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Abstract: A global characterization of minimal gurfaces
of E° which are situated in E* ,
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We are going to prove the following

Theorem. Let D c RQ' be a bounded domain and M: D—>

—> E? @ minimel surface such that dim Ti(M) = 4 for each
point m of the surface M= M(D) , Tg(M) being the 2-oscu-
leting space of M at m . Let n 1 T2(M) be the unit normal

vector at m and S ={me M ; (dn)m =0} . Then S consgists
of isolated points or M is situated in E4c E5 .

Proof. To each point me M , associate an orthonormal
frame {m, vy, vp, V3s V4s Vg } such that T (M) =4v,, v,3%,
2
T, (M) = -ivl, Vor V3 v4} y Ty = Vg o Then

(1) dm = w1v1 + w2v2 ’
dvl = wfv2 + CO:VB + wf,'v4 N
dv2 = - co,?‘vl + w:v3 + wfzv4 ’
dv3 =; “’13"1 - coivz + ro‘a"v4 + “’i;vS ’
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5
dv4 = - a);"vl - a);'vz - wgv3 + a)+v5 .
5 5
dv5 = - mav3 - 04v4

with the well known integrability conditions. From

(2) 03=w1*=w5=0, wf=a>:=0,
we get
(3) 04/\0:'#&)2/\0380, 6)4AQ:'+G)2ACJI£=0,
3 0 o b A = 3 5 & 5
w,]/\ 3+w "-O. w2/\¢03+&>2/\a)4=0
and the existence of functions a4 » bi ' C such that
2
(4) 6)3 = 51”1 + 8202 ’ 6):'= b101 + bzw 9
3 _ 1 2 4 1 2
“’2 a, +33¢0 ’ “’9,"’2“’ +b30 .
(5) alog + blcoi = 014)4 + ¢ »?,
5 1 2
aza)g + by = cow + cy3” ,

13 5 1
83‘03 +b3ﬁ"' = 630 + 04@ .
It is easy to see that
(6) § = (ay + 83)vg + (b) + bydv,

is the mean curvature vector. Our surface being minimal, we

have 8y + 83 = b) + by = 0O and (4) + (5) reduce to

3 1 2 4 4 2
(7 ) = 8@ + 80" , @g= by + by
w;-azw1 -ae?, wf=be!-be?,

(8) alag + bl"’lst = °1‘°4 + caa)" ’ azo: + b, w:.

= 1 - 2
el -0 & .
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Because of
dv, = v +w4(a va + b v)+w2(a v, + b,y v,)
1- ™72 173 174 2 '3 2 747 0
dv, = -co%vl + of (azv3 + by v,) - co"(a1 vy + by v4) ’
we have T2 (M) ={vl, Vo» 83V3 + DV, 8,75 + b2v4} and
9) aiby, - ayb; * 0,
From (7),

1 2 1
(10) Da;Aw +Day,Aw =0, DayAw -Dall\a)2=0
1

2 1
Dby A’ + Db, A@?=0, Db, Aw!- Db Awl=0
with
. 2 & 1 2
(11) Daj:= da; - 28,y = by, = @ + X,
Da,:= da, + 2‘10'% - bawf; = cc24)1 -x 02,
= - 2 o 1 2
Dby:= dby = 2by@; + 8y @g B’ + By° ,
Dby:= db, + 2by @2 + sy @f = B 0" - B 02
From (8),

(12)  (dey - 302w3)/\ !+ (dey + 30160%)/\ w?=
(da2 + Bolco})/\ ol - (dc1 - 362 w:') =

1 2
= (3201 - flcz)w AL ’

(8ybp = 8pby)0yi= by = Xby = Bray + Bya;
(ayby = ayby )= by + by = B85 - Bya;

and we get the existence of functions g 8 such that
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2 1 2
(13)  deq = 3cpwy= (g - £569)w + (g = £107) @7,
1
de, + Bclw% = (g + £50,) - (gy - :‘.’lcz)c.)2 .

In D , consider the isothermic coordinates (u,v) such that

(14) as® = rl(au® + dvz), r(u,v) > 0 3 o'=» du, w?=r dv .
Then
2 -1
(15) wi =1 (= rdu + rdv)
because of dw'= - w?A o?,’ s dwt= ' a)?" . We get
dc
(16) —aj— +3r1rvc2=g1r-f2rc1,
de
°C, -1 _
o - 3r 7 re, =gor - £ Teg,
de, -
?4% -31'1rvcl=g2r+f2rc2 ,
Sz +3r'irc = - g T + £, TC
Y. w1 =~ & 1 %% »
i.e.,
Qamn ﬁi + ey + 2 1Gr, + £,r%¢, + 1 (3r, - £,r°)c,=0
A S u 2 1 v 1 277
3c4 acz

v " Ba + 1."1(31'v + f1r2)01 - r'1(3ru - f2r2)cz=0.

The function w:= c, + 102 is thus a generalized analytic
function flJ s and the Theorem follows from the obvious fact
S =4 (u,v); w(u,v) =0%.
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