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Abstract: A simple proof of the Fuglede’s theorem
asserting that any finely continuous function in an ab-
stract harmonic space is of the first class of Baire is
given, Some applications of our method to the density topo-
logy are also exhibited.
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In 1974, B. Fuglede proved that any finely continuous
function in an abstract harmonic space is of the first
class of Baire (sece (2]). The simplified proof of this as-
sertion suggests certain procedure described below as "the
method of insertion of G, sets".

Let us consider any abstract Tg-hamonic space. By
this we mean a locally compact space X with countatle base
equipped with a sheaf of so called hyperharmonic functions
and satisfying certain axioms (see, e.g.,[1]). The fine to-
pology on X is defined as the coarsest topology on X which
is finer than tl;e initial topology and which makes any hy-

perharmonic function on X continuous., For any set A cX the-
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re is always a set of type G, (in the initial topology)
containing the fine interior of A and contained in the fi-
ne closure of A, Indeed, if we denote by b(A) the set of
all peints of X where A is not thin, then b(A) has all the-
se properties. Now, let £ be a function continuous im the

fine topology, and let ¢ be a real. Then

{xeX; f(x)z2efc ixeX; f(x)>c - n']‘}c b{xeX; £(x)>

1

>¢-nlic {xeX; f(x)Z¢c - n" ’

and, therefore
P -
{xeX; f(x)Zc} =mf.\4b{xeX; f(x)>c - n 1;

is a G set, Similarly {xeX; f(x)gc ¢ is of type G .
Thus, £ is of the Baire class one in the initial topology.
The just explained idea can be gneralized as indicat-

ed in the following theorem.

Theorem. Given a metric space (P,go ) equipped with
another topology * assume that for any subset A of P the-
re is a set A* eof type G satisfying

7 -interior of Ac A¥ ¢ « -clesure of A.

Then any < -continuous function on P is of the Baire class

one.

As we stated above, the fine topology on any harmonie
space has the mentioned property. It is not difficult to pro-
ve that also the ordinary density topology on an euclidean
space RX fulfils the assumptions of the theorem, In fact.

given any set Ac Rk, the set

A¥ ={xe Rk; for any natural n there is m>n such
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@w(An K(x,m"1))

@K(x,n™)

1
that > — }
2
( @ denotes the outer Lebesgue measure and K(a,r) is open
ball with center a and radius r) is ef type G~ and it is
"inserted" between the density-interier and the density-
closure of A.

Using the similar ideas on insertion of G, seta com-
bined with the Jarn{k-Smyder method, it can easily be pro-
ved, for example, that any approximate derivative (possib-
ly infinite) is of the Baire class one,

To clese this short note we give a negative answer to
one problem possed by F.D, Tall. Even though the density
topology on the real line is completely regular, it is not
normal. On the other hand, any two disjoint countable sets
can be separated by open sets in density topology. F.D. Tall
in (3], p. 279 asked for the "pseudonormality" of the den-
sity topology, i.e. if disjoint closed sets, one of which
is countable, can be separated by disjoint open sets. We
construct an example that this is not the case.

Let Fl be & G residual subset of R of measure zero, and
let FZ: R\!‘1 be countatle and dense in R. Suppose that the-
re are disjoint open sets (in density topology) Fc Gl, Iz c
€ G,. As mentioned above, there is a G, set FX* inserted
between 02 and density closure of 02. Thus, P* is a resi-

dual subset of R disjoint with Fl’ which is a contradiction.

The details and more informations can be found in our

paper "When finely continuous functions are of the first
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class of Baire".
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