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COMMENTATIONES MATHEMATICAE UNIVERSITATIS CAROLINAE

16,3 (1975)

REMARK ON LOCALLY FPINE SPACES
Jan PELANT, Praha

Absgtract: Locally fine coreflection is comstructed in
[I] by an i?erative method. The first locally fine approxima-
tion M(%) of a uniform space (X,%) is defined as foll-
ows: M(U) = {40, NP;3, ., 1403« % end {P;3 e % for

each v ¢ ., The first locally fine approximation will be cal-

led a derivative in the present remark. It is shown that a
derivative of uniformity need not be a uniformity.

Ksi wg;ﬂg: Tniform spaces, locally fine coreflection
point-: e base, ’ ’

AMS: 54E15 Ref, Z.: 3.962

Introduction: It is one of unsolved problems of [I] whe-
ther a derivative of each uniform space forms a uniformity.
Some answers are given in [I), e.g. a derivative of a unifom
space with a point-finite (or € -disjoint) base forms a uni-
formity. A derivative was used in [I] for the construction of
locally fine coreflection. Because of difficulties with the
proof that the derivative is &« uniformity, the notion of a
quasiuniformity was introduced. Hence we are going to show
that it was necessary to do it. Our main proposition is : X
is a uniform space. A derivative of ™ isa uniformity for
each cardinal m iff X has a point-finite base, This as-
sertion is not useless as we believe that examples of uniform

spaces without point-finite base are given in [PI,
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It is my pleasant duty to thank Z, Prolik who turned
my attention to this problem and P, Simon whose simplifica-

tions are used in the proofs of the present note.

Definition: Let (X,%) be a uniform space. Morita s
derivative M(%U) of (X,U) is defined as follows:
M(U) =44 O n B 3 _ | §0 €W ,Ve :{RPS3e U} .

% ‘L,

Proposition: (X,%) is a uniform space. The following
conditions are equivalent:
1) (X,.) has a base of point-finite covers.
2) VP e U3 £:Xx—> P : (£(x)> x for each x )

3Q e YVR<Q, ReU YVRe R :

: card £(R) < @, .

Remark, 2) is stated in [P] in fact.

Proof: 1=>2, Pe U ., Take any S e 7 which is
uniformly locally finite and refines % (it is possible, see
[1]). Suppose that ¥ is well-ordered. Define f£’: X — &
by f£'(x) amin{sS e ¥ | xe S} . Choose a mapping ¢ :

: Y — P such that @ (S) > S for each S e ¥ ., Define
£= go £’ Any uniform cover, each member of which meets
only a finite number of members of & , can play the role
of Q from 2).

2=)1, It is sufficient to prove this implication for
metric spaces only. Choose € > O ., By the assumption, the-
re is a partition & of X such that all classes of D

have a diameter less than —%— and there is d, -E—> >0

such that B jy(x) intersects only finitely many classes of
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QD for each xe& X . By(x) is o -ball with a center in
xe X; Byp(2) =U4By(x)|xe 2% for Zc X . It means
that the cover 1B y(D)3,,, is point-finite. Clearly,
diam By (D)< & for each De & , Hence { B, (D)3, <
<{Bg (x)3,5x - QED.

Theorem. Let (X,%) be a uniform space that has not any
base of point-finite covers. Let m be a cardinal greater
than cardinality of any uniform cover of % . Then a deriva-
tive of (X,%)® 4is not a uniformity.

Proof: By Proposition, (X,U) satisfies: 3Pe % V £:
:X—>P :f(x)2x VQeUIR < .

Re UIReER:card L(R) 2 w, -

Take such a wild P . Choose 1°e m ., Take some one-~to-one
mapping K: P — m - {:I.o} « We are going to define a cover

X of aderivative of X™: X ={a? (B) n Wl @],

Qe P % , To spare space denote [Z1=P for Z e X with

-1 -1
= ’r&o (P) ] “K(P)(Q) .

Suppose there is W e M(U™) such that W *< X . We may
suppose that % is of the form:

-1 ] R
W-{JQOCR)A‘QRST_; (T)[ReR eWU, T 61U

TLe TR

for each R & R, Iy 1s a finite subset of m3 .
Choose a mapping P: X —s X such that set(y, W) c *(y)
for each y ¢ X . Let us observe that IR:{K([P(l)J) |y e
e 11'.;': (R)% for each Re R .
Define f: X —> by f(x) =[PF(§, )], o;(§,) =x for

each 1em,
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There is R € R such that oard f(R)) Zw, .+ 4s K 1s
one-to-one, it holds: card{K(LP(y))) |y ¢ w;': (By) 3 =

2 card {K(f(x)) | x e Ry} 2 &, .

Hence we have found even two infinite subsets of the finite

set IRo which is a contradiction.

Corollary 1. (X,%) has a point-finite base iff a de-
rivative of = (X,UY™is a uniformity for each cardinal m .
Eroof:s For "if only" part see [IJ.

Corollary 2. If X 1is a productive class of uniform
-spaces such that a derivative of each member of ¥ 1is a uni-

formity, then each member of ) hes a point-finite base.

Corollary 3, Let (X,%) be a uniform space. If X has
a 6 ~-disjoint base, then X has a point-finite base as well.

Proof: A derivative of any uniform space with 6 -dis-
joint base forms a uniformity (see [I], p. 142),
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