symmetric com—
pletely continuous operator of H into H. Suppose that A has
only simple eigenvalues. We shall consider the following pro-
blem:

(1) ueKk,

(11) (Au - Au, v = u)2 O for all ve¢K,

where 1 1s a raal parameter. A real number A 1is said to
be an eigenvalue of the variational inequality (I),(II), if
there exists a nontrivial u satisfying (I),(II). In this
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case, u is said to be the corresponding eigenvector of the
variational inequality (I),(II). It can be proved that if

A is an eigenvalue of (I),(II) with the corresponding ei-
genvector ue K° *) , then all the corresponding eigenveo—
tors are on the half-line tu, t> O only. Especially, the fo-
llowing definition is reasonable.

Definition 1. We shall say that A is a boundary ei-
genvalue and interior eigenvalue of the variational ineque-
1lity (I),(II) if there exists the corresponding eigenvector
u e 7K and uek®, respectively, of (I),(II). We shall say
that A 1is a boundary (with respect to K) eigenvalue and
interior (with respect to K) eigenvalue of the operator A
if there exists the corresponding eigenvector ue K and
ue K°, respectively, of the operator A.

Let us consider a nonlinear completely continuous ope-
rator 3 of H into H (a penalty operator corresponding to
K) satisfying the following assumptions:

(1) u =0 if and only if ue K;
(2) (Bu-=-p@3v, u-=-v)20 for all u, ve H;
(3) (3 1is differentiable on H = K in the sense of Fréchet;
(4) 1f ueK®, vk, then ( Bv,u)+ 0;
(5) if €,>0, uje® (n =1,2,...) and the sequence
i€ fu,} 1s bounded, then e, ffu;} contains a strong-
ly convergent subsequence;
(6) for each fixed ueH - K, € > 0, a linear operator
B’(u) is symmetric and A - £3”(u) has only simple eigen-

- - - ——

*) We denote by 3K and K° the boundary and interior of K,
respectively.
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values.
Moreover, we shall consider the following assumption about
the connection between the solution of the nonlinear equa-
tion with the penalty and the corresponding linearized equ-
ation (R>0,A,>/A;>0 are given numbers):
It Ae A Ap>,ecC0,R), uel - K, veH, lul=
=jvil=1,
L) (1) Au-Au+ efu=0,

(11) A v - Av +ep(u)(v) = «u for some real « ,
then (u,v)*o.
Theorem 1. Let 21 be interior eigenvalue of A,
2 (o)
u(°)’¢ K, hu(c’)ﬂ =1, 0 <.h(1)< 7L(°). Suppose that there is

no boundary eigenvalue of A in the interval £ 3\.(1), .7\.(’°)>.

an eigenvalue of A corresponding to the eigenvector

Let the assumptions (1 - 6) be fulfilled and let (NL) hold
with A = 9\(1), ./\.;‘b = A<°), R=+00 ., Then there ex~
ist differentiable functions A; , ug on {0,+00 ) such
that A, = .2.("), u, = u(°), Ae 18 decreasing and the
following conditions hold for all € = O:
(8) fuh=1, ug &k A< a, < a9,
(b) ﬁsu - Aus + Ef(z 1)1 = 0, ( )**)
Moreover, A, —> 9«.0: (as ¢ —> +o0) and u, — u?

n
(for some sequence {¢,%¥, £,>0, €,—> +), where
%(1)-< .7\.::) < .’?&(O), ui:)s JdK, ?Lig) is a boundary ei-

genvalue smd ngg) is the corresponding eigenvector of (I),

D

%%) —> and —= denotes the strong and weak convergence,
respectively.
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(II). If 4% e ,}% 1is an arbitrary sequence such that &, >

ok
>0, €Ep— *+ 0, 4 u *) then u,, is also the eigen—-

en © ! (-
vector of (I),(II) corresponding to QL‘(,:) and u e 9K,

uan-—» U, .

For a trivial illustration, we can consider the follow—
ing example. (More complicated examples will be discussed in
1), § 5.) Consider the Sobolev space H = %( <0,17) with

the inner product

(u,v) = _f;u'v'dx,
and the cone K ={ueH; u(xg)20, 1 = 1,...,n?, where x; €
€ (0,1), i=1,...,n, are given. Define the operators A and

B (x€<0,1)) by

4
(Au,v) = _[o u v dx for all u, ve€H,

, < =
(B u,v) = - qu‘u(xi)\ u (x4)v(xy) for all u, veH,

If n=1 (i.e. K is a half-space), then all assumptions of
Theorem 1 can be verified for the operator [3 = (30. (The
condition (NL) holds with A, =0, Ay =400, R=+0.)
For n>1 the essumption (3) is not fulfilled for (3 = (..
In this case, the assumptions of more complicated Theorem 2
formulated below are satisfied for (s(n) =034 and 3=
= [, (see [13, § 5). ™

Let us consider a penalty operator [3 which does not
satisfy the condition (3). We shall suppose that there ex=-

ists a sequence @(n) of completely continuous operators

X %X%) See p. 207 Footnote
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such that

(7) if {u,3 is bounded, then o ﬁ(")uni contains a
strongly convergent subsequence; if u,—> u, then
ﬁ(n)un — fBu.

Theorem 2. Let .2.(1), 2,(2) be interior eigenvalues
of A, .7(,(0) an eigenvalue of A corresponding to the eigen-
vector u(°)¢ K, uu‘°’n =1, 0< A(l)< l(°)< %(2). Suppo-
se that there is no boundary eigenvalue of A in the inter-
val < .7(_(1),).(2)) . Consider that (3 fulfils (1),(2),
(4),(5),(6) ana B'™ for each fixed n fuleil (1),(3),(4),
(5),(6). Suppose that for each R>0 there exists n, such
that (NL) is valid with R and A, = AN A, = A82) gor
each ﬁ(n), n>n,. Let the condition (7) be satisfied. Then
for each € = O there exists at least one couple A, , ug
satisfying the condition (b) and
() Nuli=1, u &k AP <,

Moreover, there exists a sequence < €,3% such that €,>0

€, —>+00, A, —> -7(,;°), U — uﬁoo’, where .ﬁ.(ag) e

e (.7\(1), A.Q)), u‘(,:)s 3 K, ha(:) is a boundary eigenvalue
and ug:) is the corresponding eigenvector of (I),(II), If

i€ ,¥ 1is arbitrary such that e > 0,ep—+ 0, -7»5”:-9 A

“'e,,;" U then 7\.@ is also the boundary eigenvalue and U,
the corresponding eigenvector of (I),(II), A e (A(l),
2)
A%, u e dK, Up —> Uy, -
If A has infinitely many of interior eigenvalues then
our theory ensures the existence of infinitely many of boun=-

dary eigenvalues of (I),(II). The obtained eigenvectors are
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not simultaneously eigenvectors of A.

The proof of the abstract result is based on the abstr-
act implicit function theorem (see [11, § 3).
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